
a⃗× (⃗b× c⃗) = b⃗(⃗a · c⃗)− c⃗(⃗a · b⃗),
a⃗ · (⃗b× c⃗) = b⃗ · (c⃗× a⃗) = c⃗ · (⃗a× b⃗),

(⃗a× b⃗) · (c⃗× d⃗) = (⃗a · c⃗)(⃗b · d⃗)− (⃗a · d⃗)(⃗b · c⃗),
∇× (∇ψ) = 0,

∇ · (∇× a⃗) = 0,

∇× (∇× a⃗) = ∇(∇ · a⃗)−∇2a⃗,

∇ · (ψa⃗) = a⃗ ·∇ψ + ψ∇ · a⃗,
∇× (ψa⃗) = ∇ψ × a⃗+ ψ∇× a⃗,

∇(⃗a · b⃗) = (⃗a ·∇)⃗b+ (⃗b ·∇)⃗a+ a⃗× (∇× b⃗) + b⃗× (∇× a⃗),

∇ · (⃗a× b⃗) = b⃗ · (∇× a⃗)− a⃗ · (∇× b⃗),

∇× (⃗a× b⃗) = a⃗(∇× b⃗)− b⃗(∇× a⃗) + (⃗b ·∇)⃗a− (⃗a ·∇)⃗b,

∇ · r⃗ = 3,

∇× r⃗ = 0,

∇ · r̂ = 2/r,

∇× r̂ = 0,

(⃗a · ∇)r̂ =
1

r
[⃗a− r̂(⃗a · r̂)] = a⃗⊥

r
.

∫
V

d3r ∇ · A⃗ =

∫
S

d⃗S · A⃗,∫
V

d3r ∇ψ =

∫
S

ψdS⃗,∫
V

d3r ∇× A⃗ =

∫
S

dS⃗ × A⃗,∫
V

d3r (ϕ∇2ψ +∇ϕ ·∇ψ) =

∫
S

ϕ(dS⃗) ·∇ψ,∫
V

d3r (ϕ∇2ψ − ψ∇2ϕ) =

∫
S

(ϕ∇ψ − ψ∇ϕ) · dS⃗,∫
S

(∇× A⃗) · dS⃗ =

∮
dℓ⃗ · A⃗,∫

S

(dS⃗)×∇ψ =

∮
C

dℓ⃗ ψ.

∇2 = ∂2r +
2

r
∂r −

ℓ(ℓ+ 1)

r2
,

∇2 = ∂2ρ +
1

ρ
∂ρ −

m2

r2
,

∇2

(
1

r

)
= −4πδ(r⃗).

Lα
β =


γ γv 0 0
γv γ 0 0
0 0 1 0
0 0 0 1

 .

Fαβ =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 ,

Fαβ =


0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0

 .

m
d

dτ
uα = eFαβuβ ,

dp⃗

dt
= eE⃗ + ev⃗ × B⃗,

ωc =
eB

γm
.

∇ · E⃗ = 4πJ0,

(∇× B⃗)− ∂tE⃗ = 4πJ⃗,

∇ · B⃗ = 0,

∂tB⃗ +∇× E⃗ = 0,

∂αF
αβ = 4πJβ ,

∂αF̃
αβ = 0.

e2 =
ℏc

137.036
,

Tαβ = πα∂βϕ− gαβL,

πα ≡ ∂L
∂(∂αϕ)

T 00 =
1

8π
(E2 +B2),

T 0i =
1

4π
ϵijkEjBk,

T ij = −T i
j =

1

8π
(δij(E

2 +B2)− 2EiEj − 2BiBj).



E⃗ = −∇A0 − ∂tA⃗ = −∇Φ− ∂tA⃗, B⃗ = ∇× A⃗,

Pℓ(cos θ) =

√
4π

2ℓ+ 1
Yℓm=0(θ),

Y0,0 =
1√
4π
, Y1,0 =

√
3

4π
cos θ,

Y1,±1 = ∓
√

3

8π
sin θei±ϕ, Y2,0 =

√
5

16π
(3 cos2 θ − 1),

Y2,±1 = ∓
√

15

8π
sin θ cos θe±iϕ, Y2,±2 =

√
15

32π
sin2 θe±2iϕ,

Yℓ−m(θ, ϕ) = (−1)mY ∗
ℓm(θ, ϕ),

δℓℓ′δmm′ =

∫
dΩ Yℓ,m(θ, ϕ)Yℓ′,m′(θ, ϕ),

P0(x) = 1, P1(x) = x,

P2(x) =
1

2
(3x2 − 1), P3(x) =

1

2
(5x3 − 3x),

Pℓ(x = 1) = 1,

∫ 1

−1

dx Pℓ(x)Pℓ′(x) =
2

2ℓ+ 1
δℓℓ′ ,

(3D) Φ =
∑
ℓm

(
Aℓmr

ℓ +Bℓmr
−ℓ−1

)
Yℓm(θ, ϕ)eimϕ,

(2D) Φ = A0 ln(ρ) +
∑
m

eimϕ
(
Amr

m +Bmr
−m

)
,

Φ = A0J0 =
∑
m

eimϕ (AmJm(kρ) +BmNm(kρ)) e±kz,

Φ =
q

r
+
p⃗ · r⃗
r3

+
∑
m

4π

5r3
q2m(r)Y2m(θ, ϕ),

E⃗ = − 1

r3
p⃗+ 3

p⃗ · r⃗
r5

r⃗ + · · · ,

Φ(r, θ, ϕ) =
∑
ℓm

4π

(2ℓ+ 1)rℓ+1
qℓm(r)Yℓm(θ, ϕ),

q22 =

√
15

32π

∫
d3r ρ(r⃗)(x− iy)2 =

√
15

288π
(Q11 − 2iQ12 −Q22),

q21 = −
√

15

8π

∫
d3r ρ(r⃗)(x− iy)2 = −

√
15

72π
(Q13 − iQ23),

q20 =

√
5

16π

∫
d3r ρ(r⃗)(3z2 − r2) =

√
5

16π
Q33,

Qij ≡
∫
d3r (3rirj − r2δij)ρ(r⃗),

U = qΦ0 − p⃗ · E⃗ − 1

6
Qij∂iEj ,

∇2Aα = −4πJα,

m⃗ =
1

2

∫
d3r r⃗ × J⃗ =

I

2

∫
r⃗ × dℓ⃗,

B⃗ = − m⃗
r3

+
3r⃗

r5
(m⃗ · r⃗),

µe = ge
eℏ
2me

,

U =
(µ⃗N · µ⃗e)

r3
− 3(µ⃗N · r⃗)(µ⃗e · r⃗)

r5
− 8π

3
(µ⃗N · µ⃗e)δ

3(r⃗)

−e (µ⃗N · L⃗)
mr3

,

T00 =
1

8π

(
|E⃗|2 + |B⃗|2

)
=

a2i + b2i
8π

=
|⃗a|2

4π
cos2(k⃗ · r⃗ − ωt),

T0i = ϵijk
EjBk

4π

= k̂i
|⃗a|2

4π
cos2(k⃗ · r⃗ − ωt),

T ij = −T i
j =

1

8π
(δij(E

2 +B2)− 2EiEj − 2BiBj)

=
1

4π

{
|⃗a|2δij − aiaj − bibj

}
cos2(k⃗ · r⃗ − ωt)

ωs = ω

√
1− v

1 + v

(TM) Ez = ψ(x, y)e−iωt+ikzz,

Ψ = 0 at boundary,

E⃗t(x, y) =
ikz

(ω2 − k2z)
e−iωt+ikzz∇tψ(x, y),

B⃗t(x, y) =

(
ω

kz

)
ẑ × E⃗t,

(TE) Bz = ψ(x, y)e−iωt+ikzz,

(n̂ ·∇t)ψ(x, y)|S = 0,

B⃗t(x, y) =
ikz

(ω2 − k2z)
e−iωt+ikzz∇tψ(x, y),

E⃗t(x, y) = −
(
ω

kz

)
ẑ × B⃗t.



Aα(x) =

∫
d4x′

1

|x⃗− x⃗′|
Jα(x′)δ(x0 − x′0 − |x⃗− x⃗′|),

E⃗ = e

{
n̂× [(n̂− β⃗)× ˙⃗

β]

(1− β⃗ · n̂)3|x⃗|

}
,

B⃗ = n̂× E⃗.

P =
2e2

3c
| ˙⃗β|2 (Non.Rel.),

dP

dΩ
=

e2

4π(1− β⃗ · n̂)6
|(n̂− β⃗)× ˙⃗

β)|2,

P =
2

3c
e2γ6

[
β̇2 − |β⃗ × ˙⃗

β|2
]
,

dP

dΩ
=

e2

4π(1− β cos θ)5
| ˙⃗β|2 sin2 θ (linear),

P =
2e2β̇2

3c
γ6 (linear),

dP

dΩ
=

e2

4π(1− βnβ)5
| ˙⃗β|2

(
(1− βnβ)

2 − (1− β2)n2r
)

(circular),

P =
2

3c
e2β̇2γ4 (circular).

dP

dΩ
=

1

8π
k2|n̂× p⃗|2,

P =
ω4

3
|p⃗|2,

(Thomson) σ =
8πe4

3m2
,

∆λ

λ
=

ℏω
m

(1− cos θs).

electron −2.00231930436182± 0.00000000000052
muon −2.0023318418± 0.0000000013
proton 5.585694702± 0.000000017
neutron −3.82608545± 0.00000090


