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Physics 852 Exercise 12 - Friday, March 25

Scalars, Four-Vectors and Lorentz Boosts
1) Consider a four-velocity along the x−axis,

uµ =


γ
γv
0
0

 , γ ≡
1

√
1− v2

.

Show that u2 = 1.

2) The matrix that boost a four-vector by this velocity is

Lµν =


γ γv 0 0
γv γ 0 0
0 0 1 0
0 0 0 1

 .
By considering the Jacobian of the transformation, show that d4p = dp0dpxdpydpz is a Lorentz invari-
ant.

3) Using the fact that δ(p2−m2) is a scalar, wherem is the mass and p is a four-vector, show that d3p/Ep
is a Lorentz invariant, where Ep =

√
|~p|2 +m2.

4) Using (3), show that (Ep +Ep′)δ(~p− ~p′) is a Lorentz invariant. Hint: Consider the indefinite integral∫
d3p′

Ep′
(Ep + Ep′)δ(~p− ~p′).

FYI: This means that the field operator

Φ(x) =

∫
d3p

E

{
a(~p)e−ip·x + a†(~p)eip·x

}
is a Lorentz scalar if one defines the creation and destruction operators as [a(~p), a†(~p′)] = Epδ(~p− ~p′).

5) Consider two four velocities, u and n, where n represents the lab frame,

nµ =


1
0
0
0

 .
Show that the Lorentz boost matrix defined as,

Lµν(u, n) = gµν + 2uµnν −
(uµ + nµ)(uν + nν)

1 + u · n
,

reproduces L in (2) when ~u is along the x axis.

6) Show that

Lµνnν = uµ.

7) Show that

Lµα(n, u)L ν
α (u, n) = gµν .


