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I. QGP Properties

1 fm

Tc ≈ 160 MeV  

Hadrons ➔ QGP



I. QGP Properties
QGP is Charge Rich!!!  
52 colored degrees of  freedom 
16 gluons  
36 quarks: 
up, down strange, 
anti-up, anti-down, anti-strange 
spin ↑, spin↓ 
red,green,blue

~50 particles in one thermal wavelength



I. QGP Properties

Eq. of  state 
• possibly 1st order ?? 
• phase separation  
  & critical point ??

2Study hot QCD matter

Phase diagram of water

(simplified)

Phase diagram of QCD

(simplified)
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phase transition?

Experimental study of QCD phase diagram by:
colliding nuclei head-on to convert cold 
nuclear matter into a fireball of partons



I. QGP Properties

Quark-antiquark  
condensate melts

Responsible for much of  baryon mass

Transition temperature and EoS from lattice QCD 2
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Figure 1. Left: Subtracted chiral condensate ∆l,s as a function of the temperature.
The gray band is the continuum result of our collaboration, obtained with the stout
action. Right: The trace anomaly normalized by T 4 as a function of T onNt = 6, 8, 10
and 12 lattices. The inset shows a comparison with the results of the Hadron Resonance
Gas model, including resonances from the Particle Data Book up to 2.5 GeV mass.

1. Introduction

The study of QCD thermodynamics is receiving increasing interest in recent years. A

systematic approach to determine the properties of the deconfinement phase transition

is through lattice QCD. Lattice simulations indicate that the transition at vanishing
chemical potential is merely an analytic crossover [1]. Some interesting quantities that

can be extracted from lattice simulations are the transition temperature Tc, the QCD

equation of state and, for small chemical potentials, the phase diagram in the µ−T plane:

we review the results on these observables that have been obtained by our collaboration

using the staggered stout action with physical light and strange quark masses, thus

ms/mud ≃ 28 [2, 3]. For all details we refer the reader to Refs. [4, 5, 6].

2. QCD transition temperature and Equation of State

We present here the results for the chiral condensate, and extract the value of Tc

associated to this observable; for the values of Tc obtained from other observables, which

reflects the nature of the crossover transition, we refer the reader to Ref. [4]. The chiral

condensate is defined as ⟨ψ̄ψ⟩q = T∂ lnZ/(∂mqV ) for q=u,d,s. It is an indicator for the
remnant of the chiral transition, since it rapidly changes around Tc. We calculate the

quantity ∆l,s, which is defined as [⟨ψ̄ψ⟩l,T −ml/ms⟨ψ̄ψ⟩s,T ]/[⟨ψ̄ψ⟩l,0 −ml/ms⟨ψ̄ψ⟩s,0]

for l=u,d. Since the results at different lattice spacings are essentially on top of each

other, we connect them to lead the eye (see the left panel of Fig. 1). The value of Tc

that we obtain from the inflection point of this observable is Tc = 157(3)(3).

Next we present our results regarding the equation of state; in the right panel of
Figure 1, the T dependence of the interaction measure is shown for the 2 + 1 flavor

system. We have results at four different lattice spacings. Results show essentially

no dependence on “a”, they all lie on top of each other. Only the coarsest Nt = 6

lattice shows some deviation around ∼ 300 MeV. On the same figure, we zoom in to

Budapest/Wuppertal Lattice
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Figure 14. Di↵usion coe�cient D multiplied by 2⇡T as a function of the temperature T , using
D = �/�Q. The vertical size of the rectangles represents the systematic uncertainty due to the un-
certainty in the estimate of the conductivity (see Fig. 10), while the whiskers indicate the statistical
jackknife error from both � and �Q.

Finally, we remark that an attempt to determine the charm di↵usion coe�cient can

be found in Ref. [73] using quenched lattice simulations on large and fine isotropic lattices,

with the finding that D ⇠ 1/(⇡T ) in the deconfined phase. For very heavy quarks vari-

ous di↵usion coe�cients are being determined using heavy-quark e↵ective theory, see e.g.

Refs. [74–76] and references therein.

7 Conclusion

The main result in this paper is the determination of the electrical conductivity and charge

di↵usion coe�cient at nonzero temperature in QCD with Nf = 2+1 quark flavours, using

anisotropic lattice QCD simulations.

Our results for the conductivity � confirm our previous findings where only the u and

d quark contributions were taken into account: �/T increases by a factor of 5–6 in our

temperature range, which spans the chiral and deconfinement transition. We note that

the results for the conductivity at the lowest temperature should be treated with caution,

since a possible narrow transport peak resulting from hadronic interactions would not be

– 22 –

AdS/CFT
Lattice 
G.Aarts et al., JHEP(2015)

Hadron gas

Diffusion Constant

QGP is strongly interacting

nh(Tc) ⇡ 0.5 fm3

�had ⇡ 2.5 fm2

Char. size ⇡ 10 fm
<latexit sha1_base64="/i1wg9nObVSmA7GbfpNqOvP21ts="></latexit>

• Low viscosity  
- “perfect liquid”  
- uncertainty limit  

• Low diffusivity 

P.Danielewicz and M.Gyulassy, PRD(1985)



I. QGP Properties
1. Eq. of  state (B=0 & B≠0)  

P(nB,𝝴) or P(𝜇,T) or cs2(nB,𝝴)…  
Quasi-first-order 

2. Charge susceptibility  
                                 - describes chemistry 

3. Quark-antiquark condensate  
“Chiral symmetry’’ restoration 

4. Viscosity — response to flow gradient  
 
𝜂(shear) and 𝜍(bulk) remarkably small 

5. Diffusivity — response to density gradient  
 
Poor conductor

�ab = h�Qa�Qbi/V
<latexit sha1_base64="EIkLtDtsWxhbxZeyHN6YhAW3tTQ="></latexit>

h ̄ i
<latexit sha1_base64="tMeJ8SSXkial6LmLYMzMiA91F2w="></latexit>

�Tij = �⌘ [@ivj + @jvi � (2/3)�ijr · v]� ⇣r · v
<latexit sha1_base64="Ws/nhdi4CInB+ENMJlSqmjLolw4="></latexit>

ja = �Dabr⇢b
<latexit sha1_base64="tPdkNY2yO1gaCuAk1cq5b510KEQ="></latexit>
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Well-determined by  
lattice

Not-so-well-determined  
by lattice
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Experimentally  
accessible



II. Experiments

AGS(11A GeV), SPS(160A GeV), RHIC(100A+100A GeV), LHC(1.4A+1.4A TeV)

ALICE(LHC)



III. Models
1. Pre-equilibrium 

     messy — often parametric 
2. Hydrodynamics (QGP, T≳160 MeV)  

     relativistic, viscous, Israel-Stewart eq.s  
     
 
 

3. Hadron simulation (T≲160 MeV)  
     Boltzmann sampling 

Also add interfaces, correlation “after-burners”…

@t⇡ij = � 1

⌧IS

⇣
⇡ij � ⇡(NS)

ij

⌘
+ · · ·

<latexit sha1_base64="hhqCtKbM737YCxKSqOA1j5sMczk="></latexit>

viscous part of  SE tensor



IV. Phenomenology

To a physicist:  
• Experiment (momenta and IDs of  tracks) 
                                        ➜     Evolution of  𝝴, P, v, 𝞀… 
• Can be heuristic or semi-quantitative  

From Wikipedia:
There are several assumptions behind phenomenology that help explain its foundations:
1.Phenomenologists reject the concept of objective research. They prefer grouping assumptions through a 

process called phenomenological epoché.
2.They believe that analyzing daily human behavior can provide one with a greater understanding of nature.
3.They assert that persons should be explored. This is because persons can be understood through the unique 

ways they reflect the society they live in.
4.Phenomenologists prefer to gather "capta", or conscious experience, rather than traditional data.
5.They consider phenomenology to be oriented toward discovery, and therefore they research using 

methods that are far less restrictive than in other sciences.

As a philosophical movement:

https://en.wikipedia.org/wiki/Epoch%C3%A9
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FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.

As a benchmark, the first calculation (filled squares
in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between ϵh and ϵh + L, where ϵh is the
maximum density of the hadronic phase. Here, ϵh

corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2

s = dP/dϵ, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at ϵh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of ϵh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ϵ with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-

S.P. PRL 2009

• Femtoscopic radii 
• Interferometric correlations give shape  
  of  phase space cloud for given momentum

★STAR

IV. Phenomenology  
Eq. of State

Source

Rout

Rside

• For stiffer Eq. of  state  
  Rout/Rside decreases (blue to green) 

• Eq. of  state also affects spectra  
  multiplicities, elliptic flow…
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IV. Phenomenology
Susceptibility

Charge-balance correlations  
Early production of  charge  

➜ broader correlation

★STAR

S.P. and C.Plumberg, PRC(2019)

MADAI
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IV. Phenomenology
Viscosity

3

algorithm agrees with the results from Ref. [19] for cen-
tral collisions, when dropping the extra terms in Eq. (2).
Also, our code passes the fluctuation test from Ref. [16],
shown in Fig. 1. We thus have some confidence that our
numerical algorithm solves Eq. (2) correctly.

When solving the set of equations (2), we set the ratio
η/s to be constant throughout the evolution of the sys-
tem, since modeling any space-time dependence would
necessarily introduce more unknown parameters. There-
fore, results on η/s quoted below should be considered
as mean values over the entire system evolution.

To make contact with experiment, the hydrodynamic
variables are translated into particle spectra via the
Cooper-Frye freeze-out mechanism [20] (adapted to VH
[8, 16], see also [17]). For simplicity, we use a single
freeze-out temperature Tf but include the effect of res-
onance decays with masses up to 2 GeV on the spectra
[21, 22]. The normalization of the initial energy den-
sity and Tf are chosen such that the experimental data
on total multiplicity and mean transverse momentum
< pT > as a function of total number of participants
NPart =

∫

d2x⊥nPart(x⊥,b) are reasonably reproduced
by our model (see Fig. 2). We choose to fit to kaons
rather than pions because the former are influenced less
by Bose enhancement effects, which we have ignored [19].
Note that for simplicity our model does not include a
finite baryon chemical potential, prohibiting us to dis-
tinguish particles from anti-particles. As a consequence,
results for protons cannot be expected to match exper-
imental data. Starting from ideal hydrodynamics with
a freeze-out temperature Tf = 150 MeV, we have found
that reasonable fits to dN/dy and < pT > for VH can
be accomplished by keeping Tf fixed and reducing the
initial entropy density by 75 η/s percent to correct for
the viscous entropy production [19].

In Fig. 3 we compare our hydrodynamic model with
the above fit parameters to experimental data on the in-
tegrated and minimum bias elliptic flow v2, respectively.
Shown are results for ideal hydrodynamics and VH for
the initial condition ϵ ∼ nColl at an initial time τ0 = 1
fm/c. The results hardly change when assuming instead
s ∼ nPart as initial condition (see also [14]) or varying τ0

by a factor of two. Interestingly, we also find that chang-
ing τΠ hardly affects the results shown. Note that this
depends on the presence of the terms in the last line of
Eq. (2): if these terms are dropped, increasing τΠ tends
to further suppress v2 in line with the trend found in [19].

For the above initial conditions, we have noted that
there is also hardly any effect from the vorticity term.
This can be understood as follows: noting that for uη = 0
the only non-trivial vorticity is ωxy, which vanishes ini-
tially because of ux = uy = 0 and forming the com-
bination ∇xDuy − ∇yDux we find –up to third order
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FIG. 3: PHOBOS [24] data on pT integrated v2 and STAR
[25] data on minimum bias v2, for charged particles in Au+Au
collisions at

√
s = 200 GeV, compared to our hydrodynamic

model for various viscosity ratios η/s. Error bars for PHO-
BOS data show 90% confidence level systematic errors while
for STAR only statistical errors are shown.

corrections–

Dωxy + ωxy

[

∇µuµ +
Dp

ϵ + p
−

Duτ

uτ

]

= O(Π3). (3)

This is the relativistic generalization of the vorticity
equation, well known in atmospheric sciences [26]. Start-
ing from ωxy = 0, Eq. (3) implies a very slow buildup of
vorticity, explaining the tiny overall effect of the vorticity
term in Eq. (2). Note that upon dropping the assumption
uη = 0, this term can become important [27].

From Fig. 3 it can be seen that the effect from viscos-
ity on the elliptic flow is strong, in line with estimates
from Ref. [17]. Data on integrated v2 is fairly well re-
produced by a viscosity of η/s ∼ 0.08 and – within sys-
tematic errors – seems to be consistent with η/s ∼ 0.16.

P.Romatshke & U.Romtschke, PRL 2007

Suggests low viscosity (close to uncertainty limit)  
P.Danielewicz and M.Gyulassy, PRD(1985)



IV. Phenomenology — Diffusivity
Strangeness made early 
∴ kaon separation determined by diffusivity

𝚫𝞅

K+

K-

★

K+K- Balance Function

Increasing D



V. Bayesian Analysis

L(x|y) ⇠ exp

(
�
X

a

(y(model)
a (x)� y(exp)a )2

2�2
a

)

Markov-Chain Monte Carlo 
• Simultaneously vary N model parameters xi 

• Perform random walk weight by likelihood  
 
 

• Use all observables ya 

• Obtain representative sample of  posterior
x1

x2

Many parameters (dozens)  
— all affect many observables (dozens of  plots)  

to proceed… 



V. Bayesian Analysis

L(x|y) ⇠ exp

(
�
X

a

(y(model)
a (x)� y(exp)a )2

2�2
a

)

Difficulties: 
1. Calculating ya(model) is expensive 
2. Too much data  

- heterogenous, many plots  
- correlated uncertainties



MADAI Collaboration
Models and Data Analysis Initiative
(active 2010-2017)

1st MADAI Collaboration Meeting, SANDIA 2010

Cyber-enabled Discovery
and Innovation

V. Bayesian Analysis

To address these issues:



1.Experiments reduce PBs to 100s of  plots 

2.Choose which data to analyze  
Does physics factorize?  

3.Reduce each plot to a few values, ya  
(use principle components)  

4.Calculate global principal components, za  
 
 

5.Resolving power of  RHIC/LHC  
data reduced to ≲10 numbers!

L ⇠ exp

(
�1

2

X

a

(za � z(exp)a )2
)

Data Distillation

V. Bayesian Analysis



Checking the Distillation

model spectra from  
30 random points in 
parameter prior

74 pion spectra: 
 with 573<⟨pt⟩π< 575 MeV  
44 proton spectra:  
with 1150<⟨pt⟩p< 1152 MeV 

π,p spectral SHAPES
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Spectral information encapsulated 
by two numbers, dN/dy & ⟨pt⟩

V. Bayesian Analysis



1. Run the model ~1000 times  
Semi-random points (LHS sampling) 

2. Determine Principal Components  
    (ya-⟨ya⟩)/σa ➙ za  

3. Emulate za (Interpolate) for MCMC  
Gaussian Process…

S. Habib,K.Heitman,D.Higdon,C.Nakhleh&B.Williams, 
PRD(2007) 

L(x|y) ⇠ exp

(
�1

2

X

a

(z(emulator)
a (x)� z(exp)a )2

)

V. Bayesian Analysis

Model Emulators



0.0 0.2 0.4 0.6 0.8 1.0

−2
−1

0
1

2

x (arb)

y 
(a

rb
)

x (arb)

0.0 0.2 0.4 0.6 0.8 1.0

- Reproduces training points  
 - Assumes localized Gaussian  
   covariance  
 - Must be trained,  
   i.e. find “hyper parameters” 
 - Other methods also work

Y(x)
training points

V. Bayesian Analysis

Gaussian Process Emulator



14 Parameters

• 5 for Initial Conditions at RHIC 
• 5 for Initial Conditions at LHC 
• 2 for Viscosity 
• 2 for Eq. of  State

30 Observables

•π,K,p Spectra  
⟨pt⟩, Yields 

•Interferometric Source Sizes 
•v2 Weighted by pt

V. Bayesian Analysis



Initial State Parameters

5 parameters for RHIC, 5 for LHC

✏(⌧ = 0.8fm/c) = fwn✏wn + (1� fwn)✏cgc,

✏wn = ✏0TA
�nn
2�sat

{1� exp (��satTB)}+ (A $ B)

✏cgc = ✏0Tmin
�nn
�sat

{1� exp (��satTmax)}

Tmin ⌘ TATB

TA + TB
,

Tmax ⌘ TA + TB,

u? = ↵⌧
@T00

2T00

parameters : ✏0, fwn,�sat, Txx/P,↵Tzz = �P

V. Bayesian Analysis



Equation of  State and Viscosity

2 parameters for EoS, 2 for η/s

c2s(✏) = c2s(✏h)

+

✓
1

3
� c2s(✏h)

◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h

⌘

s
=

⌘

s

���
T=165

+  ln(T/165)

V. Bayesian Analysis



Review the Grand Plan

1. Choose observables
2. Distill Data
3. Parameterize model
4. Run full model hundreds of times 

(Latin hyper-cube sampling)
5. Build & Tune emulator
6. Perform MCMC with emulator
7. Analyze sensitivities

V. Bayesian Analysis



VI. RESULTS



Two Calculations
J.Novak, K. Novak, S.P., C.Coleman-Smith & R.Wolpert, PRC 2014

RHIC Au+Au Data 
6 parameters 

S.P., E.Sangaline, P.Sorensen & H.Wang, PRL 2015
RHIC Au+Au and LHC Pb+Pb Data 
14 parameters, include Eq. of State
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Sample v2 from 
Prior and 
Posterior

v2, 20-30% cent
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Eq. of  State
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c2s(✏) = c2s(✏h)

+

✓
1

3
� c2s(✏h)

◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h
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What should you expect for η/s at T=165 MeV?

• ADS/CFT:                   0.08 
• Perturbative QCD:  > 0.5 (σ≈ 3 mb) 
• Hadron Gas:             ≈ 0.2 (σ≈ 30 mb)



Extracted η/s at T=165 
MeV consistent with 

expectations for 
hadron gas!
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Does not rise strongly 
in QGP



How does changing ya,exp or σa alter ⟨⟨xi⟩⟩ or ⟨⟨δxiδxj⟩⟩?

E.Sangaline and S.P., arXiv 2015

We need                        NOT
@

@y(exp)a

hhxiii
@

@xi
y(mod)
a

RESOLVING POWER OF OBSERVABLES

From covariances form MCMC trace + linear algebra….



Sensitivity Analysis
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Sensitivity Analysis
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d
dσ y

〈〈δ x1δ x1〉〉 〈〈δ x1δ x2 〉〉
〈〈δ x1δ x2 〉〉 〈〈δ x2δ x2 〉〉

〈δ yδ y〉1/2 2-Parameter Resolving Power

EoS
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What determines viscosity?
• Both v2 and multiplicities 
• T-dependence comes from LHC v2 

• Lots of  observables 
• Femtoscopic radii are important 

What determines EoS?



Charge BFs and charge 
susceptibilities  

(analyzed with STAR data)  
parametric  model
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S.P., C. Ratti and W.McCormack, PRC 2016
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Tr�/s
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CONCLUSIONS
Robust, emulation works splendidly 

Scales well to more parameters & more data 

Eq. of  State and Viscosity can be extracted from 
data 

Eq. of  State consistent with lattice gauge theory 

Early chemistry near (~25%) QGP equilibrium 

Heavy-Ion Physics can be a Quantitative Science!!!!


