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Angular momentum operator

— -

e Total angular momentum J=L+8

¢ Orbital angular momentum L
® Spin angular momentum S

e Orbital angular momentum L
® L, = —ih(xdy, — ydy) = —ihdy

12
. L‘ =15+ 1%+ L2isascalar

¢ Raising and lowering operators for angular momentum L
o Li=L,+IL,
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Angular momentum operator continued

e Commutation
e [, commutes with H if H is invariant to rotations about the z axis
L4 [LZ, Li] = :thLi
¢ Eigenstates
e Can define eigenstates of a spherically symmetric H that are also eigenstates of both L?

and L,.
® Eigenvalues defined in terms of mand /

® [,|l,m)=mh]|l,m)
o (2|, m) = I(I+ 1)K?|l,m)
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1 Consider three spin
operators Sy, Sy and S,.
Circle the operators that
commute with S,.

a s~ 0o =

Sx

S2
S;+S7+S:
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Consider two sets of spin
operators, Sy, Sy, S; and
Ly, Ly, Lz. You can assume
S operates on intrinsic spin
and that L describes orbital
angular momentum. Circle
the operators that commute
with S,.

1 Ly
2 L,
3 L2
4 L2
5 Li+L2+12
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3 Now consider the operators

J=L+S. Circle the
operators that commute
with S,.

Jz
Ji +J2 4+ J2

a A~ W N
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Solution

1 Circle the operators that

commute with S;.
Sx
S;
sz
s
SZ+87+8?2

5 W N =

[6)]
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2 Circle the operators that
commute with S,.

1
2

3

Lx
L,
L3
L:
LZ+1L2+12
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3 Circle the operators that

commute with S,.

1
2
3
4
5

Jx
Jz
9
%
92+ J2 4+ J2
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Details

Notation
e Define “vector” of operators: S = SyX + Sy + S;2 with 82 = S2 + 82 + S2
e Total angular momentum: J =L +S; ;=L + S;; 2 =L2+S2+2L-S £ L%+ S?
Commutator properties:
e [A,B] =—[B,A]
e [A+B,C]|=[AC]+[B,C]
e [AB,C] =A[B,C]+[A,C|B
Important commutation relations (hold for L as well):
* [Si, Sj] = iejxSk
. [8%Si]|=0
* 1S4 = 0; [8{",8{7] = 0; S, Jj] = [8i, S
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Addition of Angular Momentum

Suppose we have two particles with angular momenta J; and Jz. Then, we have:
an, :jny} = ilidnz, etc., [flnz, fj,,,} =0 ,
and
[:/1/, Jgk} =0, ik=x,y,z

Therefore, the four operators J2, J;,, J2, Jo, constitute a set of compatible observables.
(1, j2, My, mo) can be mutually observed... They should have a common set of eigenbasis:
"712 |j1am17j2>m2 1 (]1 +1)h |j17m1>/27m2>

) =

J1Z‘j17m17j27m2> m1h‘j17m17127m2>
)
)

J2 |y, My, jo, ma) = jo (jo + 1) 12 |jy, M1, jo, My)

Joz |1, M, Jo, Mp) = Ml ljs, My, jo, M)
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Addition Theorem
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Now, consider the operator J = J; + Jb. )
The allowed eigenvalues of this operator J are:

And the eigenvalues of the corresponding J; are: m=j,j—1,...

J=h+ih+p—1... |1 -kl

7_j

We can see that [32,j2n] =0, [JZ,JZ,,} #0, and [JZ,JA%} =0.
Thus, the four operators J2, J,, J2, J2 constitute a set of compatible observables.
(/, m, j1, j») can be mutually observed... They should have a common set of eigenbasis:
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Iz |j, My ji,j2) = ML, m,ji, o)
JZ1j,m.ji,jo) = i G + 1) B2 1j, m,j, fo)
J31j,m,ji o) = jo (o + 1) B2 1j, m, fi, jo)
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Clebsch-Gordon Coefficients

¢ For a system of two spin-1/2 particles, we start in the highest j, m state of the coupled
basis which describes the total angular momentum of both particles J = J; + J»
where J; = Ly + Sy, the orbital and spin components of angular momentum.

® There is only one possible uncoupled basis state for our initial state, so

jmy) =s1=1/2,8=1/2,m =1/2,mp =1/2) = 1)

* To generate other coupled basis states, we act on this state with the lowering
operator:

J_ j,m,-> = h\/j(]+1) —m; (mj— 1) ]j,mj— 1>
® The corresponding uncoupled basis states are found by similarly acting on the initial

uncoupled state by:
(S1=+ So_) [my,m) = S1_ |my, mp) + So_ |my, my)
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From completeness:

I= " |s1,S2, M, my) Sy, Sz, My, Myl

my,my
jomi)y =" |s1,82,my, my) (s, 82, my, my | j, m)
my,mo
= Y (. mj|s1,82,m, mp) sy, Sz, My, M)
my,mp

Clebsch-Gordon coefficients

In this case, the first lowering operation always gives:

—|ismy) = (S1-+S2-) [my,mp)

51 /j(j+1)—mj(mj—1)

jumi—1) = hy/my (my+1)—my (my—1)|my —1,my) +ﬁ\/m2(m2+1)—m2(m2—1)|m1,m2—1>
1 —1 A/ 1 _

my(my+1)— ’"1(”’1 )\m171,m2 4 ma(my+1)— ’"2 ’”2 |m1,m271>

\/1(1+1 (m—1) \/I(H"
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Decay of a neutral p° with initial angular momentum

One decay mode for a neutral rho meson 0 is to an electron and positron pair with
branching ratio of ~ 5 x 107°:

et « po — e
Suppose the rho meson was known to be in the / = 0 state before the decay. What is the
resulting state of the electron-positron system after the decay?

® Total angular momentum is conserved, we relate
the initial coupled basis state |j = 1, m; = 0) to . .
our final state in the uncoupled |si, sz, M1, my) Initial state is:
basis. The corresponding uncoupled basis state I=0,s=1,m=0,ms=0)=|j= 1,m = 0)
is given by the Clebsch-Gordon coefficients:

® Note that due to spin conservation, states with 1
I # 0 are not possible. Therefore, the angular J=1,m =0 = — (T4 +141)
momentum of the resulting decay is composed 2
entirely from spin angular momentum.

We relate this to the uncoupled e*, e~ basis by:
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