
your name(s)

Physics 851 Exercise #6

Continuing from Chapter 4, number 3 in the homework: You considered the matrices

Sx =
~
√
2

 0 1 0
1 0 1
0 1 0

 , Sy =
~
√
2

 0 −i 0
i 0 −i
0 i 0

 , Sz = ~

 1 0 0
0 0 0
0 0 −1

 .
1. Write the matrices

S± = Sx ± iSy.

Show what happens when S± acts on each of the three basis vectors.

2. Write down the matrix that performs a rotation by an angle φ about the z axis,Rz(φ) = e−iSzφ/~.

3. In this basis, we will define x̂, ŷ and ẑ in terms of the basis vectors, 1
0
0

 =
1
√
2
(x̂+ iŷ),

 0
1
0

 = ẑ

 0
0
1

 =
1
√
2
(x̂− iŷ).

Express x̂, ŷ and ẑ as vectors.

4. Apply the rotation matrix,Rz(φ), on x̂, then express the result in terms of x̂, ŷ and ẑ.

5. Find the matrix U that transforms the coordinate system into one where

x̂ =

 1
0
0

 , ŷ =

 0
1
0

 , ẑ =

 0
0
1

 .
6. TransformRz(φ) to this new basis, i.e. findR′z = URzU

†.



Solution:
1)

S+ = ~

 0
√
2 0√

2 0 0
0 0 0

 , S− = ~

 0 0 0

0 0
√
2

0
√
2 0

 .
2)

Rz(φ) = eiSzφ/~ =

 eiφ 0 0
0 1 0
0 0 e−iφ

 .
3)

x̂ =
1
√
2

 1
0
1


ŷ =

−i
√
2

 1
0
−1


ẑ =

 0
1
0


4)

Rz(φ)x̂ =

 eiφ 0 0
0 1 0
0 0 e−iφ

 1
√
2

 1
0
1

 =
1
√
2

 eiφ

0
e−iφ


= x̂ cosφ− ŷ sin(φ).

5)

U =

 1/
√
2 0 1/

√
2

−i/
√
2 0 i

√
2

0 1 0


6)

R′z = URzU
† =

 1/
√
2 0 1/

√
2

−i/
√
2 0 i

√
2

0 1 0

 eiφ 0 0
0 1 0
0 0 e−iφ

 1/
√
2 i/

√
2 0

0 0 1

1/
√
2 −i/

√
2 0


=

 1/
√
2 0 1/

√
2

−i/
√
2 0 i

√
2

0 1 0

 eiφ/
√
2 ieiφ/

√
2 0

0 0 1

e−iφ/
√
2 −ie−iφ/

√
2 0


=

 1
2
eiφ + 1

2
e−iφ i

2
eiφ − i

2
e−iφ 0

−i
2
eiφ + i

2
e−iφ 1

2
eiφ + 1

2
e−iφ 0

0 0 1


=

 cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 .


