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Physics 852 Exercise #1 - Friday, Jan. 16nd

Consider two kinds of spinless particles, whose masses are mA and mB . The particles exist in a one-
dimensional world. We define field operators,

ΦA(x) =
∑
k

1√
LEA(k)

(
ake

ikx + a†ke
−ikx

)
,

ΦB(x) =
∑
k

1√
LEB(k)

(
bke

ikx + b†ke
−ikx

)
.

Here, L is some large length. The interaction Hamiltonian is

Hint = g

∫
dx ΦA(x)ΦB(x)2. (0.1)

Now, let mA > 2mB , so that the heavier A particle can decay into two lighter B particles. Also assume
the decay energy is sufficiently high that the lighter particles move relativistically, EB(k)2 = (~c)2k2 +
m2

B .

1. Calculate the matrix elementM = 〈kB1, kB2|Hint|kA = 0〉. Use the orthogonality of the momen-
tum states: ∫

dx eik1xeik2x = Lδk1,−k2.

Your answer should contain a Kronecker delta.

2. Calculate the decay rate, Γ, for the reaction A → 2B in lowest order perturbation theory. Express
your answer in terms ofmA,mB and g.

3. We have been working in units where mA and mB have units of energy. What are the dimensions
of g? Check the dimensional consistency of your answer for Γ.

Solutions:
a)

〈f |Hint|i〉 = 〈0|bkbk′Hinta
†
K=0|0〉

=

∫
dxei(k+k′)x 2g

L3/2(EB(k)EB(k′)mA)1/2

= Lδk,−k′
2g

L3/2EBm
1/2
A

.



b)

Γ =
2π

~

∑
k

|〈f |Hint|i〉|2δ(εf − εi)

=
2π

~

∫ ∞
0

dk

2π
L|〈· · · 〉|2

=
4g2

~mA

∫
dk

E2
B

δ(2EB −mA)

=
4g2

~mAE
2
B

1

2dEB/dk

=
4g2

~2cm3
A/4

(mA/2)/2√
(mA/2)2 −m2

B

=
4g2

~2cm2
A

√
(mA/2)2 −m2

B

.

c)

[Φ] = [L]−1/2[E]−1/2,

[E] = [g][L][Φ]3,

[g] = [E]/([L][Φ]3])

= [E]/([]−1/2[E]−3/2)

= [E]5/2[L]1/2.


