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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1m, = %, m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.
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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1ms= %, m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.

Strategy:

© Find the state with largest J and m; and write it in terms of S, L, ms, and my

@ Apply the lowering operator J_ = S_ 4 L_ the needed number of times to
create new states of J and m; that are linear combinations of S, L, ms, and
m

@ Use the orthogonality of |J, m; > states to find new states of J and m; that
are linear combinations of S, L, ms, and m;

@ Using the states from steps 2 and 3, find a linear combination of them that
results in |[S = 1,L=1,m; = 1, m = 0 > expressed in terms of |J, m; >
states

Zach Serikow Mostafa All (M5U) e .



Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1,ms = %, m; =0 > as a linear

combination of eigenstates of total angular momentum J and projection m;.

We use the simple rules for adding two angular momenta to find the possible
results for this system to be

J 13 3 113
=, - m=——,—=, -, =
272’ J 27 272’2
Our state is then
3 3 1 1
|J—§,mj:§>—\5:§,L:1,ms:§7m/f1>
Written more succinctly:
3 3 1
|J:§,mJ:§> ‘m5—57m171>
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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %7 L=1ms;= %7 m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.

The lowering operator for J is

S| my >= by I+ 1) = mi(m; = ), my — 1>

and those for S and L are analogous. Applying J_ = S_ + L_ to the state we
previously found:

1
J_|J:g,mj:g (5_+L )|msf7,m,:1>

3 1 1 —
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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1ms = %, m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.

By orthogonality of |J, m; > states, we know that

>—\/T|m—_1m—l>+\/§| . =0>
- 3 s — 2’ I = 3m5—2,m/—

3
|J:§,mj:

N~

is orthogonal to

|J:%,mj:%>:a|ms:;,m,:1>+5|m5:%,m/:0>.
Solving
<J:g,mj:%|J:%,mj:%>:O
we find
a=—BV2.
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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1ms= %, m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.

The |J, m; > states are normalized. Thus:

1 1 1 1
<J:Eamj:§|~j:§amj:§>:a2+ﬂ2:1
=
2824+ 32 =1

1
"=\3
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Problem 1: Clebsch-Gordan Coefficients

Problem: Express the state |S = %, L=1,ms = %, m; =0 > as a linear
combination of eigenstates of total angular momentum J and projection m;.

We finally have the following two states

3 1 1 -

|J:§7mJ:§>: §|m5:77 1>+ |m$_ ml_0>
1 1

|J:§7 = 5 ‘m5:77 =1>+ |ms_ ,m=0>.

Multiply the top state by the v/2 and add it to the bottom state to find our answer

1 3 1 1 1 1
|ms—2,m/—0>—\/7|J— 2>+\/;|J_2,mj_2>
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Problem 2: Zeeman Effect

e Problem 2: Zeeman Effect
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Problem 2: Zeeman Effect

Problem: An electron is in an / = 1 state of a hydrogen atom. It experience a
spin-orbit interaction
Vso.=al-$S

and feels an external magnetic field
Vy = uB - (L +25)

Find the energy eigenvalues.
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Problem 2: Zeeman Effect

Step 1: Vi, in the |j, m;) basis

o, = - -
Voo = 5 (1 = IL* = 15

ah?, ., 11
= - Ul+1)-7)
1
1
ah? 1
T2 1
-2
1 0 0
0 1 0
0 0 _ 1 —
where 2.5 - [ |3 b= [ 13-, |13 F-
0 0 0
0. 0. 0.
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Problem 2: Zeeman Effect

Step 2: V,, in the |m;, ms) basis

2
0
1
Vb:uhB
-1
0
-2
1 0 0 () 0 (0)
0 1 0 0 0 0
0 0 1 0 0 0
where |1, 1y = 1, 3y = 0,1y = o, 2Ly = —1, 1y = —1, =y =
11, 3) o |12 o | 102 o |10 = N B2 o ! ) 0
0 0 0 0 1 0
0. 0. 0. 0 0. 1




Problem 2: Zeeman Effect

Step 3: Finding the Clebsch-Gordan Matrix

L, mj) = (my, ms|j, mj) [m;, ms) = C|my, ms)

1 0 0 0 0 o0
o 3 V3 oo 0 o
2 /1
o
0 2 -1 o 0o o0
00 0 /i /3o

Note that CTC =1
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Problem 2: Zeeman Effect

Step 4: Transforming V}, from |m;, ms) to the |j, m;) basis

(Vb)jm = CVuCT

2 0 0 0 0 0

0o 2 0 =2 0

0 0 2 0 0 =
= uhB

o0 0 -2 0 0

0 =2 o o LI o0

00 =2 o o




Problem 2: Zeeman Effect

Step 5: Full Hamiltonian in the |j, m;

H= Vs.o. + (Vb)j,mj

Qb= s ouns 0 0 0 0 0
0 ap? | 2uhB 0 0 *_\53@ o
0 0 0 aTr# — 2uhB 0 0
0 =V2uhB 0 0 —an? 4 BB 0
0 0 __\[23@ 0 0 —ah? — ‘#
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Problem 2: Zeeman Effect

Eigenvalues

61:%7124-2,[1,77,5
ezza—hz—ZuhB
2




Problem 2: Zeeman Effect

Eigenvalues Plot
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