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Abstract

Light can be easily linearly or circularly polarized. The degree of circular polarization can be measured
and modulated. Light preferrably interacts with atoms via a dipole interaction. Atoms in a magnetic field
anisotropically couple to the different polarization components of the light. If the light is in the form of a
weak probe beam, then it negligibly effects the atomic vapor. Consequently the atomic polarizability can
be calculated using pertubration theory. The effect on the amplitude and phase of the weak probe beam as
a function of wavelength is given by the imaginary and real parts of the complex index of refraction of the
atomic vapor, which is derived directly from the atomic polarizability. These quantities will be evaluated for
alkali metal atoms. Observables related to this interaction will be used to infer the alkali polarization, alkali
density, hybrid alkali density ratio, noble gas polarization, noble gas density, and various rates relevant to
spin-exchange optical pumping. FExperimental considerations will be discussed. This note is meant to be
detailed, explicit, and self-contained.
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Chapter 1

Quantum Mechanical Treatment of an
Alkali Atom in a Magnetic Field

1.1 Notation & Conventions

All quantities will be denoted in SI. Angular momentum operators will be unitless:

J2|Jmy) = J(J+1)|J,my) (1.1)
J.Jomy) = mylJmy),my=—J.J (1.2)

Jr = J.+id, (1.3)
Jelmy) = VIT+1) —my(my+1)|[J,my+1) (1.4)

The statistical weight is denoted by [J] and is defined by [J] = 2J + 1. The magnetic moment arising from
spin will be written:

- us z
1.
Hms = SS ( 5)
us
— N L.
S gsp ( 6)

The magnetic moment arising from the orbital angular momentum will be written:

fr = uprl (1.7)
mr = grLhz (1~8)

g is the unitless Landé factor. Note that the sign of the magnetic moment is carried implicitly in g or
alternatively py. For example, g &= —2 for the electron, g =~ 2(2.79) for the proton, and g =~ 2(—1.91) for
the neutron. In all cases, the g-factor will be left unevaluated in the equations. However, equations will be
written such that approximations can be made without loss of accuracy, for example:

3 -2
——gs =3 |—| =3 1.9
295 [QS] (1.9)
——
~1.00116

For the electron spin, gs does not equal —2 exactly due to radiative corrections. There is no reason why
gr, must equal exactly —1. This point is discussed at great length in [Ramsey, Norman F.Molecular Beams.
London: OUP, section IX.5.1 (1963)]. Based on experimental results from alkali atoms, |gr| differs from
unity on order of parts per million. Therefore, for L > 1, we’ll take g = —1.0.

The units are carried in p,, which is the Bohr magneton (up) for the electron and the nuclear magneton
(1) for nuclei. The different angular momenta will be identified as:



—

e S is the sum of the spins of each electron in the atom,

—

e [ is the sum of the orbital angular momenta of each electron in the atom,

J (: L+S ) is the total electronic angular momentum of the atom,

Iis the spin of the nucleus,

o F (: I+J ) is the total internal angular momentum of the atom.

Operators and matrices will be denoted by hats M. Hamiltonians will be 'H, energies will be E, frequencies
will be v (with units of Hz), and angular frequencies w (with units of rad-Hz).

1.2 Fine Structure (Ignoring Nuclear Spin)

1.2.1 Zero Field Eigenbasis

The basic structure of the atomic hamiltonian is summarized below, more details can be found in (Woodgate,
G.K. Elementary Atomic Structure, Second Edition. Oxford: Oxford University Press, 2002):

1. The electrostatic interaction within an atom can be expressed as a central and a non-central force.
2. The central force is a Coulomb interaction between the electrons and an effective nuclear charge.

The non-central force is the residual electrostatic repulsion among the electrons.

- W

For most atoms, the non-central force dominates over the spin-orbit coupling.

ot

Because the non-central forces are larger, the orbital angular momenta of the electrons are correlated.

6. Because of Fermi-Dirac statistics, the total electronic spin and the total electronic orbital angular
momentum is zero for closed shells.

7. Because of spherical symmetry, the non-central force is independant of orbital angular momentum for
closed shells. Therefore, the non-central force is relevant only between the valence electrons.

8. In this limit, the spin-orbit coupling occurs between the total valence electronic spin and the total
valence electronic orbital angular momentum.

9. Finally, all higher order interactions, such as quadrapole interactions, will usually be ignored.

Consider Hy with H.s, electrostatic interaction, and Hg,, spin-orbit coupling:

Ho = Hes + Hso (1.10)

Under the conditions described before, the form of H,, is
J? = (L+8)?=L%+2L-5+§? (1.11)
He = AwL-§— A;o (J2- 2§ (1.12)

From the second form of H, above, it should be clear that J, L, and S are good quantum numbers, i.e.,
they commute with the hamiltonian. A useful eigenbasis with those quantum number is the LS-coupling
scheme {|J,m;)}. Each group of degenerate eignenstates is labeled by a Russell-Saunders [Russell, H.N.
and F.A. Saunders. Astrophysical Journal (61). p28 (1925)] term of the form

n?S*L; (1.13)

where n is the principal quantum number which labels the valence configuration. L labels the valence orbital
in the following way:



e L=0—-L=S

e L=1—-L=P

e L =2—L=0D,andsoon
All closed shells have

= —

Lsheu = Sshen =0 (1.14)

For a neutral alkali metal atom, f, E, and S all refer to the single valence electron. In the ground state,
J =} and the RS term is n?Sy. The first two excited states have J = 1 and J = 2 and are labeled n? Py
and nQP% . Appendix C.2 contains an expansion of the LS-coupling basis {|J,m )} in the uncoupled L, S
basis {|L,mg) |S,mg)}.

Spin-orbit coupling breaks the degeneracy of these n2P states and results in fine structure. Fine structure
also refers to other corrections, including relativistic ones, that are of the same order of magnitude. However,
except for Hydrogen, these corrections are much smaller than the spin-orbit coupling. (where did i read that?)
Regardless, these corrections only shift the energies collectively, independent of m; and they do not mix
the eigenstates. The transitions from the ground state to the first two excited states n2S 1 n2P% and

n%S 1= n2P% are called the D1 and D2 transitions respectively.

1.2.2 Hamiltonian
The Hamiltonian describing the atom in a magnetic field Bis
H="Ho—fir- B—fis-B=Hes+Hso —ji - B—fis- B (1.15)
To recap:
e The first term H,.s contains all the terms that do not involve the electron spin.
e The second term is the spin-orbit interaction.

e The third and fourth terms are the Zeeman terms for the orbital and spin angular momentum respec-
tively.

Using B=B2 & J, =L, + S,

H = Hes+Hso—fir - B—fis- B (1.16)
Aso b= =g =
= Mt 2 (J2 —L2—S2) — grpupL.B — gspupS. B (1.17)
Aso =g = o
= Mot = (J2 L 52) —gupp (J. — 8.) B — gsupS.B (1.18)
Aso 7 =
= Moo+ <_T (L2 + 52) - gLuBBJZ> +H (1.19)
! ASO 72
H = TJ — (gs — gL) ,LLBBSZ (1.20)
gs ~ -2 (1.21)
0 ,L=0
g = {_1 ,L>O} (1.22)

The hamiltonian is separated into three terms intentionally. States within a n?5*!'L term with the same
my but different J are mixed by the Zeeman interaction. This means that the first two terms are diagonal
simultaneously in the {|J, m )} basis and the eigenbasis of H. Therefore, only H’ has to be diagonalized.



1.2.3 Energies
Matrix Subblocks

Let’s specialize to the case S = %, since an alkali metal atom is being considered. J can be L+ % Therefore
in the {|J,m )} basis, the S, term is block diagonal with subblocks no greater than 2 by 2 in size. The 2 by
2 subblocks are made of the states with different J and same m . For the special case of mj; = + (L + %),
there are no other states to mix with. Thus, they reside in subblocks of size 1 by 1. This is true for the

my = i% states of the ground state term nQS% and the m; = j:% states of the excited state term nZP%.
On the other hand, the m; = :l:% states of the terms n2P%) mix and therefore need to be diagonalized. To

3
2
diagonalize H, we only have to diagonalize each subblock of H’,

Moo= ST (gs— o) unBS. (1.23)
B % [ (L + %)O(L+ 2) " %)O(L+ 5 ] ~ (g5 — 1) unB [ gi g: ] (1.24)
ay = <L:|:%,mJ S, L:I:%,mJ> (1.25)
Br = <LqE %,mJ S. |L+ %,mJ> (1.26)
The first term can be simplified to give:

%ﬁ:%<L+%> <L+%+H _?D (1.27)

ay & Py in the second term are most easily calculated in the uncoupled {|L,my)|S, ms)} basis:
|L,mp)|S,ms) = |mp,ms) = |mL)L [ms)g (1.28)
|[J,my) = Z|mL,m5> (mp,mg|J, my) (1.29)

Clebsch—Gordon

Using formulas for Clebsch-Gordon coefficients from the appendix (C.1.1):

1 1 1 1 1
42| L+ = = —/L+=-4%
<mJ:F2, 2| —|—2,mJ> [L]V +2 my

(1.30)
11 1 -1 1
- +— | L - = = e L -
<mJ:F27 2| 27mJ> [L] +2:FmJ
For a4:
1 - 1
a4 = <L:|:§,mJ Sz L:I:E,mj> (131)
1
2 A
= Z (my—m's,m's| S, |m; —mg,mg)
mg,m/s=—3s
X <J,mJ|mJ—m/5,m/5> <mJ—m5,m5|J,mJ> (1.32)
%
1
= Z m5|<mJ—mS,m5|J,mJ>|2,J:L:|:5 (1.33)
ms=—1
1/L+3+tmy;—L—3+tmy
= = 1.34
:( ] 30
= + (’[”—D = +(a) (1.35)



For (4:

1
ﬂi = <L:F§,mj S,

1
L+ §,mj>

|
M e

__1
ms,m's=—3

1 1
X <L + —,mJ|mJ - m/s,m's> <mJ — ms,m5|L + —.my

2

(NI

(my —m's,m's| S, |my —ms, ms)

2

1 1
= > ms <L F 5 malms — ms,ms> <mJ —ms,ms|L + —,mJ>
1

mg=—73

—J(L+ 5 Fmy) (L+1£my)

_ 1
R [Z]

L+3)2-m2
(e

A 1 1 1 0
r so - -
W= <L+ ><L+2+[O !

D _(QS_QL)NBB[ (;i

D +(9L_QS)NBB[ _g

-1

2

L[+ @+ Emy) (L+3Fmy)

2 Z]

@

Q

"]
d
W[ a
Ap (L+3) | -8

—20y ]
— (14 2ay)

0 -

—Q

| +2

)

Diagonalization

This is done by solving the secular equation:
0 = det (11— 1x)

0 =

—28y

14 2ay — A
—20y —(1+2ay+ )

= —(1+2ay— ) (1+2ay+ ) — (26y)
= 22— (1+42a9)° — (26y)°

:I:\/(l +20y)* + (26y)*

= 41 +4ay+4(a2+ 52)y2

Using the eqns. (1.35) and (1.40), the following useful relations are derived:

(L+3)°
22 (L +1)?

1\2
24+ = mj + (L +3) _m?I:
[L)?

_!

4

)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



40 +48%* = 1 (1.53)

We get the eigenvalues:
+ (A= vI+day+y?) (1.54)

The total energy is therefore:

Aso 1/1

A 1\> A 1

r S0 - so -
poo (1) e (1), s

The +A eigenvalue is used for states evolving from the J = L + % term. In the zero field case, B = 0, we
find the spin-orbit (fine structure) splitting between the two terms is:

Aso [L]

AE = 5

= hvgo (1.57)

Relabeling the energies without spin-orbit coupling and without field as Ef and relating As, to the zero
field spin-orbit splitting hvg,, for L > 0, we get:

hiso hvg, dmy
E = EPf- B+ —2, 1+ —= 2 1.58
0 3L + pupmy 5 + ] y+y ( )
gs upB
= (2] -1 1.59

where + refers to the states with J = L + % When L =0, g1, = 0 and the positive root of the square root
is taken, which gives the energies for the nQS% term:

1
L = 0—>J:S—>mJ:mS:i§ (1.60)
gs | 2pBB
|8 1.61
EE (1.61)
hSO hSO 4
By = By -2+ 220\ 14 oy +y? (1.62)
h S0 h SO
- ES- ’; + ; 1+y) (1.63)
tho gs 2,UBB
= Ej+ 22 1.64
07 2 <[—2] hvso (1.64)
- Eosi[%] usB (1.65)
= Ej —gspsBmg (1.66)

where =+ refers to the sign of mg = i%. Note that y is a unitless quantity that gives the relative measure of the
size of the Zeeman interaction with respect to the spin-orbit interaction. For example the Zeeman interaction
is comparable to the spin-orbit interaction (y =~ 1) for potassium and rubidium when B ~ 124 T & 510 T
respectively, see table (A.3). Because of the strength of the spin-orbit interaction, J is almost always a very
good quantum number for most alkali metals.

The energies of the m; = £(L + 1) states in the J = L + 3 term are:

E

hvso 1 hvseo 4(L+ 3
£(L+d) = EOL——iuB(L+§)B+ 5 \/li ( 2)y+y2 (1.67)



hv 1 hv
= Eb 204 L+=)B /142 2
hv 1 hv.
_ L so - so
= Ej 2[L]:I:mg(L-i-2)B—|— 5 (1+y)
1 tho NBB
= B+ Zhy,+ L+>)B 1
AT “B< +2) Ty Utes) o
L 14 gs
= B+ Zhvy+ugB|(L+=—
0 gyt EH ( " 2 )
= Bl g Ly (L4 |25 usB
(L] -2

Low Field Energies

At low field, see table (A.3), to second order in B, the energies for the J = L +

(1.68)
(1.69)
(1.70)
(1.71)

(1.72)

% terms with L > 0 are:

B o= B s e (1 2 L (- T o)) )

- (Eh_yfé) = $ﬁ + imJ/;jf + % - 7[72—‘]131 - i <1 —~ TZ?) y? + O(y?) (1.74)
o) e ] )L o

- L%/%F% 7[’2—‘]’ <2 [3—52} 1+ [L]) ‘;LiB i (1 - %) y? (1.76)

The energies for the three lowest RS terms of alkali metals to second order in B are:

Ef _, = E§- E—SZ] upB (1.77)

B, = E+ {_—52] 1pB (1.78)

EI;_% = Bl - (;) hvso :2 + %S] <%) pwBB — (ggf) hvs, (1.79)

Ef,, = Ef- (;) hvso + :2 ¥ 975] <%) B — (ggf) hiv, (1.80)

EY .+ = B+ (%) higo % - %S 2upB (1.81)

E§7% = EéD + (%) hvgo % — % (%) upB + <§y2) hvge (1.82)

E§7+% = EF+ (%) hvgo + % - % (%) upB + <§y2) hVso (1.83)

EY . s = B+ (%) hvgo + % - %S: 2upB (1.84)

where the bracketed terms evaluate to 1 when the approximation gs ~ —2 is made.

1.2.4 Eigenstates: Fine Structure Mixing

Orthonormality of the Mixing Coefficients

At zero field, with S = %, and for a given L > 0, there are in general two states with the same m ;, but with
different J. Note however that when |my| = L + %, there is only one state with the quantum numbers m s,



J, and L. As noted before, the B-field mixes states with the same L, the same mj, but different J. The
result of the mixing are two states with the same m; but with different J. At low field, the mixed states
are, to a very good approximation, the zero field eigenstates with a small admixture of the other eigenstate.
The mixed states, labeled by +, approach the the zero field states with J = L + % as the field approches
zero. Because J is still a very good quantum number, we will represent {|L4,m )} in the {|J,ms)} basis:

|Li7mJ> = CLli

1
L—|—§,m‘;>—|—a§t

1
L-— 5,mJ> (1.85)

where ali, azi are the fine structure mixing coefficients, which we choose to be real. To repeat, a zero field,
L+ = Ppy1. The mixed eigenstates must be orthonormal:

(m¥im%) = (af)"+ ()’ =1 (1.86)
(mylm}y) = ayaf +aya3 =0 (1.87)
Some algebra gives:
(azi)2 = 1—(a1i)2 (1.88)
(araf)® = (agaf)
(aral)” = 1+ (araf)’ = (a7)" = (af)®
1= (a7)"+ (af)’ (1.89)
(a7)” = (af) (1.90)
(a3)" = (af) (1.91)
Z—i = —2—2: (1.92)
af = *af (1.93)

To recap, orthonormality implies equation (1.93).

Solving for the Mixing Coefficients

The values for afz come from the diagonalization of eqn. (1.44) where Ay are the eigenvalues given by
eqn. (1.54) and o and § are defined by eqns. (1.35) and (1.40):

Mla) = =+Xla) (1.94)

14 2ay —28y ay _ ai
28y  —(1+2ay) ay = A ay (1.95)
(14 2ay)af — 2Byas = =+ai (1.96)
—20yai — (1+2ay)ai = +Xai (1.97)

These last two equations are redundant. Taking the former, using the normalization condition, and some
algebra gives:

(14 20y F N af = 28yas (1.98)
2 2
(1L+20yF N (aF) = 48%* (1 (af)?) (1.99)
2
af = By (1.100)
\/(1 + 20y FN)? + 462y2
= 1 F2ay F A (1.101)

\/(1 +2ay F )\)2 + 43292

10



The + sign is taken for states evolving from the J = L £+ % term. Again even though J is not a rigourously
good quantum number like m ;, at low fields it is still very good. This can be more easily seen by expanding
afz at low field to second order in y(B).

Low Field Expansion

The low field expansions are performed using the following useful relations (Spiegel, Murray R. Mathematical
Handbook of Formulas and Tables, New York: McGraw-Hill, 1993. page 110, equations 20.10 and 20.11):

- 1 1o, 134 5 4 5
1+ =~ 1+2x g% +16x 198° + O(z”) (1.102)
1 1 3 5 35
~ 1—cz+4oa?— gy gt 5 1.1
T 2x+8x 1696 +128:c + O(z°) (1.103)
a b a?® a®  ab 3a%b  b*  5a*
1 b2 ~ 1 - -2 2 - 3 2 4 5
V1+azx+bx +2x+<2 8>x +(16 4)x +( 16 3 128) + O(z°)
(1.104)

2

; 1_Ex+ 3;12_9 x2+ 3;117_5;"3 23
Vi+tar+b2 2 8 2 4 16

35a* 30  15a%*b\ , 5
+<128+?_ 16 >x +O(x”) (1.105)

First we’ll expand the eigenvalue to fourth order in y (field):

A = V1+day+y2? (1.106)
1 1
~ 14 2ay+ (5 — 2a2> y2 + (40 —a) y* + <3a2 -5 10a4> vyt + O°) (1.107)
1
~ 1420y +268%% — 45%a® + <3a2 -5 10a4> vyt + O®y°) (1.108)

Now let’s consider the denominator of a;9 = n\;g :

d = (1+20yF ) +48%)> (1.109)
= 14402y% + X2 + day F 2\ T day) + 45%y> (1.110)
= 1+40%y* + 1+ 4day +y* + day F 2\ F day) + 453%y> (1.111)
= 2+ 8ay+2y* F 2\ F day\ (1.112)
= 2+ 8ay+2y° F2(1+2ay) A (1.113)
1

~ 2+ 8ay+2y2 F2(1 +20) <1 + 20 + 28%y% — 45%01® + <3a2 -5 10a4) y4> (1.114)

~ 24 8ay+ 2y F 2 (2ay + 4a’y® + 4afPy® — 83%a%y?)

1

T2 <1 + 20y + 26%% — 45%01® + <3a2 -5 10a4> y4> (1.115)

1R

1
2+ 8ay +2y° F2 (1 + day + (40® +26%) y°) F 2 (3a2 -5 10a* — 85%’) y* (1.116)

1
~ 24 8ay+2y° F (2+8ay+ (2—48%)y°) F2 (3a2 -5 10a* — 85%’) yt (1.117)
1
diy ~ 2+48ay+2y*—2—8ay— (2—48%)y* -2 (3a2 -3~ 100t — 862a2) y (1.118)
1
~ 45%y% -2 <3a2 -5 10a* — 852a2> yt (1.119)

11



1R

437y — 2 <3a2 ST (11—6 -8 - 2a262) - 862@2> y' (1.120)

8
~ 457 -2 <3a2 — % +108* + 12a252) y* (1.121)
~ 45%y° — (—68% + 208" + 240%3%) y* (1.122)
~ 4%y’ <1 + gy2 —50%y° — 6a2y2) (1.123)
~ 45%y* (1+60°y® + 68y — 55%y* — 6a’y?) (1.124)
~  45%y7 (1+ B*y?) (1.125)
d- =~ 2+48ay+2y°+2+8ay+ (2—48%)y* +2 (3a2 — é —10a* — 862(12) y (1.126)
~ 4+4+16ay+4(1-p%)y° (1.127)

Note that a fourth order expansion of A was needed for d, but not for d_. Now let’s expand the inverse
square root ﬁ:

_1 —1 1 52
d2:(4221 22) ~— (122 1.12
¥ VARY2 (1+ %y?) m( 5y (1.128)
_1
A%~ (4+16ay+4(1—3)y?) (1.129)
1 _1
~ 5 (Lday+ (1-57) %) 7 (1.130)
1 4o 3-16a% 1-p2\ ,
~ —(1-(= — 1.131
5 ( ( 5 >y+ ( 3 5 )Y (1.131)
1 2 1 52 2
~ 3 (1 20y + (6a 5 + 5 >y (1.132)
1 6 , 1 B2\,
jad 5(1—2ay+(1—65 —§+7 Y (1133)
1 11
~ o (1 — 20y + (1 - 752> y2) (1.134)
Note that all of the square roots take the positive root. Now let’s consider the numerators:
nF = 28y (1.135)
nf = 14+2ayF A (1.136)
~ 1+ 2ayF (1+ 20y +26%° — 45%°ay®) (1.137)
ny =~ 142ay—1-—2ay—26%°+46%ay® (1.138)
~  —28%% + 43%ay? (1.139)
ny =~ 142ay+1+2ay+28%° (1.140)
~ 24 day + 23%° (1.141)
Finally let’s calulate the the mixing coeffecients:
+
2
af = A= By (1.142)
v d+ \/(1 + 20y — N)? + 422
1 B?
= (28y) — (1 - = 1.143
) g5 (1- 50°) (1.143)
2
~ 11— %yQ (1.144)
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As expected a = +a].

+

14 2ay — A

v \/1+20zy A%+ 4522

- ( 23%y? + 4%y ) 2; <1 — =y )
2
— (By — 208y°) (1 - %yz)

—By + 208y

R

R

ﬂ2
2

28y

12

12

53/ — 208y

o _
V- \/(1+2ay+A)2+4ﬁ2y2

(250) 5 (1 ~ 20y + (1 - %52) y2)

14 2ay+ A

Vd* \/1+2ay+/\ + 4622

12

R

R

11
~1 +(1—752—4a2+52)y2

1

—_

+
7 N\

=

I
.
I
|
<

for the {|m§>} states to second order in y (field):

ai

ag

2a8

|L+amJ>

|L*7mJ>

28y

11
_752+4ﬁ2_1+ﬂ2)y2

14 2ay+ A

V(L 20y — )2 44622

14 2ay — A

\/(1 + 20y + A)? + 422

—208y

\/(1 + 20y — \)? + 422

s (-18)

myj

]

ai

ai

2
4m5

g

1
L:I:i,mJ>+a2

1
L:FgamJ> —az

2

\/(1 + 20y + A)? + 452y2

1
L:Fivm(]>

1
L:I:—,mJ>

(24 day + 26%y?) % <1 — 20y + <1 — 1—2152) y2>
(14 2ay + B%y%) (1 — 2ay + (1 — %52> y2>

11
1—2ay+ <1 - 73") y? + 2ay — 407y + By

~]1—-—
2y

~ By + 2ay”

(1.145)

(1.146)

(1.147)
(1.148)

(1.149)

(1.150)
(1.151)
(1.152)
(1.153)
(1.154)
(1.155)
(1.156)
(1.157)

(1.158)

For notational convenience, we’ll drop the &+ on the mixing coefficients. This gives,

(1.159)

(1.160)

(1.161)

(1.162)

(1.163)

(1.164)

where + refers to the value of J = L + % for the zero field eigenstate that ‘m§> approaches as the field

approaches zero.
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In the lowest three RS terms for alkali metals, only the m; = :l:% of the P% and P% terms mix:

Y2

ap ~ 1-— Ky (1.165)
V2

= -y (1 =S %) (1.166)
1 1 4 1

P+,+§ = a P%,+§ +a2 P%,"’i (1167)
1 1 4 1

P_,+§ = a1 P%,"‘g — Qo P%,+§ (1168)
1 1 _ 1

P+,—§> = a1 P%,_§>+a2 P%,_§> (1169)
1 1 _ 1

P,—§> = a P%,—§>—‘l2 P%7_§> (1.170)

where + now refers to my = :l:%.

1.2.5 Transition Frequencies: Optical Spectrum

Transitions that occur between RS terms are electric dipole transitions. As will be discussed in more detail
in the next section, these transitions have to conserve angular momentum and must result in a change of
parity. All the possible transitions will be listed in groups labelled by the polarization of the incident light.
D1 transitions refer to ones between the S 1 states and the P% states; whereas, D2 transitions refer to ones
between the S 1 states and the P% states. Most of the energy difference between these states is due to
electrostatic interactions. It will be convenient to express these frequencies with respect to the zero field D1
and D2 transition frequencies:

EP — E3 2
w% = % — (g) Wso = 2mg (1.171)
Ef — Ej 1
Wy = % - (g) Wso = 2713 (1.172)
1 2
Wso = W% - w% = (g - _§> Wso = 2MVs0 (1173)
wi = wl+ows (1.174)
2 2 2
ws = WY +ows (1.175)
2 2 2
dw = dws—odws (1.176)
where the dw terms are “added by hand” to account for the shift in the lines due to the presence of a buffer
gas such as *He & Ny. Note that in the following, bracketed [- - -] terms evaluate to 1 when the approximation
gs = —2 is made.

For light linearly polarized parallel to the B-field (which has 0 units of angular momentum), the transition
frequencies are:

S%,—%><—>a1 P;,—%>—a2 %,—%> e wzw%—l—%(l—%)wso (1.177)
S%,—%> — ay Pg,—%>+a2 P%,—%> = w=uws —l—%(l—i—%) Wso (1.178)
S%,+%><—>a1 P%,+%>—a;r P%,+%> = w:w%—é—y(l—kg)wso (1.179)
S%,+%><—>a1 P%,+%>+a;r P%,+%> == w:w%—%<1—2—§/> Wso (1.180)



For light right circularly polarized perpendicular to the B-field (which has +1 unit of angular momentum),
the transition frequencies are:

= L\ or 1 _ y ([3-%] v
‘S%,—§><—>a1 P%,+§>—a2 P%,+§> — w—W%+?<|:_17_gS —E Wso (1181)
1 1 1 sy (| L2219y
+ _ el 5 5 =J
‘S%,—§> — aq P§,+§> + ay P%,+§> - W —w% + 3 <[7—1—gs + 15 Wso (1182)
Syita J = Yso 1.183
%,"‘5 — %,"’5 — LU—UJ%—Fm ( )

For light left circularly polarized perpendicular to the B-field (which has —1 unit of angular momentum),
the possible transitions are:

1 1 _ 1 y([3-%7 .y
‘Sl,+§>ﬁal P%,—§>—a2 P;,_§> = w:w%—g({fl_;s +6 Wso (1.184)
1 _ 1 sy (|1 -2 2y
‘S%,+§><—>a1 Pz,——>+a2 P%,—§> - w:w%—§<[il_zs ~ 15 | wso (1.185)
1 3 ywSO
‘S%,—§> — P§7—5> - w ng — [_1 —gs] (1 186)

1.3 Hyperfine Structure (Including Nuclear Spin)
1.3.1 Zero Field Eigenbasis

Adding nuclear spin I to the system introduces the hyperfine interaction:

-

ths = Ahfsf- J (1.187)

Apys hides all the factors that don’t depend on the spins. I.J-coupling causes states with different m; to
mix. Since mp (= m; +my) is conserved, the {|F,mp)} states form a natural eigenbasis. This is more
easily seen with a little arithmetic:

F2=(T+J)?=1%42[-J+J? (1.188)
Anps mo = =
Hpps = gf (F2-12-J?) (1.189)

The hyperfine interaction splits the 25 1 QP% , and 2P% terms into 2, 2, and 4 manifolds which are labeled
by F. This is called the hyperfine structure. Note that many calculations to follow will be identical to those
done for the fine structure mixing. Table (1.1) depicts the analogy.

1.3.2 Hamiltonian
The Hamiltonian describing the atom in a magnetic field B is
H ="Ho+ Hnss —fir-B—jis- B (1.190)
To recap:
e The first term Hy contains all the terms that do not involve the nuclear spin.
e The second term is the hyperfine interaction.

e The third and fourth terms are the Zeeman terms for the nuclear spin and the total electronic angular
momentum respectively.
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Spin-Orbit Hyperfine
; o
S J
J F
mixes states with different J | mixes states with different F’
mixes states with same m s mixes states with same mpg
Aso Ahfs
Vs ~ 107 MHz vnfs ~ 10 MHz
Y x
y~1— B ~107 gauss r~1— B~ 103 gauss

Table 1.1: Analogy between spin-orbit and hyperfine coupling.

Using B=DB:& F. =1I, + J, and some rearrangement results in,
_ Ahfs 72 72 Ahfs
H="Ho+ (=5 (I +J ) — giunBE, ) + F2+ (gipun — gpn) BJ. (1.191)

The hamiltonian is separated into three terms intentionally. States within a n?5T'L; term with the same
mp but on different manifolds F' are mixed by the Zeeman interaction. This means that the first two terms
are diagonal simultaneously in the {|F, mp)} basis and the eigenbasis of H. Therefore, the last term has to
be diagonalized. (make some comment about how fine structure mixing effects this stuff)

1.3.3 Energies: Derivation of the Breit-Rabi Equation
Diagonalization

The Breit-Rabi equation, first derived in 1931 (Breit, G. and I.I. Rabi, Phys. Rev. 38, 2082-2083 (1931)),
gives the energies of the ground state hyperfine levels of atoms and ions with a single valence electron in
the presence of a magnetic field. Let’s specialize to this case L = 0,5 = %,J = % F can be I £+ %
Therefore in the {|F,mp)} basis, the J, term is block diagonal with subblocks no greater than 2 by 2 in
size. The 2 by 2 subblocks are made of the states with different F' and same mpg. For the special case of
mp = *F 0 = (I + %), there are no other states to mix with. Thus, they reside in subblocks of size 1

by 1. To diagonalize H, we only have to diagonalize each subblock of H’,

Anys

H = TﬁQ + (grun — gsps) BJ. (1.192)
. Angs [ (143 )(I+ 3) 0 ] [a+ ﬁ}
H = —— + — B 1.193
5 [ I %) (I—|— %) (91N — gsps) By a_ ( )
1 1
ay = <I:|: g,mp L+ 2,mF> (1.194)
1
Br = <I:F §,mF P mF> (1.195)
The first term can be simplified to give:
Ahfs Ahfs 1 1 1 0
ZhIspe o I I+ - 1.1
2 2 t3 2 + 2 + 0 -1 (1.196)
ay & (4 in the second term are most easily calculated in the {|I,mr) |J,m )} basis:
\L,mp) [Jmg) = |mp,my) (1.197)
|F,mF> = Z|m1,mj> <m1,mJ|F,mF> (1198)
—_————

Clebsch—Gordon
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Using the formulas for Clebsch-Gordon coefficients (1.31):

1 1 1 1 1
<mF:F2, 2| +27mF> ] +2 mpg
(1.199)
1 1 1 F1 1
<mFZF§,:I:§|I—§,mF> = ﬁ I+§:FmF
which gives:
ar=+(@) = =+ (@> (1.200)
[1]
VI +3)" —mi
Pr=—-(B) = - 7 (1.201)

To solve for the energies, we only need to diagonalize the last term in H’:

Anys 1\? Anys 1 1+ 2ax —28x
r - Z
Ho= = <I+ 2) =) L S 2 (1.202)

T = (QIMN_QSMB)% (1.203)

This is easily done and, just like fine structure mixing, gives the eigenvalues:

+ (/\ =1+ 4oz + xQ) (1.204)

The total energy is therefore:

Apts 1/1
E = Ey— gf <I(I+1)+§(§+l>)—gmNmFB—kE’ (1.205)
An e 1\ | Anss 1
E = I+-) =+ I+ = 1.2
: <+2) e (14 1) (1.206)

In this case, Ey is the energy of the (possibly mixed) spin-orbit coupled states. The +\ eigenvalue is used
for states evolving from the F' = I+ % manifold. In the zero field case, B = 0, we find the hyperfine splitting
between the two manifolds is:

Angs[I]

Dropping Ejp and relating Az, to the zero field hyperfine splitting hvy,rs, we get the celebrated Breit-Rabi
equation:

hnts hungs 1
E - ;ﬁ — grunBmp + 0I5y F;]Fa:+x2 (1.208)
B
r = (QIMN_QSMB)—thf (1.209)

where =+ refers to states in the F' =1 + % manifold. Note that z is a unitless quantity that gives a relative
measure of the size of the Zeeman interaction with respect to the hyperfine interaction. For example, the
Zeeman interaction is comparable to the hyperfine interaction (xz ~ 1) for potassium-39 and rubidium-85
when B = 165 gauss & 1080 gauss respectively.

17



We'll discuss two special cases now. The energies of the mp = +(I + 1) states (aka “edge” states) in the
F = I + § manifold (aka “upper” manifold) are:

By(ris) = %hyhfs + (E—Z] g — gmNI> B (1.210)

where + now refers to mp. A low field (B < 165 gauss & 1080 gauss for potassium-39 and rubidium-85
respectively) expansion of the energies for the the FF = I + % manifolds can be performed using:

1 1 1-3 1-3-5

V1+2azr+22 = 1+§a:(2a+x)—ﬂx2(2a—|—a:)2+2_4.6x3(2a+x)3—mx4(2a+x)4
1-3-5-7 s 1:3-5:7-9 6

e 2 — 2 1.211

5168 100 20t Ty s 0.t et (1211)

Expanding each factor of (2a + x)™ and reducing the coefficients in front of each term:

1 1 1
V1i4+2azx+a22 = 1+ 5% (2a +x) — §x2 (40 + 2* + daz) + ExB (8a® + 12a°z + 6az’ + 2°)
—li%x‘l (16a4 +32a%z + 24a2? + 8ax® + x4)
7
+2—56x5 (32a5 + 80a’x + 80a3x? + 40a%z> + 10ax™* + x5)
21

—@xS (64a® + 192a°x + 240a*z? + 160a*z® + 60a’z* + 12az® + 2°) - - (1.212)

Keeping only the terms up to sixth order in the dimensionless field parameter x:
1 1 1
Vi4+2azx+a22 = 1+ 5% (2a +z) — §x2 (40 + 2* + daz) + ExB (8a® + 12a°z + 6az’ + 2°)
7 21
—ix‘l (2a* + 4a’z + 3a*2?) + —1° (2d° + Ba'z) — =28 + O(2") (1.213)
16 16 16
Collecting all the terms order by order:

Pulling out common factors:

V142ax+22 = 1+ax+%(1—a2)x2—g(l—a2)x3—é(1—6a2+5a4)x4

2

1062 7a* 1
430 (1 - 03“ + %) 2 + 3¢ (1 150> — 21a° + 35a") a®A + O(a") (1.215)

Note that when a = +1, the stuff under the square root is a perfect square:

V142 +a2=v1+2r+22=\/(1+t2)’ =1+z (1.216)

In this case (a = %1), all terms second order or higher in x have to disappear order by order. Using this
insight, a (1 — a?) factor is pulled out of each higher order term:

V14+2ax +22 = 1—|—ax—|—%(l—aQ)xQ—g(l—aQ)xg—l—é(5a2—1) (1—a2)a:4

2
5 (12T ) 0-@)o - 5 (40 = 2102 = 1) (1= @) + 06 1.217)
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Making the substitution a = 2mp/[I], dividing both sides of the Breit-Rabi equation (1.208) by hvy s, and
using the sixth order expansion that was just calculated gives:

2 6
r = (91uN — gsiB) hjf (1.219)
1] = 2I+1 (1.220)
@ = (”f%) (1.221)
4 = i (1.223)
as = _% (1.224)
as = 11—6[5 <2E"’T]F> —1] (1.225)
3mp 7 (2mp ?
" m[“%(wﬂ 20

ag = —% [14 <2%F)2 —21 <2EnT]F>4 - 1] (1.227)

where + refers to the F' = I + % manifold. Note that eqn. (1.210) shows that the energy for the edge
states in the upper manifold (F =1+ % & |mp|=1+ %) is linear in field. Therefore, for the edge states,
(2mp/[1])* = 1 and all terms of order two or higher in field in eqn. (1.218) must disappear order by order.
Consequently eqn. (1.218) is written such that the disappearance of higher order terms is evident.

1.3.4 Eigenstates: Hyperfine Mixing

At low field, it is useful to label states by F' and mp because F' is almost a good quantum number. Therefore,
at low field, we’ll refer to two groups of states as “manifolds” which are labeled by F. Within each manifold,
states are distinguished by their mpg. At high field, the nuclear spin and total electronic angular momentum
decouple. This is because the Zeeman interaction becomes much larger than the hyperfine interaction.
Because the electron magnetic moment is much larger than the nuclear magnetic moment, it is useful to
groups states by their mj, which at high field is almost a good quantum number. These groupings are
called Zeeman multiplets. Each state within a multiplet is distinguished by it’s my, which at high field is
also almost a good quantum number. Note that regardless of the magnitude of the field, mp is always a
good quantum number. For most of this document, we’ll be working in the low field limit where the most
appropriate quantum numbers are F' and mp. Figure (1.1) depicts a qualitative energy level diagram for
the most abundant isotope of Rubidium.

(The following is analogous to fine structure mixing with y — ) Since we are considering the ground
state term of an alkali metal atom, there is no fine structure mixing. However the field B does result in
hyperfine structure mixing (states with the same mpg but different F):

1 1
ImE) = af I+§,mp>+a;)t I—E,mp> (1.228)
+3
|F,mp> = Z |mp—mJ,mJ><mF—mJ,mJ|F,mp> (1.229)
my=—1

19



I Zeeman

£ N
oho :
NI N
| |
CHl [
= o
2 E S
N
jas)
< o s o
1l 1l v 1l
o o m o
€—
ZHIN T1vOIX9t8'¢ =wWu (y08L ¢d
>»
N N (Q\l +—
~ ~ ~ .
on — — Na)
| | _ «m
[am [a® 1751 T
ZHIN 6vOIX8CI'L ZHIN TIvOIXSLL e =wugy6L 1d =
< >

Sp

5s

(Fine Structure)

Electostatic

Figure 1.1: Qualitative Energy Level Diagram for Rubidium-85 (I = 5/2) in a Weak Field
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11,1
by (mp) = <mp—§,+§lli§,mp> (1.230)
11,1
by (mp) = <mF+§,—§|Ii§,mF> (1.231)
1 — + 1 1 + 1 1
‘I:I:2,mp> = b7 |mr 2,+2> b3 mF+2, 2> (1.232)

The values for afz come from the diagonalization of eqn. (1.202) where Ay are the eigenvalues given by
eqn. (1.204, o and j are defined by eqns. (1.200) and (1.201), and bf2 are from eqns. (C.9) and (C.10):

2
af = pe (1.233)
\/(1 + 20z F A)* + 43222
F o= :
\/(1 + 20 F A)? + 45222
af = +af (1.235)
ITtmp+1
pEo= TS (1.236)
(1]
I +3
b = + % (1.237)

The =+ sign is taken for transitions within the F =TI + % manifold. For simplicity (due to orthogonality):

ar = af =a; (1.238)
ay = ay =—a; (1.239)
by = b =by (1.240)
by = by =-b] (1.241)
1 11 11
1 1
mz) = @ IigamF>ia2 I+ §,mF> (1.243)

Eqn. (1.243) represents the decomposition of the eigenstates {|m1j§>} in the zero field hyperfine coupled
basis {|F,mp)}, whereas eqn. (1.244) represents the decomposition in the zero field uncoupled IJ basis

{Imr,my)}:

‘miE> = a1

1
I:I:—,mp>:|:a2

2
= a <b1

1
I:F_7mF>

2
1 1
+ . =
mg 27$2>>

1 1
—+=)%b
mF:F27 2> 2

1 1 1 1
+ + -, F- —, =
a2<b1 mpg 2,:F2>:sz mr F o, 2>)
1 1 1 1
= (a1b1 —agbg) mF:F§,:I:§ :I:(a1b2—|—a2b1) mpg £ §,ZF§ (1.244)

1.3.5 Transition Frequencies: EPR Spectrum
Introduction

EPR stands for Flectron Paramagnetic Resonance. At low field, it refers to the transitions between adjacent
states within a particular manifold. Transitions between mpg < mp — 1 will be labeled by the higher state
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Isotope | F=1— % transition F=1+ % transition | mp
39K 2 +2 o 41| +2
1 +1 < 0 2 +1 < 0] +1

1 0 «— -1 2 0 <« -1 0

2 -1 < -2 -1

85Rb 3 +3 < 42| +3
2 +2 «— 41 3 +2 < 41| +2

2 +1 < 0 3 +1 < 0| +1

2 0 « -1 3 0 <« -1 0

2 -1 < =2 3 -1 < =2| -1

3 -2 < =3 | -2

Table 1.2: Transitions are labelled by the higher mp state.

mp. For example, refer to table (1.2) for the applicable transitions within the ground state for potassium-39
and rubidium-85. Recall that:

gs = —2[1+0(107%)] (1.245)
B
hl/hfs

z = (g1uN — gsiB) (1.246)

The frequency corresponding to these transitions within the F' =1 + % manifold are:

yizyhfs <\/1_|_4’rn_Fx_|_x2_\/1+wx+x2>:‘:glu1\]3 (1247)

2 (1] 1] h
where the overall sign was chosen to give a positive frequency.

End Transition Frequencies

Transitions involving the edge states are called “end” transitions. The frequency of an end transition has a
simpler form:

mp = :I:(I—F%)—>4mF::|:2[I]—>1/1+4E7;]Fa:+a:2:1:|:x (1.248)

Uhts 21 -1 grpnB
= +—— |1+ —4/1£2 — 2| -2 1.24
Vi 5 x \/ ( 7] z+z W (1.249)
Uhfs 21 -1 Vhfs B griunB
= +L0 |1 —4/1E£2( —— )2+ 22 —_— — - 1.250
: [ \/ (2 ) ot |+ 2 G = asun) o = 2522 (1250
gs 1 B upgs 2I -1
= 2 B — =+ 1—4 /12— |z 2 1.251
([25] 0 gov) 7% \/ (B )=+ (20

where + refers to edge state mp = £+ (I + %) involved in the end transition.

End Transition Frequency Inversion Formula

Because the equation for the frequency of an end transition involves only one square root term, the equation
can be inverted to give the field as a function of frequency. Expressing eqn. (1.251) in terms of = and isolating
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the square root term:

_ _ . \ 21 — 1
T (—gskB — grinN) (’/hf )xj: Vhfs 11— [149 (—) x4 a2 (1.252)
(—gsis +grpn) \ 2 1]
. _ — 2I -1
_ Uns [ gsphB gI,UN cH1T 142 < ) x + xz? (1.253)
2 —gspB +gmN 1]
s — — 2I -1
_ Uns { gskB gmN 1T [142 { } x +x? (1.254)
2 —gsiB + gJMN (7]
\___v___/
L Vh2fs (ax+8_8 15 2500 + 22 ) (1.255)
s = +l—-si=1 (1.256)
n = 2 =ax +s— sV 1+ 2sbx + 22 (1.257)

Vhfs
n—ar—s = sV1+2sbx+a? (1.258)

Now both sides of the equation can be squared, leaving an equation that is second order in z:

2
(n—ax—s)° = (—S\/ 1+ 2sbz + 332) (1.259)
n? +a*r?* + 1 - 2nax — 2sn + 2sax = 1+ 2sbx + 2? (1.260)
0 = 1+2sbx+a*—n?—a%2® — 1+ 2nax + 2sn — 2sax(1.261)
0 = (1-a®)2®+2(sb—sa+na)x+2sn—n (1.262)
o, sb—sa +na 2sn — n?
0 = a:+2< T >x+ T2 (1.263)

This is solved by using the quadratic formula (Press, William H. Brian P. Flannery, Saul A. Teukolsky, and
William T. Vetterling. Numerical Recipes in C: The Art of Scientific Computing, 1st Edition. Cambridge:
Cambridge University Press, 1988. pg 156-7, section 5.5):

Az> +Bz+C = 0 (1.264)
g = _% [B +sgn(B)v/B2 — 4Ac} (1.265)

c
21 = % & o= (1.266)

In principle, the “traditional” quadratic formula is formally equivalent to the solutions (1.266). However, in
practice, solutions to the quadratic formula are typically computed on devices that are susceptible to round
off errors caused the subtraction of two very nearly identical numbers. The solutions of the form given above
are robust against round off errors. The sign of B depends on s and the frequency of the transition, v. The
correct solution x; 2 depends on the field. Since the two solutions differ by orders of magnitude, the correct
solution is manifest. We’ll consider only the low field solutions (z <« 1 and v < vy,¢5), which corresponds to
the second solution, x5. Making the following substitutions and noting the following relations:

ay Qg — Qy —9skiB — gIknN

a = 2= v~ (1.267)
a2  Gp+ay  —gsUB + JIphN
at a2 (ap+ay)’ —(ap—ay)’  4daza
L—a? = 1- ="t = - = (1.268)
2 2 2 2
2I -1 2l —1-2I—-1 2
h—1 = ——_1==—-_= -~ __- 1.26
] ] ] (1:269)
2I -1 21 -1421+1 471
hb+1 = — 4 1= "= - _ 4 1.27
’ ot ] 1 1:270)
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gives for the A, B,C coefficients:

A =1 (1.271)
sb— sa + na sbas — sa1 + nay
= 2(|——— | =2 1.272
5 = (S ) e () w27
= 2(ay +ay) (Sb% - sbay  9an + S0y s nay> (1.273)
daza,
= (%) [az (b—1+sn)+ay (b+1—sn)] (1.274)
2sn — n? (az + ay)z (az + ay)z
_ _ ) (95— 1) = n(2 — sn) dz T %) 1.275
¢ 1—a? " daza, (25 = n) =n( sn) 4saza, ( )
The discriminant is:
2 2
az +a 2 (az + ay)
—4AC = < 28%@5) [az (b—1+sn)+ay(b+1—sn)]” —4n(2 — sn)m (1.276)
2
— (atay)? laz (b—1+4sn)+ay(b+1—sn)]" n(2-sn) (1.277)
4a§a§ 500y
[az (b—1+sn) +ay (b+1—sn)]* — 4saga,n(2 — sn)
= am + a/'u 2 o -
daza;
a4 ay\’
— ( i y) [a2 (b—1+sn)* +a2 (b+1—sn)? (1.278)
2azay
+2azay (b—1+ sn) (b+1— sn) — 4dsazayn(2 — sn))
2
Qz + ay
( 2azay )
X [ai (b—1+sn)” + az (b+1—sn)+ 2aza, (b* — 1 —2sn + nz)} (1.279)

To determine the sign of B, we need to consider the sign of s[a; (b— 1+ sn) +ay (b+ 1 — sn)] because
az > ay > 0. For s = —1:

—az(b—1—n)—ay(b+14+n) > 0

n >
Gz — Gy
S _1 !
v o> W (Z2E9 ) gan(B) = 41 (1.280)
m\1-gZ
—92 I
g o= W [_] giunT 03 (1.281)
Ay gs UB

Since ¢’ is very small, v always satisfies (1.280) and consequently for s = —1, B > 0. For s = +1:

az(b—1+n)+ay(b+1—n) > 0
az(1—0) —ay(b+1)

n >
Ay — Gy
Vhfs 1—|—g/
v o> - | < sgn(B) =+1 (1.282)
1 <1+g—, ®
Vhfs 1—|—g/
v < - | < sgn(B) =—1 (1.283)
1 <1+g—1 ®
g = W_ [—_2] grpnt 10-3
Gy gs UB
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For low field, v satisfies (1.283) and consequently for s = +1, B < 0. Knowledge of the sign of B (= —s)
allows us to calculate ¢ and therefore the solution zo:

Gz + ay az + ay
- L(b—1 1— _
q (_4%1%) [az (b—1+sn)+ay, (b+1—sn)] (—45%%) X
\/{ag (b—14sn)” + az (b+1— sn)” + 2aa, (02 — 1 — 2sn + nz)} (1.284)
. 9 _ n(2—-sn)(az + ay)? B n(2 — sn)(az + ay) (1.285)
T 9 dsazayq Cag(1—b—sn)+ay(sn—1—b)+ '
B
= (az+ay) s 2 (1.286)

_ hvppsn(2 — sn)
B(v) = am(l—b—sn)+ay(sn—1—b)+\/T (1.287)

Relabelling and rearranging things:

B(v) = {_2} (h”hf5> vo (1 = svo/l1]) (1.288)

gs

pe ) (1—sw) =g (1—Fw) + v
N L - I A U SR A
= (1—sw0)®—2g (1+ =5 ) +g (1 21”0) (1.289)
14 n
= [ = 1.290
w = W= (=155 (1.200)
J = {_—2} guint (:21@) (1.291)
gs KB Ay

Equation (1.288) gives the field B given the end transition frequency v involving one of the edge states
mp =5 (I + %) when the field is low vy < 1. Specifically, equation (1.288) is applicable to the alkali metal
transitions listed in table (1.3). The equation is exact. The stipulation that the field be low is not because
of a low field approximation, but because:

1. the choice of two solutions from the quadratic formula

2. the interpretation of the transition. At high field, the nuclear and electron spins decouple, so it is no
longer appropriate to talk about transitions between the hyperfine levels mp < mp — 1.

Twin Transition Frequency Difference

The upper manifold has two more Amp = +1 transitions than the lower manifold. These extra transitions
are the end transitions. All other upper manifold transitions have a “twin” transition in the lower manifold.
The twins transitions sit side by side on the same row in table (1.2). The difference in frequencies between
twin transitions depends only on the magnitude of the field:

AVtwin = Viower — Yupper = +291MTNB (1292)

Note that for any pair of twin transitions, the lower manifold transition has the larger frequency. For
example, the twin frequency differences for 3°K and ®°Rb at 10 gauss are:

YK . v(F=1,mp=+1<0)—v(F=2mp==+10)=2398 kHz (1.293)
BRb : v(F=2mp=42c+1<0)—v(F=3mp=+42<+1<0)=825kHz (1.294)
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Isotope I upper F End qgr
Transition

SLi 1 3/2 83/2 < s1/2 | +0.822 056
"Li 3/2 2 §2 > sl +2.170 960
23Na, 3/2 2 52 < sl +1.478 347
39K 3/2 2 52 <> sl +0.260 973
0K 4 9/2 $9/2— s7/2 | —0.324 5
HK 3/2 2 52 < sl +0.143 247
85Rb 5/2 3 53 < s2 +0.541 208
8TRb  3/2 2 52 < sl +1.834 133
133Cs 7/2 4 s4 — s3 +0.736 857

Vhfs
MHz

228.205 26
803.504 09

1771.626 13
461.719 72
-1 142.92
254.013 87

3 035.732 00
6 834.682 60

9 192.631 77

Table 1.3: Upper Manifold End Transitions for which Equation (1.288) is valid with s = +

Low Field Frequency Expansion

To expand the frequency at low field upto sixth order in z:

Vhts grunB
2 T,

A = V1+2az+22—1+2dz+ 22
0 — a2
= (a—a')x—l—(— 5 )x2

V4 =

+(3a—a’_5a3—a'3+7a5—a’5>x5

8 4 8

16 16 16

2 _ _ _
+(—15a @ % % 4352

The difference in each term is with b = [I]:

o () (Y [

Factoring out b” from each term:

23
b

A z? b?
+[1—2mp]b—2+2[1—3mp+3m2F—z]

8

3b2 4
5(1—4mp + 6m7, — 4m}) — - (1— 2mp)] o
+
6

+[42 (1 = 6mp + 15m% — 20m% + 15m% — 6m3)] z—G

26

14 (1 = 5mp + 10m% — 10m% + 5m%) — 5b° (1 — 3mp + 3m7) +

(mr —1)"]

(1.295)

(1.296)



15b% 28

2
+ [—% (1—4mp—|—6mp 4m 3)+T(1—2mF) 6 (1.297)

Putting this altoghether gives (to sixth order in z), the frequency of transition for the ' = I +1/2 manifold
at a given (low) field B:

6 n
V4 X
= Cn (1.298)
Vhfs nz::l [1]
B
r = (g1uN — 9gskB) A (1.299)
Vhfs
1] = 2I+1 (1.300)
14 LEN ([T 51
1 = iSngELi ) =14+0(107%) (1.301)
gsH©B
Cy = 1-— 2mF (1302)
U
cs = 2 1—3mp—|—3mF—T (1.303)
2 5y 3P
ca = 5(1—4mp+6mj —4m}) — 5 (1—2mp) (1.304)
2 3 4 2 2 3[-[]4
cs = 14(1—=5mp +10m3 — 10m} + 5my) — 5[] (1 — 3mp + 3m3) + 3 (1.305)
ce = 42(1—6mp + 15m} — 20m} + 15mf, — 6m})
35[1)? 1514
_ 3ol (1 —4mp +6my — 4m3) + 15111 (1—2mp) (1.306)

2

where + refers to the manifold.

Low Field Frequency Inversion Formula

If we drop all terms higher than second order, then we can get an inversion formula for equation (1.298)
for any transition at low field. Thus applying the quadratic formula (1.266) and noting that un/up < 1
and gsg ~ —2, we get the field corresponding to a particular transition frequency at low fields#check#how

accurate is this approximation?:
h I
B~ ( ”) ] (1.307)

KB 1—|—\/1—|—4(1—2mp)l//1/hf5

Low Field Adjacent Transition Frequency Difference

At low fields to lowest order, the frequency difference between two adjacent transitions depends on B?:

vimp+1eomp)—v(mp < mp—1) x? B 2
=2— =2 — _ 1.
- T (g1uN — gspB) Thonrs (1.308)
Low Field Frequency Derivative with respect to Field
The derivative of the frequency with respect to the field is:
d — 2 I 2 -2+ (I
v _ g (91N — gsps) mp + ]z mp —2+ [z (1.300)
dB h 2h[[] \/1 + 4777/F$ + ZCQ \/1 + 4(mF] 1)33 + 132
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The derivative can be “expanded” in z at low field by taking the derivative of equation (1.298) term by
term. To fifth order in field, the derivative of the frequency with respect to the field is:

dvs (91N — gspB) - z"
s _ _—95KB) S 1.31
B An ;b Tk (1.310)
= — 1.311
x (grun — gsps) T (1.311)
1] = 2I+1 (1.312)
14 98N8 ([ F1
by = gs“BgELi ) =14+ 0(107%) (1.313)
1- gsKuB
by = 2(1—2mp) (1.314)
> [P
bs = 20 (1—4mp +6m3 —4my) — 6[I]* (1 — 2mp) (1.316)
15[
by = 70 (1—5mp + 10m% — 10m3 + 5my) — 25[1)% (1 — 3mp + 3m7) + 5é ] (1.317)
bs = 252(1—6mp + 15m3 — 20m} + 15m} — 6m},)
2 2 3 45[1]4
—105[1] (1—4mp—|—6mp—4mp)—|—T(1—2mp) (1.318)

For the end transitions, the coefficients for the expansion of the derivative of the EPR frequency are:

1 + grpen (21)

0o = % =1+0(107%) (1.319)
gsKB

by = F4I (1.320)

by = 6I(2I-1) (1.321)

by = F8I(4I°—61+1) (1.322)

by = 10I(21—1) (41> — 101 +1) (1.323)

bs = F12I (161" —80I° +801% — 20 + 1) (1.324)

where =+ refers to the edge state mp = & (I 4 3) involved in the transition.
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Chapter 2

Atomic Population Distribution

2.1 Density Matrix

To discuss the relative population of each state, it is useful to introduce the density matrix (U. Fano, Rev.
Mod. Phys. 29, pg 74-93, 1957). It is often used to represent a large ensemble of systems in a statistical
mixture of possibly coherent pure quantum states. To be explicit, given a statistical probability pj of being
in the pure quantum state |y ), the density operator in the basis {|u,)} is:

p > pr [vn) (Wil
k

Zpk Z (klum) (unltr) [un) (um| (2.1)
k

n,m

The diagonal elements have a simple and straightforward physical interpretation: they are the combined
statistical and quantum mechanical probabilities of being in a basis state |u,):

k

which implies that Tr(p) = 1 as one would expect. Off diagonal elements are called coherences. The ensemble
averaged expectation value of some operator M is given by:

<M> = Tv(pM) (2.3)

For example, consider a vapor of alkali metal in a field at thermal equilibirum. We’ll assume that all the
atoms are in the ground RS term with eigenbasis:

1
lug) = S%,+§> (2.4)
- |s 1 2.5
) = |8y (2.5)
The state of a single atom labelled by [ is:
1) = e Juy) + e Ju) (2.6)
The density matrix for this particular atom is:
pro= |0 (Uil (2.7)
= (c4€ |ug) + c—e= |us)) (cpe " (up| + e (u) (2.8)
2 i(d1+—¢1—)
_ Cl.+ Cl+Cl—€
Cl+cl_6_z(¢l+_¢l—) CIQ— (2.9)
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Averaging over all atoms in the vapor gives the ensemble averaged density operator:

>
>

Y (2.10)

|: Cl2 Cl+cl_ei(¢l+_¢l*) (2 11)
N cl+cl,6_i-é—¢l+_¢l*) cl2_ )

If the sample of atoms is incoherent, then the off-diagonal elements average to zero. If there is some coherence
among the atoms, then these off-diagonal elements are non-zero. Coherence refers to the a systematic non-
random phase relationship among quantum states of the atoms in the ensemble. We’'ll assume that our
sample does not and therefore is completely incoherent. If there are ny atoms that share the same ¢y, then
we can rewrite the density matrix as:

N
Z](]:l cpe_e =)~ (2.12)
2
. ¢y O
p = Zk:nk [ 0 2 } (2.13)
Taking advantage of the normalization condition ¢, +¢i_ = 1 to relabel things and noting that 4& is simply
the statistical probability of an atom being in a state with c:
2 2
. i 0 >k PECR 0
= = 2.14
S A e R (s 219

The values of the sums of diagonal elements are constrained by statistical mechanics when the system is at
thermal equilibrium. For a canonical ensemble (fixed number of particles in equilibrium with a heat reservoir
at a common temperature 7'), the relative population of each state is given by:

E,
p - =2(i) (2.15)

> exp (-%) (2.16)

where Z is the partition function. The energies for the ground RS terms (which will be labeled by +) are:

Z

E ( S%,+%>) - ES+ [3—52] 1B (2.17)
E ( S%,—%>) = ES- [%] 1sB (2.18)

This gives for the relative population of each state at thermodynamic equilibrium:

Ey
7 = i e 2.1
exp( kT)+exp( kT) (2.19)
55 + [25] w2 B |25 noB -
exp | — T + exp e (2.20)
ES B B
= exp (—ﬁ) [exp (— % %) + exp <—|— {3—52] %)} (2.21)
ES B
exp|—7% Jexp (F |25 | £&
- (5) oo = [5] 2) .




oo -5 47)

g ( . )
o (+ [5] 57) o (- [25] ) -
_ exp (m ;3)
Pr, = exp (+g) +exp (_g) (2.24)

We have introduced the 3 parameter which we’ll call the “spin temperature,” even though it is a unitless
quantity, is inversely proportional to temperature at thermal equilibrium, and is, in this case, negative. It’s
usefulness far outweighs those peccadillos and will be more apparent when we discuss the role of nuclear
spin in spin-exchange collisions in section (2.2). For the S 1 ground states at thermal equilibrium, the spin

temperature is:
_ gspBB _ | gs | (—2uBB
b= = {-2}( kT ) (225)

Connecting this to the density matrix for the system yields the following relationship between the diagonal
elements and the relative populations given by Boltzmann statistics:

o ()

S e 220
T

"o exp (+§) + exp (—g) - Zk:pk (1) (2.27)

r- [ or } (2.28)

Knowing the form of the density matrix allows us to calculate the longitudinal (along the axis of the field)
polarization at thermal equilbrium:

P = <{]> = (gj) (2.29)
[ 2104 )
— 2 Tr{[ +(? _9% ]} (2.31)
_ (+% _ %) (2.32)
= P, —P_ (2.33)

As should come as no surprise, the polarization for a two state system is simply the difference between
the relative populations of the two states. We can now express the polarization as a function of the spin
temperature:

B exp (+§) exp (_g)
P = exp (+§) + exp (—%) - exp (+§) + exp (—g) (2.34)
_ e (rs) e ()
- exp (+§) + exp (—g) (2.35)
Po= tanh (g) (2.36)
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We'll see later on that this result is true regardless of the mechanism that producing the polarization.
Inverting to get the spin temperature as a function of polarization:

o exp (+§) — exp (—g) - % B 22 -1 (2.37)
B 8 B z+i 2241 '
exp(+2)+exp( 2) z
Pr?+P = 2°-1 (2.38)
(P-1)2? = —P-1 (2.39)
2
2 = [exp (+§)] = —1 i_i (2.40)
1+P
p = log (ﬁ) (2.41)

2.2 Spin Temperature

It has been shown (Young, A.R., Appelt, S., Baranga, A. Ben-Amar, Erickson, C., and Happer, W., App
Phys Lett (70), 3081-3 (1997)) that under the optical pumping, spin exchange, high pressure conditions that
exist within a cell, the diagonal elements of the density operator for both manifolds are:

efmr efma ofmr

P 7 7 7 (2.42)
+F

Zr = Z eﬁmF (243)
mp=—F
+J

Zy = >y e (2.44)
my=—J
+1

Zr = Y P (2.45)
mr=—1I

mrp = myj+mys (2.46)

The meaning of [, spin temperature, is best described by the original reference by Anderson et al. (L.W.
Anderson, F.M. Pipkin, J.C. Baird, Jr., Phys Rev 116, p 87-98 (1959)):

Direct substitution into these equations shows that in the steady state the solution is given by

as :ai:a = o’:a:a:1

lw
ol

D= Wl

ta_
:b_ = «a:1

[SI S

b
This solution suggests the general form of the steady-state solution for all spin-exchange problems.
It is the most probable way in which two sets of particles can be arranged so that the number
of particles in each set is a constant and so that the total z component of angular momentum

is a constant. This implies that the density matrix for a system of Na and N in spin-exchange
equilibrium is given by

— €xXp [_ (Ilz + Slz) ﬁ] €xp [_ (IZZ + SQZ) ﬁ]
P~ Tr{exp - (I + S12) Blexp [~ (Tzz + 822) B}

where [ is such that the total z component of the angular momentum of the system is given
by Tr[(I1s + Siz + I22 + Sa2:)p]. The parameter 8 might be called an angular momentum spin
temperature.
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They were discussing spin-exchange between sodium and nitrogen, but it is perfectably applicable to other

spin-exchange systems including “pure” and “hybrid” cells. This gives the relative population of the
|mp — 3 F 3) state:

eﬁ(mF_%$%) 9 A7

pr = — (2.47)

from which the relative population difference is easily obtained:

ePmr eﬁ(mF—l) efmr

_ — _ — _ B
Py — P 7 7 (1-¢") (2.48)

AN
(=)
()

where P is the electron spin polarization.

2.3 Polarization
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Chapter 3

A Brief Mathematical Description of
Polarized Light

3.1 Representing Electromagnetic Plane Waves

3.1.1 Real Representation

The electric and magnetic field components of an electromagnetic plane wave traveling in the z-direction
with arbitrary polarization in a uniform and isotropic medium can be written as:

E (7t
B (7t)

= E,(z,t)t + Ey(2,t)§ = Eoud cos (kz — wt) + Eoyf cos (kz — wt + @) (3.1)
= Vi [z x E(70)] = ull (7, 1) (3.2)
= Jue€[Eozgcos (kz — wt) — Eg,d cos (kz — wt + )] (3.3)

In SI, the energy flux (energy per unit time per unit area or instantaneous power density) associated with
the EM wave is given by the Poynting vector:

S(Ft) = EFt) = H(Ft) = iﬁ(f’, 1) x B (7,t) = EE(F, t) x [z x B (7, t)} (3.4)
=/ (z [E (7, t)-E(F,t)] —B(71) [z *(F,t)D (3.5)
= 3 5 [E (7 1) E (7, t)} (3.6)

3 1
= 2\/§ng |:C052(k2) cos? (wt) + sin?(kz) sin®(wt) + 3 sin(2kz) sin(2wt)}

+2\/§E§y [cosQ(kz + ¢) cos?(wt) + sin?(kz + ¢) sin?(wt) + % sin(2kz + 2¢) sin(2wt)] (3.7)

We’ll define the intensity as the magnitude of the time averaged energy flux (or time averaged power density):

2m

i NG (3.8)
2T 0
e / " sin?(wi)dt (3.9)
m™Jo ™ Jo

c [ Eg, 2 .2 Egu 2 .2

2 [cos®(kz) + sin®(kz)] + - [cos®(kz 4 ¢) + sin®(kz + ¢)] (3.10)
1 [€ . 9 2 € /|22
5\/5 (B + Ej,] = \/;< E >ﬁme (3.11)
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where the time averaged magnitude of the electric field vector is given as:

2 | B3, + B8,
= —_— 3.12
< >time 2 ( )

3.1.2 Complex Representation: The Jones Calculus

E

We will use the Jones convention for defining the polarization state of the light (vectors) and the action
of the various optical elements (matrices). This convention uses complex number representation and a
linear polarization basis. The electric field component of a monochromatic electromagnetic plane wave with
propagation vector k = k% at time ¢ is:

E(z,t) = Eu(2,0)2+ Ey(z,t)§ = |E) ekt (3.13)
E,(z,t) = Eoyzexp(ikz —iwt +ioy) (3.14)
Ey(z,t) = FEoyexp (tkz —iwt + ioy) (3.15)

) (3.16)

EOI eiaz
EOy etay

where the relative phase shift is o = a, — . Note that it is assumed that the real part of E is taken when
the physical field is needed. At a fixed point is space and over one period (= Qw—”) in time, E sweeps out an
ellipse in the zy-plane given by (Born, Max and Emil Wolf. Principles of Optics, 7th (Expanded) Edition.

Cambridge: Cambridge University Press, 1999. page 26, equation 15):

(Z) 4 () 22 (£ eote =@ (3.17)

In this representation, computing the modulus square of the electric field vector gives:

E*-E = (E|E) = B}, + E}, (3.18)
The time averaged modulus squared of electric field vector is therefore:

2 E*-E  Eg, +Eg,

E
time 2 2

(3.19)

and finally the intensity is:

I= £<E*'E>timc: \/§<E£E> = <2i\|/§j (3.20)

3.2 Linear Polarization
For linear polarization, the relative phase shift is an integer multiple of half a wave,
o =Enm (3.21)

or in other words the two components are in phase. Eqn. (3.17) becomes degenerate,

(B (&) (@) (2)-

E, E,
— =F
EOy EOw

with solutions

(3.23)
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Two specific solutions are the orthogonal axes of the zy-plane which correspond to horizontal and vertical
linearly polarized light. Horizontal linearly polarized light is denoted by

1
P)=lz)=| (3.24)
Vertical linearly polarized light is denoted by
o]
§) =l =]} (3.25)

Linear polarization at an angle 6 counterclockwise from the z-axis is

10) = { :flf((gg } (3.26)

3.3 Circular Polarization

When the relative phase shift is a quarter wave,

a=+(2n+ 1)% (3.27)
and the magnitudes of the two components are identical,
Eoy = Eoy (3.28)
then eqn. (3.17) reduces to an equation for a circle:
ES+E=1 (3.29)

The two orthogonal states are labeled by their helicity, namely the sign of the projection of the spin to the
propagation vector. Right circularly polarized light,

V2 1]

R) = == , 3.30

| > |+> 2 i +1 ( )

following the right hand rule such that the spin is parallel to the direction of propagation. Left circularly
polarized light,
V2l 1]
=== =] (3.31)
is antiparallel. Note that the standard optics convention is opposite to the helicity convention. In the helicity
convention, for right circularly polarized light, F rotates counterclockwise in the zy-plane at a fixed point in
space. In the standard optics convention, for right circularly polarized light, E rotates counterclockwise in
the zy-plane at a fixed moment in time as you move foward in the direction of propagation. See fig. (3.1).
Unless otherwise noted, the helicity convention will be used. See Crawford, Jr. F.S. Waves: Berkeley Physics
Course, Volume 3. McGraw Hill 1968 page 400 for further discussion regarding handedness convention.

3.4 Stokes Parameters

Since the polarization vector of light has two components with complex coefficients, four real numbers are
required to describe it completely. These real numbers are called Stokes parameters. Unfortunately many
different conventions exist in the literature. For our purposes, the most useful convention in the circular
polarization basis for arbitrarily polarized light is:

/1 —; Pe,ie IR) + /1 —2Pe+i9 |E>‘| (3.32)
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Figure 3.1: Right (helicity) circularly polarized light. Left: fixed time, forward in space. Right: fixed space,
forward in time.

where ¢, is just an overall phase factor that rarely contains any useful information about the light. Equiv-
alently in the linear polarization basis, it is written as:

_i0 +if —if
+ ¢1+—p7> )+ (mZ— VTIPS ) |s>] (3.33)

etif
2

|E) = Ege'®r [(m

The magnitude of E is:

V(E|E) = \/(Er|ER) + (Ec|Ec) = \/(#) E? + (#) E? = F, (3.34)

The degree of circular polarization of the light is:

(Er|ER) — (Ec|Ec)
(E|E) a Ej

() BB, .

where P = 4(—)1 for pure right (left) circular polarization and P = 0 for pure linear polarization. In the
linear basis for pure linear polarization:

|E) = Eyei®r Kej + e_;e) P + (6;0 - e;) |s>] = Eoe'%r [cos(0) [P) +sin(6)[S)]  (3.36)

where 6 is the angle of the linear polarization vector with respect to the |P)-axis. In general for elliptically
polarized light, 8 is the angle that the major axis of the polarization ellipse makes with the |P)-axis.

3.5 Projecting onto an Atomic Coordinate System

The rectangular light coordinate system is defined by:
laxis = [P) 2axis = |8)  3axis = [P) X [5) = |Z) (3.37)

where | Z) is the light propagation direction. The rectangular atomic coordinate system is defined by:

2axis =¥ Baxis = £ (3.38)

laxis = 2
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where the z-axis is traditionally taken to be the quantization axis (direction of the main magnetic “holding”
field). One useful way to decompose the light coordinates in the atomic coordinate representation is:

[P) = cos(®)cos(©)Z + sin(P) cos(©)y — sin(O)2 (3.39)
Sy = —sin(®)z + cos(P)y (3.40)
|Z) = cos(®)sin(©)Z + sin(P) sin(O)y + cos(O)Z2 (3.41)
IR) = [cos(®)cos(O) — isin(P)] % + [sin(®) cos(O) + i cos(P)] % - sin(@)% (3.42)
L) = [cos(®)cos(O) + isin(®)] % + [sin(®) cos(©) — i cos(®)] % - sin(@)% (3.43)

where ® and © are azimuthal and polar angles of the |Z) vector with respect to the spherical atomic
coordinate system. #check#make a diagram depicting this. The light polarization vector couples to the
atom most naturally in the irreducible spherical vector basis (see appendix B):

. E_— &4 . E_+ €4 A
T = z2=¢ 3.44
V2 - ( V2 ) ’ (349
Combining the projection and irreducible basis decomposition gives the following for the light coordinates:
P) = —sin(O©)é — exp(—i®) cos(@)% + exp(+i®) cos(0) T2 (3.45)
IS) = dexp(— l@)— + zexp(—l—zq))— (3.46)
V2 V2
|[Z) = +cos(©)éy — exp(—i®P)sin(© )— + exp(+i®) sin(0) — (3.47)
\/_ \/—
3 1 © 1-—
IR) = —sin(0)=% — exp(—id) [M} 2, — exp(+i®) [ cos(® ]é_ (3.48)
V2 2
3 1 —cos(® 1 ©
£) = —sin(®) L 4 exp(—id) [L2 O o op(tia) [L0HO) COb( e (3.49)
V2 2 2
Only a real vector can be decomposed in the spherical basis in a consistent way. For example, |P) , |S) , &

|Z) are all real vectors and |R) & |L£) are complex vectors; therefore their decompostions using the complex
conjugates of the irreducible basis are:

P) = —sin(©)& — Cof‘/(;)) exp (+i®) &% + Cofga) exp (—i®) (3.50)
IS) = —%exp(—i—i@)éi—%ﬁexp(—i@)é*_ (3.51)
12) = +c03(®)é§—sjr\l/(§@) Xp(+i<1>)é*++8h\1/(§@) exp (—i®) & (3.52)
Ry = —gsm(@)ém[l_%ﬁ(@)} exp(+i¢>)éi+{1++)s(@)] exp(—i®)e*  (3.53)
L) = —?sin(@)éé—[“cfos(@)} exp(+i¢)éi—{1_+os(@)] exp(—i®)Et  (3.54)

Note the subtle difference in the two decompositions of |R) & |£).

3.6 Mirrors

Mirrors are produced by applying one or more layers of a thin film coating onto a substrate. The index
of refraction and thickness of the thin film is chosen to maximize reflection. The reflectivity of the mirror
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Figure 3.2: Top view of BSPC

and the phase shift induced in the light depends on the polarization of the light and its angle of incidence.
The mirrors we commonly use (Newport Corporation, 1791 Deere Ave, Irvine, CA 92606, 1-800-222-6440)
have a minimum relflecticity of 99% for P polarized light and 98% for S polarized light in the 700-950 nm
range for angles from 0-45 degrees (broadband dielectric coating BD.2). Specifically, at 45 degrees and at a
wavelength of around 800 nm, the relflectivities for P & S polarized light are 99.5% and 99.9%. Since the
reflectivity is defined as the ratio of output to input intensities, the reflection coefficient is the square root
of the reflectivity:

rp = +/Rp~0.9975 (3.55)
rs = \/R5%0.9995 (356)

If the light is circularly polarized or a mix of S and P linear polarizations, then it is necessary to include a
small relative phase shift factor, d,,,. Unfortunately, this value is not given in the optics catalogs and must
be obtained empirically if needed. A simplified form for the mirror matrix is then:

o rp 0
M_{ 0 reeitn } (3.57)

A fully general mirror matrix would be, in principle, complex and may even contain small nonzero off
diagonal elements.

3.7 Beam Splitting Polarizing Cubes

3.7.1 Matrix Representation

An ideal beam splitting polarizing cube (BSPC) simply splits an incoming beam into it’s two linearly
polarized components. Once separated, the two beam paths are orthogonal, see fig. (3.2). The transmitted
beam is selected by

A 1 0

C, = [ 0 0 } (3.58)
and the reflected beam is selected by

A 0 0

C, = [ 01 } (3.59)
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For the ideal case, the transmitted and reflected beams are pure P & S linear polarizations repectively. In
practice the splitting and polarizing are imperfect. According to RMI (Dr. Zhiming Lu, zlu@rmico.com,
Rocky Mountain Instruments, 106 Laser Drive, Lafayette, CO, 80026, 303-664-5000), our 2” BSPC has an
extinction ratio for the transmitted beam of > 1000 : 1 whereas for the reflected beam it is < 20 : 1. The
transmittance is about > 95%, whereas the reflectance is about > 99.9%. Therefore a more realistic form of
C can be written. For example, for the transmitted beam:

. [t o0
C, = {O t2:| (3.60)
Iransmi e
7, = Jwamemived 2 (3.61)
IinputP
. 2
e = ItransmlttedP _ tl (362)

12
ItransmittcdS tg

where ¢ is the transmittance and e; is the extinction ratio for the transmitted beam. Solving for ¢; & to in
terms of ¢ & e; and doing the same for the reflected beam, the more general cube matrices become:

Ty 0
A lJre_1
C, = ¢ (3.63)
T
.0 Tter ]
- —
N y 0
C. = 10+@r - (3.64)
L 14er!

Given the specifications for our cube, the matrices are:

. 0.974 0
G~ [ 0 0.031} (3.65)
. 0213 0
Cr = [ 0 0.951} (3.66)

The fully general cube matrices could be, in principle, complex and have nonzero off diagonal elements.

3.7.2 Measuring the degree of circular polarization

One can measure the degree of circular polarization of a beam of light by using a rotatable beam splitting
polarizing cube. Note that an input light polarization angle of § wrt the cube axis is equivalent to having
the cube axis be —6 from the light polarization P axis. Therefore varying 6 is equivalent to rotating the
cube. If the incident light is normal to the cube, then the intensity of the light transmitted through the
cube is given by:

. 2

I = |GIE)| = (Bp|Ep) + (Es|Es)

 E§Tie; (1—P+1+ P+ 2y1— P2cos(20) n EZTy (1—P+1+ P —2V1— P2cos(26)
1t 4 1+ e 4

_ BT [1 + (et - 1) mcos(za)] (3.67)

2 €t+1

The maximum and minimum transmitted intensities are:

L. - =% {1 n (et — 1) ﬁ} (3.68)

2 €t+1
1

EQTt €t —
Tpin = 21— V1-— P2 3.69
2 l: (et + 1) :| ( )

40



.% ;
(o) >
K/ slow axis
propagating
out of page A
&

Figure 3.3: Coordinate System of a Waveplate #check#time or space convention fast axis?

Defining the cube efficiency f. and forming the cube asymmetry A. yields a polarization “pythagorean”
expression:

et—l

c = .7
J er+1 (3.70)
Imax - Imin
A, = maxTomin_ ¢ /1 p? (3.71)
Imax + Imin
A\?
1 = P2+ (f—) (3.72)

where P is the degree if circular polarization.

3.8 Waveplates

3.8.1 Matrix Representation

A waveplate is an optical element that has different indices of refraction along two orthogonal axes, see fig.
(3.3). This results in a net phase shift between the linear components of the polarization vector. First, the
polarization vector has to be expressed in the basis of the waveplate. Therefore, a passive or coordinate
system rotation of angle ¢ radians is performed,

: cos(6)  sin(0)
[ ~sin(¢) cos(s) ] (3.73)

followed by a relative phase retardation of 8 radians,

B
. exp (+i5 0
W(B) = (+2) y (3.74)
0 exp (—25)
and finally a rotation back to the orignal basis, R(—¢). The complete waveplate operator is thus:
W(g,0) = R(=o)W(HR(#) (3.75)

(0 1+ 2iexp (i) sin (§) cos(6) iexp (i) sin (£) sin(20)
- ep< 2) iexp(i%)sin(%)sin(?qﬁ) 1+2iexp(i§)sin(§)sin2(¢) (3.76)

Note that for one complete wave, 3 = 2. Typically the fast axis is taken to be vertical.
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3.8.2 Half Waveplate
2T

A half-waveplate has a retardance 3 = =5 = 7. When it is orientated at an angle of ¢ from a set of reference
axes, the waveplate matrix becomes:

L i e ¢ o

This operation implies that each linear polarization component of some arbitrarily polarized light is rotated
by twice the angle between the linear polarization axis and the waveplate fast axis. If the the linear
polarization is either S or P, then a half-waveplate at an angle ¢ with respect to the polarization axis
rotates the linear polarization by an angle of 2¢. A half-waveplate at £45° simplify flips P « S. For pure
circularly polarized light, a half-waveplate orientated at any angle simply flips £ < R.

=

3.8.3 Quarter Waveplate

For a quarter-waveplate with retardance § = %T’T = 5, orientated at an angle of 45°, the matrix becomes:

-2 [ ] am

To be explicit, a quarter-waveplate with its fast axis rotated counterclockwise by 45° turns horizontal linearly
polarized light into right circularly polarized light,

Wi (g) P) = |R) (3.79)
Wi (g) R) = ilS) (3.80)
Wi (g) S) = i|L) (3.81)
W (g) £y = |P) (3.82)

and so forth following the simple pattern P — R — & — £ — P. An angle of —45° simply reverses the
direction of the arrows. Note that in the RHS of the two middle equations, there is an overall phase factor
(7) which for our purposes is unimportant.

3.8.4 Photoelastic Modulator

A photoelastic modulator is a variable retardance waveplate. The retardance can be fixed at a constant
value or (more importantly) modulated at a frequency vmod (= Qmod/27):

ﬂ(t) = ﬁO sin (Qmodt + ¢mod) (383)

The PEM that we have (Hinds Instruments, 3175 NW Aloclek, Hillsboro, OR 97124, 503-690-2000) oscillates
at 50 kHz. The ability to modulate the phase retardance and therefore modulate the polarization of the
incident light makes a PEM (in conjunction with a lock-in amplifier) useful as a high precision polarime-
ter. Note the following useful relationships from the Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables (Edited by M. Abramowitz and I.A. Stegun, page 361, Dover, 1965):

sin (B sin (Qmoat)) = 23 Jans1 (Bo) sin ((2n + 1)Qmoat)
n=0
= 2J1 (ﬁo) sin (Qmodt) + - (384)
sin (By cos (Qmodt)) = 2 Z(_)nJQ"H (Bo) cos ((2n + 1)Qmoat)
n=0

= 2J;(50) cos (Qmodt) — - - (3.85)
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cos (Bo sin (Qmodat)) = Jo (Bo) +2 Z Jon (Bo) cos (2nmodt)
n=1
= Jo(Bo) +2J2 (o) cos (2moat) + - - (3.86)
cos (o cos (Mmoat)) = Jo(Bo)+2 Z(—)”Jgn (Bo) cos (2nQmeat)
n=1

= Jp (ﬂo) —2J5 (60) coSs (2Qmodt) + - (387)
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Chapter 4

Semiclassical Interaction with Light

4.1 General Formula for Atomic Polarizability

The effect of a uniform, isotropic, and linear medium on a beam of light is given by the (possibly complex)
index of refraction of the medium, n:

-

- 2mn

n =
Avac

(4.1)

w
C

where k is the wave vector of the light and Ay, is the wavelength of the light in vacuum. However, in general,
different components of the light polarization vector have different values of k£ depending on the symmetry
properties of an anisotropic medium. We will show later that the symmetry of a vapor of alkali metal in a
magnetic field is described by the spherical vector basis; therefore there are in general three different wave
vectors of the light in an alkali vapor:

kq

w
= — 4.2
U, (4.2)

where ¢ = 0,+£1 labels the components relative to the atomic coordinate system. The real part of the index
of refraction yields the dispersion relation which affects the phase of the wave. A difference in the real part
for ¢ = +1 gives rise to circular birefringence; whereas, a difference in the real part between the ¢ = 0 and
q = = gives rise to linear birefringence. The imaginary part of the index of refraction yields the attenuation
constant which affects the amplitude of the wave. A difference in the imaginary part for ¢ = +1 gives rise to
circular dichroism; whereas, a difference in the imaginary part between ¢ = 0 and ¢ = £1 gives rise to linear
dichroism. The details of the atomic system, beyond its symmetry, are hidden in the index of refraction:

[€qliq
=,/ 4.3
ta €otto ( )

where €, & p, are the dielectric constant & permeability of the medium and ey & o are the dielectric
constant & permeability of free space. Applying Maxwell’s equations:

E=eFE+P =k + A <J> (4.4)

where P is the electric polarization of the medium and [A] is the atomic number density of the medium.
The dipole moment, d_: is evaluated as the expectation value of the quantum mechanical dipole operator
averaged over every atom or molecule in the medium. (The following derivation is analogous to the one
found in Wu, Z., M. Kitano, W. Happer, M. Hou, and J. Daniels. App Opt (25), 4483-92 (1986)). The
Hamiltonian of the system is:
H="Ho+W (4.5)

where W contains the atom-electromagnetic wave interaction and Hg is the hamiltonian of free atom in a
magnetic field. In the interaction picture, the general state of a single atom can be expanded in the eigenbasis
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of Ho:
=Y ca(t)e " [n) (4.6)
Ho [n) = Ey |n) = hw, |n) (4.7)

If W =0, then ¢, would be independent of time. Inserting this into the Schrodinger equation:

2|¥)
\ 4.
) = in= (43)
Projecting |k) onto both sides of the previous equation and rearranging gives the exact equation:
(k|H W) = ch e"nt (k| Ho + W |n) (4.9)
= cp(t)e ™  hwy + ch(t)e—w (k| W |n) (4.10)
8Cn —iwnt
= 4.11
hZ m (ks | ) (411)
= ih [ck(t) — iwgeg(t)] ekt (4.12)
= [ihég(t) + hwrker(t)] e —iwkt (4.13)
ihé(t) = Zc (t)e™rnt (k| W |n) (4.14)
Wgn = Wk —Wwp (4.15)

To treat this system of coupled linear differential equations, the following approximations, assumptions, and
simplifications will be made. First we will treat W as a small pertubration (will be justified later). This
means that the eigenstates of Hj are the eigenstates of H to zeroth order. Second, we will only worry about
the interaction between the atom and the electric field component of the electromagnetic wave. This can be
justified by comparing the relative size of the interaction of the atom with the electric and magnetic fields
of the wave:

Ws

—gusB _ 2upB 2L o €n e a
We

~ ~ ~ ~ ~—~1073 4.16
—(—er)€  bSeaocB 56%0 5647r60h20 20meghc 5 ( )

_ |- B
T

where the characteristic size of a K or Rb atom is given in units of the Bohr radius, ag, and for electromagnetic
waves |E| = ¢|B|. After dropping the magnetic dipole interaction term, W will be expanded using the dipole
approximation:

27r 27T5CL0 275(0.053 nm)

k-l = =" ~ ~0.002 < 1 4.1
|k - 7 kr 3 730 nm 0.002 < (4.17)
W = -d-R{EF } (4.18)
i(Rrmwt) | Fepi(Rerwt)
= —(=er £ 25 ‘ ] (4.19)
_ 6_7? = M —iwt S L= iwt
= 3 [5 (1—|—zl€ 7"—|—...)e +& (1 ik 7‘—|—...)e } (4.20)
~ e_"? S —iwt Sk _iwt
~ 3 [Se +E&% ] (4.21)

Third, we’ll assume that the frequency w is tuned to near the D1 and D2 transition frequencies. This allows
us to separate the {c,} states into two groups. We’ll label the 51 states by a, and the P1 s states by bg.

’2
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This condition splits equation (4.14) into the following two coupled differential equations:

ihbe(t) = Zan et (kW In) + ) " bj(£)e™" (k| W) (4.22)
J

ihan(t) = Zam et (n| Wm) + > br(t)e™ " (n| W |k) (4.23)
k

where m, n only label {a} states and j, k only label {b} states. Note that all we’ve really done at this step
is to relabel the states. Now, since we are only considering transitions between {a} and {b} states and not
among {a} states and {b} states, (m|W |n) and (j| W |k) are both zero:

ihb(t) = Za ernt (k| W |n) (4.24)

ihan(t) = Zbk enkt (n| W k) (4.25)

To reiterate, we are choosing w to excite the D1 and D2 transitions between the appropriate states in {a,}
and {b;}. Fourth, as is standard practice (Demtroder, Wolfgang. Laser Spectroscopy: Basic Concepts and
Instrumentation, Second Enlarged Edition. New York: Springer-Verlag, 1998. page 33, section 2.6.5), we
will add by hand a phenomenological damping term 7, which takes into account the finite lifetime of the
excited states. Under our conditions, v is dominated by pressure broadening, which we use to extract the
3He density. Putting this all together gives:

ihbe(t) = —Za w[ (k| 7- € |n) ’““t+<k|F-§*|n>e““t}—ihbk% (4.26)

ihan(t) = 3 Zb ginkt [ n|7- E|k) e ™ + (n|F- E* |k) e““’t] (4.27)

Fifth, we’ll assume that the system is in equilibrium and that most alkali atoms are in a {a,} ground
state. Under typical conditions in an optical pumping spin exchange cell, the optical pumping rate is about
R ~ (1 — 10%) kHz, whereas the Ny nonradiative quenching rate is about v, ~ 500 MHz. At equilibrium,
the fractional population of the {b;} states is given by = R/, < 0.002, therefore:

dan,
dt
P, = ala, (4.29)

~ 0= a, = constant (4.28)

where P, the relative population of a ground state a,,. Since the time dependence of a,, has been removed,
equation (4.26) is solved in the following way:

be(t) = u(t)u(t) (4.30)
by = +ud = f(t)— %uv (4.31)
be a0 f()
w-ute T w2 (4:32)
v_ 0 _ Y
o=y v(t) = v(0)e (4.33)
i f(t) _ f()et
w7 T 34
u(t) = / 2”;(0) Zan(t)eiUJknt"F’kat {<k| P §|n> et 1 (k| 7 & In) e+iwt:| dt (4.35)

_ 6(0) Z an(t)eiwknterTkt l <k| 7 & |TL> efiwt + <k| 7 E |7’L> e+iwt‘| (436)

iWen — iw + W + iw +
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which gives:

e , (k|7 En)y  _, (k|7-En)
b t — _ " t TWent twt +iwt 437
) 271;& (t)e l—wkn+w+i7—2’“6 +—wkn—w+il2’“e (4.37)

The sixth approximation is that the second term is negligible relative to the first because w ~ wy,,. This is
called the rotating wave approximation and dropping the second term gives:

br(t) = % D ap(t)elern )t lM (4.38)

W= Wi + 1

The expecation value of the dipole moment for a single atom <cf > can be calculated using eqn. (4.6):

(4) = —e(w7|w) (4.39)
—e | Y apert (m] 4+ Y B ()" (] f[Z ane” " n) +Zbk<t>e—“kt|k>] (4.40)
m 7 n k

—e a’ ane™mt (m|7ln) — e *hpetikt (17 |k) — e a* brem+t (m| 7lk) + C.C.
X apetmnt bib ¢ k b ¢ kYy+C.C

(4.41)

The matrix elements connecting states within the same group are zero. Specifically, recall the Wigner-Eckart
Theorem: 1

(Jromyg| Ty |Jiymi) = —mm=—== [(Ji;mq| (k, q| | Tg,mp)] (Tl T* || ;) (4.42)

2Jp+1

For electric dipole transitions, the reduced matrix element is non-zero only between states of opposite parity.
The parity of the states that we're considering are given by (—1)L. Therefore states in the {a,}(L = S —
L =0) and the {b}(L = P — L = 1) groups have even and odd parity respectively. Therefore the matrix
elements bewteen states within the same group ((n|7|n) & (j|7|k)) vanish due to parity. This is another
justification our separation of the states into two groups. Note also that the Clebsch-Gordon coefficient in
nonzero only when my = m; +q and Jy = |.J; — k| ... J; + k. This means, in our case, that for a given matrix
element of the form (m|7|k), there will be at most only one component of 7 that results in a non-zero matrix
element. Dropping the vanishing ay,a, & b3by terms and plugging in eqn. (4.38) for by:

<J> - _eza:nbkewmkt (m| 7|k) + C.C. (4.43)
QHn;ka an(t wkn—w—i% +C.C. (4.44)

Averaging this single atom expectation value over all atoms in the cell:

(anam)een = OpPn (4.45)
2 2. &
7 _ e n * (Wimn—w)t < | |k> <k| r-& |TL>
<d >cc11 o . gm ) o Prar.an(t)e [ o —w +C.C. (4.46)
B (n| 7 |k (k|7 Ee~iwt |n)
= 2h E BT +C.C. (4.47)

The relationship between the induced dipole moment and the applied electric field defines the atomic polar-
izability tensor:

E+cCcC.
2

— >

d=a RE =a - (4.48)
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which immediately yields the atomic polarizability tensor:
| 7[n)
S Z L}kn_w . (4.49)

4.2 Transition Matrix Elements: Oscillator Strength
4.2.1 Wigner-Eckart Theorem

The probabilty that an electric dipole transition occurs from an initial state a to a final state b is proportional
to the modulus squared matrix element of the component of the dipole operator that is parallel to the
polarization vector of the light:

‘<b|5- Ef|a>‘2 - ‘<b|5- (—ef) la)

When the dipole operator, or analogously the radius vector operator, is written as a tensor of rank one
(see appendix B), the matrix element can be evaluated using the Wigner-Eckart theorem. The theorem was
originially derived from group theory considerations and factorizes the matrix element of a tensor operator
qu between states labeled with quantum numbers n;, ny and angular momentum (J;, m;) and (Jy, my) into
two parts:

2 ~ 2
‘ :e2‘<b|§ 7la >‘ (4.50)

(T mg| TF | J;yms) = CG (JZ»+E: Jr mi,q,mf) x RM.E. (ny, Jyini, Ji) (4.51)

The first part is simply a Clebsch-Gordon coefficient for the addition of angular momenta such that Ji+k = ff
with m;, myg,q. The second part, called the reduced matrix element, is a term with the essential property
that it is independant of m;,q, my. The exact form of the reduced matrix element is somewhat arbitrary
so long as it is independant of m;, ¢, my and behaves mathematically appropriately. By this, we mean that
the matrix element is a complex number or equivalently the modulus square matrix element is non-negative.
One form of the reduced matrix element that is often chosen in textbooks, see (Albert Messiah, Quantum
Mechanics, Vol II, New York: John Wiley and Sons, 19627, page 573, XIII.125) for example is:

RM.E. = x (ng, Jp|| T ||ni, Ji) (4.52)

1
VI
For the present discussion, we will drop the n; and ny labels because the D1 and D2 transitions of alkali
metals occur within the same n. To insure positive definiteness of the modulus square matrix element, we’ll
explicitly give ourselves flexibility with the phase:

==
RAM.E. = {207 i x (Jp|| TF || J) (4.53)

Vil

The phase ambiguity of the reduced matrix element is related to the choice made in defining the phase
convnetion of the Clebsch-Gordon coefficients. Using the notation of Messiah, the Wigner-Eckart Theorem
can be expressed as:

(£)ri
[J¢]

(T mg| Ty | Jivma) =i ((Ji, k) ma, al Tg,mg) (T | T ) (4.54)

4.2.2 Phase Convention and Positive Definiteness

Care must be taken in choosing the phase convention when evaluating these matrix elements using the
Wigner-Eckart theorem. Let’s consider the modulus square matrix element of a component ¢ of the radius
vector operator 7 in the spherical tensor basis (k = 1):

(Tpomg|rg | Joma)|? = (Tpymyplrg | Jyma) (Tp,myg| rg | i ms) (4.55)
= (Jomilrg[Jr,myp) (Jg,mg| g [Ji;ma) (4.56)
(D) (T, mil r—q [T, myp) (Jp,mg|rg | i, ma) (4.57)
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Before expanding these matrix elements using the WET, we’ll introduce the Wigner 35 symbol (E.P. Wigner,
Group Theory and Its Application to the Quantum Mechanics of Atomic Spectra, page 290, eqns 24.9a, 24.10,
24.10a, 24.10b) which is related to the Clebsch-Gordon coefficients by:

( Ji k Jy ) _ (—1)Ji*k+mf

mi g —my 7]

where the Kronecker Delta insures that angular momentum is conserved (m; +¢ = my). Their utility lies in
the fact that they make the symmetry properties of Clebsch-Gordon coefficients more apparent under the
cyclic permutation of all three columns, the interchange of two columns, and the replacement of the second
row with its negative:

<(lek) mi7q|Jf7mf> 5mi+q:mf (4'58)

(Ji ko J ) _ < Jro Ji k>:(’f Iy Ji) (4.59)
m; q —myf —my m; q q —my my
—(—1)titk < ko JiJy ) (4.60)
q m; —my
— (_1)Ji+k+Jf< Ji k Jf ) (4.61)
-m; —q My

Expanding the modulus squared matrix element using Wigner 3j symbol, enforcing my = m; + ¢, and
moving things around:

[r)l* = (=) Ty mal r—g [T mi + a) (Tg,ma + al rq | To,ma) (4.62)
= (—l)qi(:l:)if(—l)k]fflerz' < mlJiq —1q —{]i’Li ) <J1||’I"||Jf>
X(Z')(:l:)fi(_l)Ji—1+mi+q < 7{; ; _(m{f—k q) ) <Jf|| r ||JZ> (4.63)

. , J 1 Ji Ji o1 J
= () p(2)ir(—1 Jrt+Ji+2mi+1 f g g f f 2
()5 (£)is (1) (S G 1 T e

(4.64)

. , J; 1 J Ji 1 J
_ N N2 s 2T 2m 42 i r f t N2
(:t)fl(:t)lf( 1) < -m; —q m;+q ) ( m; ¢ _(mi + Q) > |<Jf|| r ||Jl>|

(4.65)
s3diteme (Ji 1 J Ji 1 J 2
= @ (L ) (g g ) I
(4.66)
_ (i)fi(i)if(_1)3Jf+3Ji+2mi+1 < T"rillz (]]' _(m{f+ q) )2|<Jf||7“||Jz>|2 (467)

The last two terms are positive. For the left hand side of the equation to be positive (as it should be), the
following must be true for D1 transitions (J;, |m;|, J; = %)

1= (Bl ()2 (4.68)
= [(@®)si(E)igly (-1)** (4.69)
—[( &) ri(F)ir]s (4.70)
s1 = [(B)ply = =[]y (4.71)
For D2 transitions, the corresponding relations are (J;, [m;| = 3;J; = 2):
1= [(B)pE)ygly ()2 (4.72)
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= [(H)n(E)igls (=)™ (4.73)
= [(B)ri(F)irlz (4.74)
s2. = [(Bplg = [(H)irlg (4.75)

In both cases, we have hidden the sign in an s factor. The positive definiteness of the modulus square matrix
element defines for the phase convention of the reduced matrix element. For a D1 transition, the reduced
matrix elements for a matrix element and its complex conjugate must have opposite signs. However, the
reduced matrix elements for a D2 matrix element and its complex conjugate must have the same sign.

4.2.3 Connecting the Radial Integral to Physical Observables

The double barred term (b||T%||a) of the reduced matrix element (also sometimes called the reduced matrix
element itself) is a radial integral. In practice, rather than being calculated from first principles, the value of
the radial integral for the radius vector between atomic states is inferred from measurements of the natural
atomic lifetimes. The spontaneous decays of the P1 and P3 excited states for neutral alkali atoms are
dominated by the D1 and D2 transitions. Therefore the lifetime 7 of these states are nearly equal to the
inverse of the spontaneous decay probability rate (as known as the Einstein A coefficient), see A. Corney,
Atomic and Laser Spectroscopy, Clarendon Press, Oxford, 1977, page 103, equation 4.23:

2 2
1 R Zm
Tb = Ab = W b Z ‘ Ja,ma| 7' |Jb, mb>‘ (476)
4awab Zm 2
= e s ; ‘ Ja,ma|7'|Jb,mb>‘ (4.77)
~

mean sum
where A is averaged over all the initial (upper m;) states and summed over all the final (lower m,) states.
Typical lifetimes for alkali metals are tens of nanoseconds, see table blah. Another form of the averaged,
summed modulus square matrix element is the oscillator strength. In the classical picture, an atom is
modelled as a collection of many damped oscillators with frequencies that correspond to all possible atomic
transitions. An atom in a state a can make transitions to other states through a subset of oscillators that
connect that state with all other states. The fraction of oscillators that connect state a to another state b
is called the oscillator strength. For absorbtion (emission), the oscillator strength is chosen to be positive
(negative) by convention. Just as for the probability rate, the modulus square matrix element is averaged
over initial (lower m,) states and summed over final (upper my) states. For transitions from initial state a
to final state b, where the sign is chosen based on the physical process under consideration, the oscillator
strength is:
2mwab Ema
3 2J,+1

fab = D 1 Tas mo| 7| Ta mp) [ (4.78)
mp

By convention, we will always refer to the absorption oscillator strength unless otherwise noted. In addition,
since we will always be discussing transitions from the S 1 ground states to one of either the Py or Ps excited
states, the oscillator strength will simply be labeled by the J of the final excited state.

Both the oscillator strength and the spontaneous decay rate involve sums over the intial and final m
states. This sum, which depends only on J,, Jy, and the reduced matrix element, is called the line strength
(first introduced in E.U.Condon and G.H. Shortley, The Theory of Atomic Spectra, Cambridge University
Press, 1967, page 98) and for transitions between the lower state a and the higher state b, it is given by:

Sup = Spa = ZZ} Ja,ma|er|Jb,mb>‘ (4.79)

= Z Z ‘ Jb, mb| 67" |Ja7m¢l>

(4.80)
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3he?

= 2mwab ’ [ a]fb
3P Jy)e? 1
 dawd, T
3meohcd[J
- 073[17] Ay
Wab

(4.81)

(4.82)

(4.83)

Note that the line strength is explicitly defined as a positive quantity. This insures that the aborption oscil-
lator strengh fp, spontaneous lifetime 75, and the spontaneous probability rate are all positive. Evaluating

the line strength using WET:

Sap = ZZ‘Jb,mb|er|Ja,ma>

= ZZ
= ZZ Ja,ma|eZ( 1)4 rq/g q |Jbamb> <Jb7mb|eZ(_1)q7ﬁqéfq|Ja7ma>

q

= ZZZ Ja,ma|er_q|Jb,mb> (Jo, M| € | o, Ma)

2

JbvmbleZ( ) rqE q|Ja7ma>

(4.84)

(4.85)
(4.86)

(4.87)

. Jbal my, —q Jaama Ja71 maqubamb
= w22 Y <—1>q<( LS CAU Ny SR CAD LT oL N ATITEA

[a] [ o]

Mea,Mp,q
= |<Jb||67“||J >|2

= J7 a )
Sb Zm b m+q

_q|Ja7ma> <(Ja7 1) Mme, Q|Jb, Mg + q>

(4.88)
(4.89)

(4.90)

where the lower (upper) sign is taken for D1 (D2) transitions to insure positive definiteness. Again since
we will always be discussing transitions from the S1 ground states to one of either the P1 or Ps excited
states, the Clebsch-Gordon sum ¢ will simply be 1abeied by the J of the final excited state. This glves us the
following equivalent relationships between the modulus squared reduced matrix element (which is difficult to
calculate accurately from theory) with physical observables (which we determine empirically) for transitions

from the lower level a to the higher level b:

il =
_ 3h . [Ja]fb
2mwab S
3¢ [

4ocwab SbTh

3meghc® . [J] Ap

3
e2ws, S

4.2.4 FEvaluation of the Clebsch-Gordon Coefficients and Sums

The general forms of the D1 matrix elements are:

) - ()t ()0
(0 estte i

o1

1
<P%,q:|:§ Tq

rllss)

rls)

|
|
~.

(4.91)
(4.92)
(4.93)

(4.94)
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1 1 1
1)+ 2.qgl=,q+-
) 2,q|2,q 2><

.81 11 :|:1|1 :I:l
z\/§ 72 q, 227(] )

. 1
:Fzsu/%<5% T‘P%>

The general forms of the D2 matrix elements are:

T'q

1 1

<S’%,m:|:1‘ri‘P%,m>

<S%,—|—; T4 P%,—%>:
—<5%,+% ro P%,+%>:
—<S%,—% ro P%,—%>=
<S%,—% r_ P%,+%>=
The D2 matrix elements are:
<S%,+; T4 P%,—%>:
<S%,—2 T4 P%,—;>:
—<S%,+% ro P%,+%>:
—<S%,—% To P%,—%>:

()=

. So 1 1,3 1
17 <(17§) qai§|§aqi B
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)

1 3 1 .52
Lot} (3
3 dlga 2>Z2

7)1

1
2

N|=

<
wn

SIS

3
|95)

(NI

~— ~ ~ ~

[ME

(4.97)

(4.98)
(4.99)

(4.100)
(4.101)

(4.102)
(4.103)
(4.104)

(4.105)

(4.106)

(4.107)

(4.108)

(4.109)
(4.110)
(4.111)

(4.112)

(4.113)

(4.114)

(4.115)
(4.116)

(4.117)
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T— P§,+_ = <P§,+§
2 2

G

Note that the radial integral is real. Putting these results together allows us to evaluate the Clebsch-Gordon
sums:

T‘HS%> (4.118)

r

1
ry ‘S%,+%> = +isog <P3 1

2

Sé> (4.119)

r HS%> (4.120)

2 _—Z_—’] =41 (4.121)

6
i did —i i —i i i i Qi
G = s S S 4.122
: [mm 22 iV T VovE VBV 22] (4.122)

Therefore the radial integrals for the D1 and D2 transitions are:

[0

S%>‘2: m?’—zlfJ (4.123)

4.2.5 The Radial Integral in the coupled LS basis

In the uncoupled basis, there is only one radial integral between the S and P states. First we must fix the
phase convention of the uncoupled matrix elements:

) = (~1) <i%‘S<O|L7‘_q|q>L i%>s<i%‘s<q|qu|O>L i%>s (4.124)
= (=11 <0|L7"—q |Q>L <Q|L Tq |O>L (4.125)

= (£)ps(H)sp(—1)*! ( 8 ; _1q ) (P [1S)2 (4.126)

+1 = (H)ps(H)sp(-1)* (4.127)
= (¥)ps(E)sp (4.128)

s = (¥)ps=(F)sp (4.129)

When the radial integral is evaluated in the coupled LS basis J, there is radial integral for each J. The rela-
tionship between the radial integrals evaluated in the two different basis sets can be shown by an expansion
in the uncoupled basis and by application of the WET:

<P%,+g - S%,+%> — (#1, <—|—%‘S7‘+ 0, +%>S (4.130)
— o (451 +3) (4131)
= (ol () lrls) (1132)
= (PIrls) (4133)
- +i32% <P% 7‘H8%> (4.134)
(Pytg|refsi-3) = <\/§<+1|L<—§S—\/§<0|L<+%L> el -g) @

Il
e
+
=
3
+
=)

)L <—%| - %>S - \/§<0|r+ 0),, <+%| —~ %>S (4.136)
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\/g (+1]r, [0, (4.137)

2 8
= \/;<(0,1)0,+1|1,+1> (ﬁ) (P|r|S) (4.138)
= B2 i) (4.139)
. —isl\/g<P% r[s3) (4.140)

We can do the same calculation for the complex conjugates of the same matrix elements:

<S%,+% r_‘P%,+g> = <0|L<+%Sr_|+1>L +%>S (4.141)
= sl (4.142)
- +i32% <5% THP%> (4.143)
<S%,—% r‘P%,+%> — 0|, <—%Lr+ <@|+1>L —%>S—\/g|o>L +%>S> (4.144)
S LY (4.145)
- —isl\/§<5’% rHP%> (4.146)

Note that the reduced matrix element in the uncoupled LS basis does not have any sign ambiguity due to
postive definiteness, because for the transitions under consideration, the Clebsch-Gordon coefficient is always
+1. Note also that the radial integral in the uncoupled basis is real. Since the radial integral is independant
of my, and my, we only had to evaluate one matrix element for each J. Summarizing these results:

53 <P% r S%> - +s%<P||r||S> (4.147)
82 <s% r P%> - +s%(5||r||P> (4.148)
51 <P% r s%> - —S\/g<P||r|S'> (4.149)
si(Sy|r|ps) = —s@ (Sirp) (4.150)

where s? = 52 = s2 = +1. This implies the following relationships between the quantities relating to D1 and

D2 transitions:

s = (1151)
H - —\/ﬁz—;:+\/§ (4.152)
Pilr|sy) = (81| rien =+ 2 (4153)

_ (4.154)

3 w3
o o[ (4.155)
1 Wi
2 2
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H = 2 o
Nl= [l = |l

(

w% 3
E (4.156)
2
3
w—% 4 157)
w1 (4.

4.2.6 Explicit Forms of the Matrix Elements

First we’ll calculate the modulus square matrix elements neglecting fine structure mixing. This is easily
done given the following matrix elements in terms of the oscillator strength. The D1 matrix elements are:

1 1
<S%,+2 T4 P%,—§>
—<S%,+§ To P%,'F_
1 1
—<S%,—§ To P1,—§

1 1
<S%,+§ T4 P%,—§>
1 3
<S%,—§ T4+ P%,—§>
1 1
_<S%,—|—§ 0 P%,+§>
1 1
sy -Yulryd)
1 1
<S%,_§ r— P%,+§>
S P 3
AR Rl S

(Py,=4|r- |8y +1) =+is nly (4.158)

2 2 mw%

(Py,+3|ro |54, +1) :—H‘su/%i—% (4.159)
2

(Py,~4|ro|8y,-3) =-is %i—‘ (4.160)
2

<P%,+§}r+ Sy.—3) =-is %f—% (4.161)
2

(Py,—3|r- |54, +1) :+i52,/%£—% (4.162)
2

(Py,~3|r-[8y,~4) = +iss %i—% (4.163)
2

(Py,+3|ro|Sy,+1) _+i52,/%£—% (4.164)
2

<P%,—% ro S%,—%> :+i52,/%£—% (4.165)
2

<P%,+§}r+ Sy 1) _+2‘52,/%£—% (4.166)
2

(Py,+3|ry[Sy,+4) = +isy %i—i (4.167)

The modulus squared matrix elements for transitions involving the absorption of photon with helicity +1

are calculated below:

T+

T+

T+

53

1\ | hfi
_Z = 2z 4.1
) - (4.168)
1\ ? hoJfa
_ = — 2 4.1
’ 2> Am ws (4.169)
1\ ? 3h f3
- = 2 4.1
’+2> Am ws (4.170)
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The modulus squared matrix elements for transitions involving the absorption of photon with helicity 0 are

calculated below:

<P%,+% 0 S’%,+%> : = %Zj—i
<P%,—% o S%,—%> : = %j—%%
<P%,+% 0 S’%,+%> 2 = %Zj—i

(4.171)

(4.172)

(4.173)

(4.174)

The modulus squared matrix elements for transitions involving the absorption of photon with helicity —1:

1 1\ ” h 1y

Py, —=|r_ = = —z

< v g|" S%’+2> mws
1 1\ |? h fa
Ps,—=|r_ = = —2
< g S%’+2> dmws
2 3
SO PP N 1
27 2 272 4mw%

(4.175)

(4.176)

(4.177)

Because some of the excited eigenstates are mixed, now we’ll evaluate the modulus squared matrix element

in a general form.

spm)|

)P = | (et (Pym+a| + e (Pym+d]) 1y

2
= ‘CT<P%,TR+L] Tq Tq S%,m>‘

S%,m>+c§ <P%,m+q

= |cll2‘<P%,m+q Tq S%,m>}2+|02|2}<P%,m+q Tq 5%7m>‘2
+ci <P%,m—|—q‘7“q S%,m>-62 <S%,m Ty P%,m+q>
+c1 <S%,m Ty P%,m+q>~c§ <P%,m—|—q Tq S%,m>
The ¢ and c; are the fine mixing coefficients which are real:
2 2
|<rq>|2 — CfKP%,m—i—q Tq S’%,m>‘ —l—chP%,m—i—q Tq 5’1,m>‘
+(=1)%cico <P%,m+q‘rq‘5%,m> <S%,m T_q P1,m+q>
+(=1)%¢c1co <S’%,m‘r,q P%,m+q> <P%,m+q g S’%,m>
Noting the following relationship:
(Pr,m+gq|rq ‘Sé,m> = (=1)(-1)4 <S%,m T_g|Py,m+q)

the cross terms can be written:

cross terms = (—1)%¢1co <P%,m+q Tq S%,m> <S m‘r_q ‘P%,m+q>

i,
2
P%,m+q><P1,m+q

2

+(—=1)%c1co <S%,m‘ T_q

S'%,m>

T'q
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(4.178)

(4.179)

(4.180)

(4.181)

(4.182)

(4.183)



= (=1)%c <P%,m+q S%,m>

Syom) (~1)(=1)7 (Py.m+q

+(=1)crea(—1)(—1)? <P%,m + q‘ Tq ‘S%,m> <P%,m + q’ Tq ‘Sé,m> (4.184)

T'q T'q

= (=D)"92¢cy <Pg ,m+q

S'%,m> <P%,m—|—q

Tq Tq S’%,m> (4.185)

= —2c1c9 <P%,m+q Tq Tq S’%,m> (4.186)

S%,m> <P%,m+q

Therefore the general form of the modulus square matrix element accounting for fine structure mixing is:

spom)|

S1, m> (4.187)

2
2
S%,m>} —|—62‘<P%,m+q

) = & |(Pym+q

—2c1c9 <P%,m +q

T'q T'q

T'q T'q

S’;,m> <Pl,m+q
2 2

For the following, we’'ve used equations (1.88) and (4.155). For the transitions involving light with +1

helicity:
<P,+% Ty S%,—%> ’ = (%i—i) [1—@1612\/——(%7)2] (4.188)
ot - (B2) ]
<P+,+g ry S%,+%> 2 = %i—‘ (4.190)

For the transitions involving light with 0 helicity:

<P,—% ro S%,—%>2 - (%i—_) 1 ayaz2v2 + (ay 2} (4.191)
<P+,—% ro 5%,—%> o <%£—%§> :1+a1a2 a2 ] (4.192)
<P_,—|—% To S%,+%> : = <%£—i> :1—|—a1a 2\/——|— (ag 2} (4.193)
<P+,+% ro S%,+%> . (%i—i) -1—a1a a2 1 (4.194)
For the transitions involving light with —1 helicity: _
<P, L, S;,+1>2 = <Ef—> 1+a1a2\/——(—+)21 (4.195)
272 mwy
<P+,—% r_ S%,+%> L (%i—_) 1 - @af2v2+ (o)’ (4.196)
<P+,—g r s%,_%>2 - %j— (4.197)

4.3 Explicit Calculation of Atomic Polarizability

The consquences of the previous section imply that we can write the atomic polarizability as:

a=Y"éragd, (4.198)
q

o7



Writing out equation (4.4) using the atomic polarizability and expanding in the spherical vector basis:

D
ZDqéq
q
> Dy
q
> Dy
q
Dq

Al

eqzeo(l—l—gaq) — ng=1/1+—q

- Y

= € (1-+

= Zeo <1+ —Zs apap>
(Eq €q+— ZE apEép - é;)
q
= Y € <1 + @aq) EE;

q €0

M)E

€o

Al

= EqEq = €0 (1 + g()@) Eq

Al

€0

(4.199)

(4.200)

(4.201)

(4.202)

(4.203)

(4.204)

Using the result that n 4+ g = k from the previous section, the components of the atomic polarizability are:

Aad
(&) =
s A
E E,0qEq =
q
oy =

Oéq -

The atomic polarizability for ¢ = +1:

h 1-P
E§Ch+ - + (——Ez——> <}?_,‘F

1-P 1
()P

()

The atomic polarizability for ¢ = —1:

2|

|7
hz [w;m—w 5

)

con|

q,n,k

(n|rgéq k) (k[ rqcy In)
Wkn

A

—w -
7y k) (k| rq |n)
Wen — W — 15

[(n + gl rq |m)|”

IO

1 1

T+

2|
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2

(4.205)

(4.206)

(4.207)

(4.208)

(4.209)
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1-P 1 1\|? PR
+ (—2 > <P+7 5 ) S,—§> ("‘J[P+77%] _w[s,fé] —w —17)
1+P 1 1\|? oL
+ (—2 > <P ,+§ o S,+§> (w[P_)Jr%] ~ W[s,+4] —w—l7)
1+P L1 1\ [? TR
+ (T) <P =170 S,—|—§> (w[P+)+%] —w[S’_F%] —w— 27) (4.211)

Plugging in the values for the matrix elements, the atomic polarizability for ¢ = +1:

thoe = v () om0
+( <2w3> 1+a1a22\/—+(a2)2} (W[P+7+%]_w[Sﬁ%]_w_i%r)il

3fa
v14P) ( :
2(4}3

The atomic polarizability for ¢ = 0:

e\t
Wy 2]~ Ws+1] w—zT) (4.212)

4m - AT N2 V-
2 = +(1-P) <@> _1 —aya;2V2 + (az) ] (w[P 1~ Ws,—4] —w—zT)
3 i -2 (a2_)2 A+
+(1_P) @ 1+a1a2 — B) (LU[P+ 7%] W[S77%] —u]—l?)
f% 2 Yo -1
PP ) o2V @) (g ooy —9 i)
3
f‘é [ a+ 2 Y —1
+(1+P) <w—23 1—aja3 V2 - ( 22) (w[P+ 3]~ ¥[sed] w—z%) (4.213)
2 L
The atomic polarizability for ¢ = —1:
am 214 (a5) Y=\
?OZ, = (1+P)<w%> 1—|—a1a \/——— ( P _%]—W[S+1] w 17)
+(1+P /3 1 Fov2 +)? Y+t
P g ) [P med2va e (@) (v gy~ sy~ 7))
2
3fa Ay L
— 2 — —w—T
(=P (2w%> (W[P+7*%] “ls.—4] T T ) (4.214)
We can decompose the atomic polarizability into it’s real and imaginary parts using:
o 1 -1 i 1 wo — W + Z%
_ el i 7/22 (4.216)
(wo —w)” +72/4 (wo —w)” +72/4

The real and imaginary parts of the atomic polarizability for ¢ = +1:

N2 w —w
t—mﬂ?aJr = +(1-P) (2fl> ll—alflg\/_— (az) 1 ( [P-.+14] [5.—
[

w1 2 2
S R RS

=

]—w
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- w[S’_%] — W

+(1-P) 2{53) {1-1-&1@2 2V2 + (az) } ( = )2 2 /4
2 w[P+7+%] —w[S’_%] —w| +7%
+(1+ P) Z’is { B M LA (4.217)
(ot sy =) +12/4

fs 2
+A=P) (57 {1+a1a22\/_+(a2)} 15/
3
i (ot sy =) 11/
3fs 2
+(1+P) <2 2 ) v/ i (4.218)
[Py, +3] [s,+1]
The real and imaginary parts of the atomic polarizability for ¢ = 0:
e = +(1-P) k3 1— 2V2 + ( 2]( - —'7—‘)71
T = o) a6y (a3 WP —1] T Y[s,-1] W i
3\ [ (a5 A\t
+(1_P) <@ 1+a1a2 2 (CUP+ -1 S’_%]—W—ZT)
+(1+P) f—% _1—|—aa 2\/_—|— (ad 2] (w w—ik)_l
wi )L ! 2 S+3] 2
+(1+P) i -1—a af V2 (w w—i7—+)71 (4.219)
ws ! [Pt S+3] T 2 '
2 L
The real and imaginary parts of the atomic polarizability for ¢ = —1:
4m 2/ + (a;)2 Y-\t
?OZ, = +(1+P) <E> 1+a1a2\/—_ 9 (W[P777%]—W[S7+%] —w—l7)
+(14P) /3 {l—aa 2\/—+(a)}(w 11— Wig 1 —w—iv—Jr)il
2ws ws 12 2 [Pe=3] 7 ¥[s.+4] 2
3fa TR
_ 2 _ Cw— it
i m(m@>(%ﬂ7% “fsoy) i) (4:220)

Before explicitly writing the forms of a4 for a polarized alkali vapor in a magnetic field, let’s note the
following:

1. The energies of the i% states in the P terms willuse the low field energies approximations. If necessary,
the exact forms could be used.

2. The mixing coefficients a1 & agt are only relevant for the m; = :I:% states in the P terms. Only terms
second order or higher in field in these coefficients depend on the sign of m .

3. P. is the fraction of atoms in the m; = j:% ground state. Since we’ve argued that most atoms are in
the ground state: Py + P_ ~ 1 and the polarization is P — P_ ~ P.
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4. The electron mass is m and the absolute value of the electron charge is e.

5. In principle, the oscillator strengths f 1.3 are affected by the temperature and the density of the buffer
gas. We will make the approximation that for both Rb and K that f 1R % and that f 3 =~ % Most

book values are quoted with an uncertainty of about 10%. Therefore, using these approximate values
for the oscillator strengths under most conditions is good enough.

6. To be consistent with the literature, we’ll make the following substitutions:

A1z = w—wis (4.221)
272 272
Q 5%313 (4.222)

Atomic Polarizability for Circularly Polarized Light
Putting this altoghether, the atomic polarizability for right circularly polarized light is:

h h h h h
2 ( f>+< fé)*m ( f)( f§>
e mwy "2 4mw% 2 mwy "2 mws "2
4\ s i \7! 4\ up i \!
1 — | —B—-w— =71 1 - |—B8B =1
(w§+<3) 5 w 275) +<w§+<3> 7 +w+27§
h h h h
- ( f)( fﬁ)””” ( f)( fﬁ)
mwy 2 4mw% 2 mwy 2 mws 2
5\ s i\ 5\ un i\
(W% + <§) 73 - W — 5’7%) + <W% + <§> 7B+w+ 5’7%) ‘|

3h f§] y

dmws " 2
2

X

X

+P,

, —1 . -1
UB ¢ KB ¢
(w%+?B_w_§7%) +<w%+7B+w+§’y%> ‘|(4.223)

The atomic polarizability for left circularly polarized light is:

%O‘— = Py |af (ifi>+a§ (Lfé>i@1az ( " fl)( " f;)
e mwi 2 4mw% 2 mwy 2 mws 2

Rearranging a few things:

m 2
20 = Pr a1<
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Applying all of these approximations and making substitutions to be consistent with the literature:

1+ P
Peo= =
Al§ = W —wi3
22 272
KB
Q = —B
h

+P. 3% X As £Q : -
+ 7 3 27%
2
by VO s o
y 3 hwse 3 Wso

(4.226)
(4.227)

(4.228)

(4.229)

(4.230)
(4.231)

Finally, the explicit and specific formula for the atomic polarizability taking into account fine structure

mixing valid for K and Rb is:

mw O 1FP[1, Q2 4 i \' 1FP[1
(=)o = 22 (o) 3o

4.4 Effect of Buffer Gas Collisions

see romalis and walkup papers

4.5 Real Part of the Polarizability

Recall the following relations in SI units:

ke =

[
b
[
|
|

[N

Q2 5 i\
o] (202 (5) o)

(4.232)

(4.233)

(4.234)



Re W €t [Alax (4.235)
C €0

Re® |14 Ao (4.236)
C €0

Re ™ (1 + @ai> (4.237)
C 260

where [A] is the density of the medium, which in our case is the alkali metal vapor. The forumla for the

Faraday Rotation angle is:

l

¢ = 5kc—kr) (4.238)
l
1 w [A] w [A]
= 3 (’Re - <1—|— 260@) Re - (1—|— 2€0a+ (4.240)
l
= %Re (o —ay) (4.241)
(4.242)
A useful small field expansion, lowest order in 2 for the real part:
N |
—A+gQ
Re (—A + g0+ %7) - g — (4.243)
(A £gQ)" + 7
97 -1
= (-A+g4Q) [AQ + g?Q0% F29AQ + 7?] (4.244)
—A +gQ %02 T 29AQ -
_ ( -9 ) IRARL (4.245)
A% + - A% + 1
—A +¢Q 202 7 29AQ
~ ([ZEEZY) | g F29AY (4.246)
A? + - A? 41
_ 2A%gQ
A+gQF e
~ — (4.247)
AZ 4 -
. _2A7
A+ gQ (1 A2+%)
~ S (4.248)
A% + -
A2_22
—AT (K)
~ oo (4.249)
T
1- 22
ek ()
- SRS (4.250)
1 + 4NA2
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Putting this in:
_ 72% - _ 7% _
174A21 174A23
__1 40 2 _ 1 50 3
Al :F BAQL ’Yi Ag :F 3A2§ ’Yé
2 3 1+4A22 2 2 1+4A2
(mw) 1FP |1 Q2 1 1FP |1 Q2 3
“Na — T |z z hl zZ
ez ) 2 (37 @y 9 7 2 |6 we 9 7
1+ A7 1+ 1Az
3 3
- ’Yé —
1_4A22
_1 -9 3
A, T2z 2
2 3 1+ A%
1+ P 4 3
4.251
4 ) 73 (4.251)
2
+ 4A2_3
2
_ 72% - _ 72% -
174A21 174A21
_1 4 49 3 140 3
A; T EAT 2 a; 37 2z
mw 1+P[1 Q2 S\ ey 1-P[1 Q2 S\
o —ay) = |- L st -
e 2 3 Wso 9 71 2 3 Wso 9 71
1+ A7 1+ IAZ
3 z
_ 3 - _ 4 -
Sve) e
1y 50 3 _1 _ 50 3
Az 3A23 7% Az 3A23 ’Y%
+1+P 1 n Q2 3 1-P 1 Q 2 3
2 6 wso9 72% 2 6 wso9 72%
1+ a7 1+ TAZ
2 2
1_4A22 1 4A22
14 3 ~l 9 %
As E 'y% As KQ; 'y%
1-P 3 1+ P 3
+ 1 7 ) 7 (4.252)
1+ 4A22 1+ 4A22
3 3
1— % [
_ 3 P40 L, e 2 1 8P 7
N i Ay 3A% i 9 wsoly i 27w2 A% 72\ 2
1+4A 2 1+4A21 1+4A21 2 <1+4A221)
z z 1

Nl= N



L |5F s P 50 8% Q 2 1 10P0?2 i3
7 Az 3A2§ 7 9 wsoAs 7 27w§0A2§ 3 2
I+ &% ’ 2\ 1+ P\t 2 <1+4§2)
L 3 3 3 3
- ’Y2§ -
» 0 1_4A22é
QA% + 2A% w2§2
+ 7 2 (4.253)
1+ %%
%
P11 1 1 1
3| Ag i Ay i
1+ a7 1+ IAZ
2 2 -
o4 | 1B 7| 2 1 2 1
+= 22 + 22 + 2 - 2 (4254)
9 Ai Y1 AQ} T3 WsoAl Y1 WsoAé T3
2\ 1+t P\ 1+ P\t e v
2 2 2 2
P As Ay
T3 |Ar I At
i 73 Aivi-Az77
0 1z 1= 17 I+ o xar
+— ! 25 + ! 2§ - 2 2 S02 = 2 .2 (4255)
9|41 oA I T ST I
2\ 1+ *\ 1+ axs 1+ 117 T IaT T 16A7A7
3 5 3 5 3
Note the use of the relation wso = Ar — Ajz. Only terms to first order in field (©2) have been kept. The fine
structure mixing plays asignificant role in the rotation due to the field, but a very small role (2°¢ order in
field) in the rotation due to the polarization. Putting this into the angle formula, we get:
lw|A
QS = —40[60] Re (O[_ — OZ+) (4256)
 w[A]P €2 As Ay
12ceg mw Azg + i'y% AQ% + %”yé
71 73 A1vE—AzAy?
1— 2 1— =2 2 5 53
+lw[A]Q e2 4 4A2% N 7 4A2% 2 1+ 4WSDA%A% @ ba7)
36cey mw | A2 1 A% i AgAy R A
P\ 1t e *\ 1+ sz 1+ a7 T 1aT T 1ea7a7
2 2 2 2 2
Note that the w’s cancel. This is an approximation as noted before. The rotation angle can be written as a
sum of the parts due to the polarization and the field:
¢ = o¢p+onB (4.258)
é [[AP ( < ) 24 24 (4.259)
P = A - :
R2meey) | A3 +39F AL+




71 gF! A1v3 0373
2 4 1 — 457 1 — a2 9 L+ —= %A 51%
o5 = UAB (12 — | + ! A S S—
36mceegh ) | A% 71 A% 73 AgAy ] 73 5]
P\ 1+ 2\ 1+ a2 1+ 1217 T 1a7 T 16ATAT
3 bl 3 5 3
13 = w—wiz=2m(v—vis ]
A 2 4.261
PRID) 272 272
La = 27 x FWHMZ? 4.262
72’2 PB
If the detuning is large (A > «), then the rotation angle formulas can be simplified:
e2 1 1
= I[A]P — 4.263
(bP [ ] A (12mceo) A% A% ( )
eQ,uB 4 7 2
= IlAB|——"= — 4.264
¢5 ] <36mceoh) AT "AT T A4, (4.264)
2 2

4.6 Imaginary Part of the Polarizability
4.7 stuff

4.8 Description

The rotation of the plane of vibration of linearly polarized light in a medium within an applied magnetic field
is called the Faraday effect. It is caused by the circular birefringence exhibited by the medium due to the
applied field. Circular birefringence is the property of having two different indices of refraction for the two
orthogonal states of circular polarization. Therefore, the speed at which the two states of circular polarization
travel through the medium is different. This can be explained qualitatively by imagining the photons
undergoing a series of absorbtions and subsequent reemissions by the atoms in the medium. The process
of absorption and reemmission is called a virtual transition. It is analogous to one-loop diagrams within
propagators in QFT. Applying Fermi’s Golden Rule again, the rate of virtual transitions is proportional
to the probability of virtual transition and the population of initial state. Differences in either the virtual
transition probabilities or populations among the possible initial states of the atoms in the medium will
give different virtual transition rates. The Zeeman shift resulting from a magnetic field changes the virtual
transition probabilities. A non-zero polarization reflects a difference in initial state populations. The speed
of a photon in a medium is inversly proportional to the rate at which it undergoes virtual transtions in that
medium. In effect, the virtual transitions can be thought of as “slowing” down the photons. Differences in
speed of propagation result is a relative phase shift between the components of circularly polarized light that
make up the linearly polarized probe light. Therefore, polarized alkali metal vapor in a magnetic field will
rotate the plane of vibration of a linearly polarized probe beam by an angle that is proportional to alkali
metal vapor density, alkali metal vapor polarization, and the magnitude of the applied magnetic field.

4.9 General Formula for Rotation Angle
A linearly polarized probe beam can written as

|9 (2,1)) = [P) e'h=7D) (4.265)

This can be rewritten in the circular polarization basis:

o (2, 1)) = (|R) e== 4 L) etz)

7 (4.266)
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where the wavenumber k is explicitly dependant on the circular polarization, but the angular frequency w
is not. Outside the medium k& = kg = k. but inside the medium kg # kg. At z =t = 0, it has horizontal
linear polarization and it is just entering the birefringent medium of length [. After leaving the medium,
z =1+ 2’ and the explicit dependance of k on the circular polarization is removed once again:

[ (2, t)) = (IR) e=t + | L) e™*rh) % (4.267)
Pulling out a factor of ei(kr+kz)3
) = ei(merhe) 4k’ —wt) [ei(’m"“)% R) :;;("“R““"% 1£) (4.268)
Making the substitution
¢ = é (ke — kr) (4.269)

and using e'® = cos(¢) + isin(¢), we get:

i) = eil(kmthe) ke —ut) [cos(w (W} +sin(¢) ('mf%)] (4.270)

In the linear polarization basis, this is simply:
) = H((m TS TE=41) [eos(g) [P) + sin(g) )] (4.271)

Therefore ¢ is the Faraday rotation angle and it is defined by eqn. (4.269). Note that there is a relative
phase shift between the two components circular polarization. There is no relative phase shift between the
two components of linear polarization. The rotation angle is commonly observed by measuring the difference
in intensities of the two components of a “probe” beam:

Ip o [(P|4)]” = cos’(9) (4.272)
Is o (S|4 =sin*(¢) (4.273)
Ip —Is o cos?(p) —sin?(¢) = cos(2¢) (4.274)

This implies that:
1. the electric field polarization vector rotates by an angle of ¢ due to the atomic vapor
2. the observable quantity is 2¢ from the reference axis

3. faraday rotation (¢) can be cancelled by a half waveplate with an angle of —¢/2 between the its axis
and the reference axis
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Chapter 5

Interaction with a Weak RF Field

5.1 Description

5.1.1 Transition Rate

Transitions between adjacent hyperfine levels satisfy Amp = +£1 & AF = 0 and occur between states of
the same parity. The most probable way to induce these particular transitions is via a magnetic dipole
interaction with an oscillating magnetic field of the appropriate frequency. Therefore we use a set of coils to
produce a weak (a few milligauss) transverse field ér t to probe the various EPR transitions. The lineshape
of each transition is proportional to the difference of the absorption and stimulated emission rates between
the two levels. The transition probability rate for either process is given by Fermi’s Golden Rule (Fermi, E.
Notes On Quantum Mechanics, Chicago: University of Chicago Press, 1995. section 23, page 2, equation

13):
dly 27 1 1] .. 1 1\ dps
—_— = — ——x-|W - —F= —_— 5.1
dE <mF 3 =M 2]F2>‘ dE (51)
where W is the operator of the pertubration inducing the transition and the upper (lower) sign refers to

absorption (stimulated emission). % is the density of available states near the transition energy as a

function of energy or, alternatively, the fractional probability of transition near the transition frequency.
The modulus squared matrix element is identical for both absorption and stimulated emission, which is a
manifestation of the principle of detailed balancing:

N 2 R 2
(mF|W|mF—1>‘ - ‘(mp— W m) (5.2)

The width of the lineshape is inversely proportional to the lifetimes of the initial and final states and
consequently the lineshape is ideally a lorentzian. For a vapor of alkali metal (“pure” or “hybrid”), the
process that domintates lifetime of the each hyperfine level is spin-exchange between (alike or unalike) alkali
metal atoms. Magnetic field inhomogenities and RF power can broaden the lineshape. However, the area
under the peak is a very robust quantity because it is conserved and therefore should not depend on the
details of the lineshape. The integral of the lineshape over frequency (or equivalently transition energy) is:

ary dr-
ro- /(ﬁ - ﬁ> dE (5.3)
2m - 2 dp+ dp_
= e -0 me)| [ (-2 ap 4
= Jir 1137 el [ (% - %) (5.4
Therefore the area is the net transition probability rate:
27 A 2
L= =5 |(mp = W |mg)| oy = p-] (5.5)

where p1 is relative population of the state that is absorbing (emitting). First we will derive the the matrix
element in I' and then we will discuss the relative populations p4.
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5.1.2 Transition Matrix Element

The main field B defines the z-axis. In order to probe Amp + 1 transitions, a small set of coils creates an
RF field in a direction transverse to the main B-field. In our lab, the RF field produced at the center of our
cell by a 1.3 cm radius, 20 turn coil with a resistance of 3.9 Q & an inductance of 0.5 yH driven at 16 VPP
at a frequency of about 7 MHz is on order of hundreds of microgauss to a few milligauss. Therefore, we can
treat the RF field B, + as a time dependant pertubration to our original hamiltonian:

Hepr = HAW
W = _N_)I-Bﬂrf_ﬂ_:l-grf
We'll choose the rf-field to be in the & direction. After expressing the angular momentum operators as

ladder operators (jz = % (j+ + j_)) and treating only the case of stimulated emission (mp — mp — 1),
the matrix element of interest becomes:

Wy = g (mp — 1wl +wsJ_|mp) (5.8)
= g (mp —1wrF_ 4 (wy —wr) J_ |mp) (5.9)

= g (flwrF_ + (wy —wr) J_|i) (5.10)

wp = —% (5.11)
wy = —@ (5.12)

To start with, let’s calculate the matrix element of F_:

(F-) = (mE-1|F|mf) (5.13)

[ 1 1
= al(mp—1)<I:|:§,mF—1 ﬂ:ag(mp—l)<]:|:§,mp—1

[ )

F_ {al (mr)

1
I+ §,mF> :|:a2 (mp)

IT %mFﬂ (5.14)

[ 1 1
= al(mF—1)<I:|:§,mF—1 iag(mF—1)<I:F§,mF—1

[E—)

_fial (mp) |1+ %,mp - 1> + fraz (mp)|IF %,mp — 1>} (5.15)
J;ial (mrp)ai (mp — 1)+ fras (mp) az (mp — 1) (5.16)
= Jfraifai; + frazgaz; (5.17)

fo = \/<I+%> <I+%i1)—mF(mp—1) (5.18)

Now let’s calculate the matrix element of J_:
T + + T +
() (mE — 1] J_ |m¥) (5.19)

1 1
(alfblf —agfbgf) <mF —1F —,:I:—‘ + (alfbgf +a2fb1f)

27 2

1 1(7 -
X <mF -1+ §,$§HJ[(aubu — ag;iba;)

X

1 1
mr F 5 i§> + (a1ib2i + az:b1i)

1 1
+ — — .2
mp 2,¢2> (5.20)
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(a1fbaf + azpbiy)

11
e — 2 1
Fm9y

3 1
(alfblf —Clgfbgf) <mF — §’+§‘ +

1 13
— 5 ib1i — aziby;
X<mF 2’ 2” 22_'—22[@1 13~ A2ibai)

Note the following relations:

bayby;

b1 7bo;

birbis

= |aipbas + azsbif] X [a1ib1i — aziba]
11
(a1£b1f — azfbay) <mF 5 —5‘ — (a1fbaf + azpbiy)
X 3 41 13 11 (a1ibgi + azibi;) 11
mpg 2, 2 29 29 13024 a2i01;) |'MF 27 2
= lagpbay —aifbif] X [a1iba; + azibis)
YD) e 1),
N 2I +1 2l 41
VU ) e —1)
N 2I +1 2l 41
U= e -t 2me (T4d)
B 2I +1 T2l 41
U ) e e - ) —2me (14 3)
B 2I +1 T2l 41

barba;

g+

Going back to <j,>i:

(=)
()
()

\/<I+%> <I+%:|:1>—I—mF(mF—l):FZmF(I—I—%)

= [aifbaf + aspbiy] X [a1ib1; — a2iby]

= a1~ I+ +asfari—— I- alfa2ig—+ - a2fa2if—_
21 +1 21 +1 21 +1 21 +1

= [agrbay — a1fbif] X [a1:b2i + a2:b1;]

o 9+ - I+ . g—

I AT S e Ly S Y re S Ay e

fx 9+ 9+ fﬂF
= =+ S i — i i
gy oMy T A Gag T T aaf02ig

Putting this altoghether,

Wy =

h h
—wr (fraifai; + frazfag) + 3 (wy —wr)

2

f+ 9% g+ I+
:l: 1 7 - 7 7
X( A 2I+1+ 2fMinr Ty T Gigp Ty T e2ftn Ty
E<2ICU]+(1:F1)CU]:tWJ h(2Iw1+(1:|:1)w1:FwJ)

2 2T 1 1 >fi“1fa“+§ 2T + 1

h Wy —
X fxagyaz; + 5 W (g5a2ra1; — g+aifaz;)
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(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)
(5.31)
(5.32)
(5.33)

(5.34)

(5.35)

(5.36)



Using the small field approximations from before:

2
a; = 1-— %xQ (5.37)
ay = —fz+ 202> (5.38)
We're interested in the mod square of the matrix element to first order in x:
Wil = B (20w + (1 F Dwr £ wy sz B (20w + (1 F Dwr £ wy
Ty 2 +1 S 21 +1
Wy —Wwr - ) 2
X ( ST 1 ) fx (g58f — 9£08i) x + O(x*) (5.39)
5.1.3 Area Under Curve
This gives the relative population of the |mp — % F %> state:
eﬁ(mF_%$%) 540
pr= (5.40)
from which the relative population difference is easily obtained:
eB(mr—1) ePmr eBmr
_ — -8
—p_ = — = e 7 -1 5.41
p+—p 7 7 = 7 ) (5.41)
Putting together all of these results, we get
2 2 1-— e_ﬁ
[ = —|Wy| e | ——— 42
= 3 sl eome (1) (5.42)

To zeroth order in x, noting wy > wy, and gg ~ —2.0, the area under the curve for a particular transition is

- 2 2 _ B
A~ A (%) %(2;’11) fi] eﬁmF<1 .- )+O(x) (5.43)
27 ( Brr 2 Bmp
= Aoy <2I+1) FEr ) = me(me = 1]e o4

where A is a common factor for all transitions. Note that this 8 is the spin temperature and not the §
defined in eqn. (1.201).
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Chapter 6

Experimental Applications

All this will be a part of version 2.0 which is underway!

6.1 General Considerations to Measure Faraday Rotation

The effect of the atomic interaction on the light is expressed by the complex index of refraction through
the wave vector k. The direction of & is always in the direction that the light is propagating. On the other
hand, the magnitude of k depends on the details of the atomic system and the polarization vector of the
light. Therefore, it is most natural to represent the polarization vector of the light in the atomic coordinate
system. For an alkali atom in a magnetic field, this happens to be the irreducible spherical vector basis.
We'll start with a arbitrarily polarized plane wave:

E = |B)ehrit (6.1)

|E) = FEge'r [(mef + \/1+—P€_2m> |P) + (m€+ - \/H—Pe_m) IS>] (6.2)

i0
2i 21
Going through a photoelastic modulator:

+’i9+ —10_

+ VIt P ) P + (meW‘ - \/H——Pe_i0+) |s>} (6.3)

|E)

2 2 2 2

Epeir [(\/1 —ps
b = 0+ @ (6.4)

Projecting onto the atomic coordinate system with equations (3.45) and (3.46) gives in the atomic basis:

|E)y = _70814)? sin(O©) [”’ 1— Pet+ 41+ Pe_w_] (6.5)
E), = +2—\}J§el(¢’ﬁq’) [{6“9* Fet® cos(©)} VI—P —{e " £e ™ cos(0)} V1+ P} (6.6)

Going through the atomic vapor, each polarization component g of the light propagates with wave vector
kq:
E=Y"|B), ggeiFam=et) (6.7)
q

After traversing a distance of [ in the atomic vapor and reentering a uniform and isotropic medium with
wave vector k, we get:

B = ¢i(Frwt) Z |E>q éqeiqu (6.8)
q
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The time averaged intensity of the light is:

cE*. E € (B|E), . * € (B E) o
I=,/— =, /= X7 g gikg =kl — \/j 4 ,~2ISk, 6.9
\/; 2 \/;; 2 i Z 9 ( )

q

where the magnitudes of each component are:

(E1Ey SO [y T Pcos(20) (6.10)
0
(E|E)y _ 1+ cos? (©) + P cos (0) cos (8) — vi-pP [sin® (©) cos (26) = 2 cos (©) sin (26) sin (B)]

EZ 4 2 4

(6.11)

Using these above equations, the total intensity of light leaving the atomic vapor can be written as sum of
three parts:

I = \/E%g (As + An + Ag) (6.12)
Ay, = % [6—21%k+ 4o ASk- 26—2131@0] (6.13)
An = (COSQ(@) - \/T sinz(@)c08(29)> [e=2I9hs 4 =2k pe—2ho] (6.14)
Ag = [Pcos(g) — /1 - P2sin(B) sin(zo)] cos(©)e ISR ¢inh 1S (k_ — k)] (6.15)

To get each component in the light coordinate system after leaving the atomic vapor, we project back using:

gy = —sin(0)|P) + cos(©)|Z) (6.16)
by = ;# [cos(O) |P) £ |S) + sin(©) | 2)] (6.17)

Note that there is no component of polarization along the direction of propagation of the light, so we’ll just
ignore the | Z) terms. The effect of the atomic vapor can be written in matrix form in the linear polarization
basis in the light coordinate system:

|E)are = M|E)y (6.18)
Ky —k_ 2 i(kr%)z .2 . (k+—k_ )
. ) cos l) cos*(0) +e 2 sin“(©) sin l) cos(©
M = eilketko)d ( 2 (k) i (©) Zk 4 (©) (6.19)
—sin( = ‘l) cos(0©) cos( 5 ‘l)
B, - Ege'r V1 — Petf+ 4+ \/1+ Pe~"- (6.20)
bet = g | i (VI Petit- — IT Pe-if) :
We'll split this matrix into the following two parts:
M = cil+tk)s {MO + 2sin? (g) Ml} (6.21)
i [ + cos %l +sin (%l (6.22)
0o = .
—sin —]“’;k‘l + cos (—k+gk‘ l)
B . ky+k_
[ o () ot () —sin (5)
M, = (6.23)
+ sin (—k+gk‘ l) 0
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such that M, drops away when © = 0. Now we’ll send the light through a half waveplate whose axis is at
an angle ¢p:

7 + cos %14—2%) +sin %H—Zd)h 6.4
1Mo =t o ka—k_ h —k_ (6.24)
+sin ( ~5—1 + quh) —cos | 51+ 2¢,
[ (kof L ey —k_ 970 o (ka—k_ ) o ((ky—k_
o 2 — cos ( 3 l) cos? () cos(2¢p) + sin ( l) sin(2¢p) —sin (Tl) cos(2¢p)
W% M1 = i +k
2 (k"_ ) _ cos (]”;k’ l) cos? (2) sin(2¢y) — sin (’”;k’ l) cos(2¢p) —sin (]”;k’ l) sin(2¢p)
(6.25)
The final polarization vector can be written as a sum of two parts:
. 0\ .
|E>ﬁna1 = iez(k++k_)% |:|E>ideal +2 Sinz <5) Miew |E>bef:| (626)
B) Eyeitr T— Pet (cos(v)ets — isin(y)e 7 ) + I+ Pe ¥ (cos(w)e“g +1 sin(w)e‘ig) 627)
ideal 2 iv/1 — Pet cos(w)e*ig — isin(@[})e“g —iy/1+ Pe™ % (cos(@[})e’lg + isin(w)e“g) .
l
o= (ke —ko) 5 +20n (6.28)
i(ko— 5= )1 Ky —k_ 2/0 (ke k) s (ks —k_
R 2 e — cos (51 | cos? (§) cos(2¢) + sin ( “t5=1) sin(2¢) —sin ( =51 ) cos(2¢)
Mskow

o |t (ko5 )l_cos(’”;’“l) cos2(%)sin(quh)—sin(k*gk’l) cos(2¢n) —sin(’”;’“l) sin(2¢n)

(6.29)
Note the following possible conditions:
1. If there is no atomic vapor, set [ = 0.
2. If there is no PEM , set 0 = 0.

3. If there is no skewness or angle between the quantization axis of the atomic vapor and the direction
of propagation of the light, set © = 0.

4. A small skew angle effects the final polarization angle at second order sin®(©/2) ~ ©2/4.

Noting that 1 is complex, the intensities of the two components for the ”ideal” case (skew angle is zero) are:

¢ = \/g%gezs{k++k} (6.30)
= eos(u)? + [sin(w) + P cos(u")sinfue —cosw)sin(w*)e*iﬁw 1P x

R {2 [| cos(v)|” — [ sin(¥)[* — i cos(¢*) sin(v)e " — i cos(s)) sin(¢*)e ] } (6.31)
= eos) o+ [sin() +iP (cos(u) sin(w)e ™ - cos(w)sinw)e ) — V=P x

R {2 [| cos(¥)|* — |sin(y)|* — i cos(¥*) sin(yh)e ™ — i cos(¥) sin(y*)e ] } (6.32)

Using the following relations:

|cos(y)|> = cos(¥)cos(v*) = % [cosh(23%) + cos(2R)] (6.33)
sin(@)]2 = sin(y)sin(*) = % [cosh(233) — cos(2R0)] (6.34)
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sin(th) cos(*) = % 4 sinh(230) + sin(2R0)] (6.35)
sin(¢*) cos(y)) = % [—isinh(23¢) + sin(2RyY)] (6.36)
finally gives:
Ips = # (6.37)
I, = 2¢ [cosh(2%z/1) + sinh(23)) (\/ 1 — P2sin(20) sin(8) — cos(ﬁ))} (6.38)
Is = 2 [P sin(8) sin(2Ry) + V1 — P2 (cos(26) cos(2R)) + sin(20) sin(2Ry) cos(8))|  (6.39)
Using the following expansions for the 3 terms:

B(t) = Bocos(Qmoat) (6.40)
sin (B0 cos (Qmoat)) = 2J1 (Bo) cos (Qmoat) — (6.41)
cos (Bo cos (moat)) = Jo (Bo) — 22 (Bo) cos (2Qmoat) + (6.42)
we can extract the DC, the RMS ACI1, and the RMS AC2 components of the sum (o) and difference (J)

signals:
I,(DC) 2¢ [cosh(28) — Jo(Bo) sinh(239)] (6.43)
I,(AC1) 2CV2.J; (Bo) sinh(23¢) /1 — P2 sin(26) (6.44)
I,(AC2) 2¢V2.J5 (o) sinh(237) (6.45)
I;(DC) 2¢V'1 — P? [cos(26) cos(2RY) + Jo(Bo) sin(20) sin(2Ry)] (6.46)
I5(AC1) 2¢V2.J1 (o) P sin(2R1)) (6.47)
I5(AC2) 2¢V2.J5(80) V1 — P2sin(26) sin(2Rv) (6.48)
2 \/g E?ge—l%{’fﬁk—} (6.49)
o= (ke -k g 426 (6.50)

where:

1. J, is a Bessel function of the first kind or order n

2. Bo = 27 Bset ( )\)l‘?cltt) is the PEM retardation

3. ¢y, is the angle of the half waveplate axis with respect to the PEM axis

4. P is the degree of circular polarization of the light before the PEM

5. 6 is the angle of linear polarization component of the light with respect to the PEM axis before the

PEM

6. R and < refer to the real and imaginary parts of a complex number

For the case where there is no atomic vapor (I = 0):

1,(DC)
L,(AC1)
1,(AC2)

15(DC)
1)
2)

(

I5(AC
I5(AC

€ E2
w2
0
0

I,(DC)V1 — P?[cos(20) cos(4¢r) + Jo(Bo) sin(26) sin(4¢p )]

(0]



6.2

6.3

6.4
6.5

Measuring Alkali Number Density with Alkali Polarization
=0

Measuring Alkali Number Density with Alkali Polarization
# 0

Measuring *He Density

Measuring *He Polarization using EPR
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Appendix A

Physical Constants and Alkali Data

These are tables of physical constants and data relevant to various alkali metals. All units are in SI unless
otherwise noted. Sources are the following:

e CODATA Mohr, Peter J. and Barry N. Taylor. Rev. Mod. Phys, 77, pl (2005).

NIST, http://physics.nist.gov/cuu/Constants/index.html

NIST}, http://physics.nist.gov/PhysRefData/ASD/index.html

NIST. http://physics.nist.gov/PhysRefData/TonEnergy /tblNew.html

NISTy http://www.physics.nist.gov/PhysRefData/Elements/cover.html

NIST, http://physics.nist.gov/PhysRefData/Handbook/periodictable.htm

RSs5 Radzig, A.A. and B.M. Smirnov. Reference Data on Atoms, Molecules, and Ions. Berlin:
Springer-Verlag, 1985.

e AIV7; Arimondo, E., M. Inguscio, and P. Violino. Rev. Mod. Phys. 49, pp31-75 (1977).

For each value, only the most significant digits are kept. The uncertainty on each value is in general +9 on
the last digit, but is usually £2. Values which are referenced to an equation denoted by () are calculated
with other values found in the tables. The fields for which the Zeeman interaction becomes on order of the
fine and hyperfine interactions are calculated only to three significant digits for illustrative purposes. Some
useful relationships:

62 mc

4dmeghc - ?TG
e? h

. = - A2

" 4megme? me (A-2)
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Symbol Value
c 299 792 458
€0 8.854 187 817 x 10712
Lo 47 x 1077
e 1.602 176 5 x 10719
m 9.109 383 x 10731
gs —2.002 319 304 372
Te 2.817 940 325 x 10715
uB 9.274 000 95 x 10=24
MN 5.050 783 4 x 10727
h 6.626 069 x 10734
a~t 137.035 999
amu 1.660 538 9 x 1027

Units Description
m-s! definition of the speed of light
C?2.N~!.m~2 | permittivity of free space

N-A-2 permeability of free space

C electron charge magnitude

kg electron mass
unitless electron g-factor

m classical electron radius
J.-T7! Bohr magneton
J.-T7! Nuclear magneton

J-s Planck constant
unitless fine structure constant

kg 12-(atomic mass unit) = mass

12C

Table A.1: Fundamental Physical Constants [CODATA 2002]. These values are found at [NIST,].

Element D1 D2

A(nm, air)  7(ns) f 7(ns) f A(nm, air)  7(ns) f 7(ns) f
Lithium 670.791 26.9 0.251 | 27.3 0.247 | 670.776 26.9 0.502 27.9 0.494
Sodium 589.592 4 16.2 0.322 | 16.4 0.318 | 588.9950 16.1 0.647 16.3 0.637
Potassium | 769.896 26.2 0.340 | 27 0.35 766.490 25.8 0.682 27 0.70
Rubidium | 794.760 3 277  0.342 | 28.5 0.32 780.026 8  26.2 0.695 26.5 0.67
Cesium 894.347 34.8 0.344 | 31 0.39 852.113 30.53 0.7131 | 31 0.81
Reference NIST}, RSss NIST}, RSss

Table A.2: Alkali atom D1 and D2 transition wavelengths (\), lifetimes (7), and oscillator strengths (f).

Element Ground S1/2 Py P vso(GHz) Field for y =1
State g7/9s 97 97 (Tesla)

Lithium 2 1.000 003 4 —0.667 —1.335 9.994 18 0.712
Sodium 3 1.000 000 9 —0.665 8 —1.334 2 515.730 36.7
Potassium 4 1.000 018 44 1730.32 123
Rubidium 5 1.000 005 9 7124.94 508
Cesium 6 1.000 104 474 | —0.665 90 —1.3340 16 614.2 1180
Theory 1.000 000 000 | —0.665 894 | —1.334 106
(if g5 = —2) —2/3 —4/3

Reference NIST, AlVyz; (1.57) (1.59)

Table A.3: Alkali atom ground state and first excited states fine structure..
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Isotope Mass Natural Nuclear Magnetic g-factor
(amu) Abundance | Spin, I | Moment (uy) gr(pn)
Lithium 6.941
SLi 6.015 1223 | 0.075 9 1 +0.822 056 +0.822 056
Li 7.016 0040 | 0.924 1 3/2 +3.256 44 +2.170 96
Sodium 22.989 770
23Na 229897697 | 1.0 3/2 +2.217 52 +1.478 35
Potassium 39.098 3
39K 38.963 706 9 | 0.932 58 3/2 +0.391 46 +0.260 97
0K 39.963 998 7 | 0.000 117 4 —1.298 —0.324 5
4K 40.961 826 0 | 0.067 30 3/2 +0.214 87 +0.143 25
Rubidium 85.467 8
85Rb 84.911 789 0.721 7 5/2 +1.353 02 +0.541 208
8TRb 86.909 184 0.278 3 3/2 +2.751 2 +1.834 1
Cesium 132.905 45
133Cs 132.905 447 1.0 7/2 +2.579 +0.736 9
Reference NISTq4 NIST, (1.5)
Table A.4: Alkali atom isotopic and nuclear data.
Iso. 51/2 P1/2 P3 2
A Vhfs r=1 A Vhfs r=1 A B
(MHz) (MHz) (gauss) | (MHz) | (MHz) | (gauss) | (MHz) | (MHz)
614 152.136 841 228.205 261 81.4 17.38 26.06 279 | —1.155 | —0.1
Li 401.752 043 3 803.504 086 6 287 45.92 91.83 98.4 | —3.055 | —0.22
23Na 885.813 064 4 1771.626 128 632 94.3 188.6 202 18.69 2.9
39K 230.859 860 1 461.719 720 2 165 28.85 57.7 61.8 6.06 2.8
40K | —285.731 —1142.92 —405 —7.59 —-3.5
HK 127.006 935 2 254.013 870 4 90.6 3.40 3.3
85Rb | 1 011.910 813 3 035.732 439 1 080 120.72 362.16 388 25.01 25.88
8TRb | 3 417.341 306 4 6 834.682 612 8 | 2 440 406.2 812.4 870 84.845 12.52
133Cs | 2 298.157 942 5 9 192.631 770 3 280 291.9 | 1167 1 250 50.34 —-0.4
Ref. AV, (1.207) (1.209) 7 7 7 AlVy,

Table A.5: Alkali atom ground State and first excited states hyperfine structure.
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Appendix B

Irreducible Spherical Vector Basis

In the rectangular basis, a vector is decomposed in the following way:

7= re (B.1)

qg=1
where the components r, and unit vectors €, are real and have the following interpretations:

*

rg="Tq < é; = éq (BQ)
rn=ri=x < & =£ =2 (B.3)
To=1Ty =Y <> Ea=£E5=17 (B.4)
ra=r3 =2 ¢ Ef3=£E3=2%2 (B.5)
Orthogonality of the unit vectors is defined the following way:
Ep-Eq =0} (B.6)

which immediately implies the dot product between two vectors and the modulus square of a vector:

3
FE =) Tpsedp (B.7)
p,q=1
3
= > rpsgdl (B.8)
p,q=1
3
= qusq (B.9)
q=1
7> = &7 (B.10)
3
= Y g (B.11)
q=1
= 2?4+ (B.12)

The vector, all dot products, and the modulus squared are all real.

Alternatively, the same vector can be expanded in the spherical basis (Rose, M.E. Elementary Theory of
Angular Momentum. New York: John Wiley, 1957. page 105, equation (5.56)): In the rectangular basis, a
vector is decomposed in the following way:

+1
F= ) (—1)Treé g (B.13)
g=-1
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where the components 7, and unit vectors ¢, are in general complex and have the following interpretations:
ro=(Dr—y = & =(-1)%_4 (B.14)

q
=1ty =+ <w - w) N S <:v - zy) (B.15)

V2

T+ . s T 41y
rel =1, =— < ﬁy) Eii= 8, =— < ﬁy) (B.17)

Orthogonality of the unit vectors is defined the following way:

p-bq = (—1)16,1 (B.18)
géy = o (B.19)

which immediately implies the dot product between two vectors and the modulus square of a vector:

3
FF = > ()P rysd iy (B.20)
p,q=1
3
= (—1)PFa0r, 5,67, (B.21)
p,q=1
3
= ) (~1)Tr_gs, (B.22)
g=1
3
2 —% — * Ak A
"= -7 = Z(—l)p"’qrprqsfp-s_q (B.23)
p,q=1
3
= (=D d (B.24)
p,q=1
3
= > (=1, (B.25)
p,q=1
3
= D (-1 (B.26)
p,q=1
= 15 —2r i1y (B.27)

Note that the irreducible spherical vector basis is just the irreducible spherical tensor basis of rank one.#check#comment
more on this at some point
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Appendix C

Expansion of Zero Field Eigenbasis

C.1 Clebsch-Gordon Coefficient Formulas

Adapted from equation (17.27) in [Wigner, Eugene, P. Group Theory and Its Application to the Quantum
Mechanics of Atomic Spectra. New York: Academic Press, 1959.] into equation 143(5) in [Condon, E. U.
and G.H. Shortley. The Theory of Atomic Spectra. London: CUP, 1967.]:

(J+Ji— )T = Ji+ ) (Ji+ o — DT +m)H(J —m)! (2] + 1)
(J+J1+J2+1) (Jl — ) (Jl +m1) (Jg—mg) (J2+m2)

<(J1,J2)m1,m2|J,m> — \/

s mma) Z (=1)" T (J 4 Ty my — 6) (L —my + K)! 1)

= (J—Ji+ =) (J+m—r)lkl (k+J1 — Jo —m)!
ke = max[0,J3 —J1 +m] (C.2)
Kp = min [J—|—m,J2—J1—|—J] (03)
K1 = min [Kq, Kb (C4)
Ko = Max [Kq, Kb (C.5)

where k is summed over all non-negative integers between k1 and k3. Note the usual rules:

<(J1, JQ) my, m2|J, m> = (—1)‘]_‘]1_‘]2 <(J2, Jl) mso, m1|J, m> (06)
Ji,Jo,J >0 J=|J1—J2|(J1—|—J2) (C?)
my=-Ji...+.1 mo=—Jos...+Jy m=mi+mo=—-J...+J (CS)

The following formulas for J = 1/2,1 and J = 3/2 were derived by E.P. Wigner and F. Seitz and are
catalogued in CU in tables 13,23, & 33.

C.1.1 For the case J_i +g

1 1 1 1 11 1 1
- I A - S 4z
<<J172>7m13 2|J1+2am1 2> <<'] 272)7m:F 27 2|Jam>

J1:|:m—|—%_ J1:|:m1—|—1

1 1 1 1
<<J17§>7m1,i§|=71—§,m1j:5> = << ) mZF = |Jm>
_ J1:|Im—|—2 J1:le JFm+1 (C.10)
- [J1] Al 2(J+1)

82




C.1.2 For the case J_i +1
With m =m £ 1:

((Ji,1),my, £1|J1 +1,m £1) = (J-1,1),mF1,£1|J,m)
o (lelzm)(lelzm—Fl)
- ¢ AT + 1) (©1
. (J1:|:m1+1)(J1:|:m1+2)
= \/ AL (C.12)
B (JEtm—-1)(J£tm)
B \/ 2J(2J —1) (C.13)
<(J1,1),m1,:|:1|J1,m1:|:1> = <(J,1),m:|11,:|:1|J,m>
B (Jixtm)(Ji Fm+1)
= :F\/ ! 2]1(J11—|—1) (C.14)
_ (J1:|:m1—|—1)(J1:Fm1)
= :F\/ 2y (1) (C.15)
B (Jxm)(JFm+1)
- ]F\/ 27 (J +1) (C-16)
<(J1,1),m1,:|:1|J1—1,m1:|:1> = <(J+1,1),m:F1,:I:1|J,m>
. (JliFm)(JliFm+1)
= \/ VAR (C.17)
_ L Fm = 1) (L Fma)
= \/ AR (C.18)
B (JFm+1)(JFm+2)
N \/ 2(J +1)(2J 4+ 3) (C.19)
With m = mq:
<(J1,1),m1,O|J1:|:1,m1> = ((J:Fl,l),m,OU,m)
B (h—-m+32£) (H+m+3+d)
e
B (i—mi+32£d) (Ji+mi+3+3)
- jE\/ AIETES (20
_ (J-—m+35F3)(J+m+5F3)
- jE\/ Cir172) (J+i7)) (0.22)
<(J171)7m170|=]17m1> = <(J,1),m,0|J,m>
_ m _ m (C.23)

\/J1(J1+1) \/J(J-i-l)
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C.1.3 For the case fl +%
With m = m; + 3:

3 3 3 3 3 3 3 3
<<J17§)7m17:t§|°]1+§7m1i§> = <<J—§,§),m¢§,:|:§|J,m>

o TEEES ISl
- JoEme e n ey oy
B \/(Jim4;?37(i1i)g;_l)1()Jim) (C.26)
(3) mostngonsd) = {(0-33) mrhon)
- o
) jF\/g(Jliml S ey
B :F\/guinjl;(;?](ii@fgmﬂL1) (C.29)
((3)mosgin-gmed) = ((7+55) m=g50m)
o EEEEENITEIE IR R
S eSS (TR )
B \/3(J17137(E]Jirr1l)t2{f)fg]§m+2) (C.32)
_ :F\/(JlﬂFm—%;}j}jgjﬂ;%)ngﬁFmﬂL%) (C.33)
B jF\/(Jl]le _22}1511]?221__ 11))(J13Fm1) (C.34)
B \/(JqE?Z(j;})Jr(é)T;l ++2?)(57J+¢1T+3) (C.35)
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With m:mli%:

3 1 3
<<J17 5) 7mlai§|J1 + 57

3 1 1
<<Jla 5) 7mlai§|']l + 55

3 1 1
<<J17 5) 7mlai§|J1 - 57

3 1 3
<<J17 5) 7mlai§|J1 - 57

1
m1:|:2

1
m1:|:2

1
m1:|:2

1
m1:|:§

1)

2]

1)

)

(s
<

£5) e bt
= e
Vghim”Jéﬁlﬁﬁéiﬁé‘m”i%hmﬂ
\/3 Jim_l {(;}n_) ({; ™) (C.38)

-3 mrbbon)

(o d) gt c.0)
F (N F 3ma) \/ ZJ{EJj:] g}j +1 3) (C.40)
F(JF3m+ 1) \/U(w‘]_ﬁﬁﬂ y (C.41)
(5+1.2) e L sliam)

~(sxam-3) \/ Ty
—(Jy£3m 1) \/2“1] (ijl)%Jl —5 (C.43)
~(J£3m) \/ 4J(:7] T 17;1 (;Jl 3) (C.44)
(522 me L sliam)

\/3 R i e
i\/ s em =) Oy & VLI

\/3(J+m+1)(J—m+1)(J:Fm+2) c.a7)
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C.2 Without Nuclear Spin [ =0

s%,%,+%> _ ‘+%>S (C.48)
wid - 1)
P, %+%> \[|+1 }——> \[m +%>S (C.50)
S S
p%,g,+g> — 1), } ;> (C.52)
p§,§+%> - \f|+1 ‘——> \f|o +%>S (C.53)
e
ni-3) - |—1>L}—5>S (C.55)
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