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Motivation

• Experiments only measure momenta 
— But dynamics involve space and time


• Eq. of state and collective flow affect dynamics 
— To infer EoS, must test dynamics 
— Liquid ⇒ slow emission (evaporation) 
— Gas ⇒ rapid emission (explosion)


• Entropy inference requires volume 
— Femtoscopy provides volume for phase space density



THEORY
Koonin Eq.

relative wave function

“source” function: 
— integrates to unity 
— asymptotic probability of being separated by r (2 particles of same velocity) 
— measured size/shape of phase space cloud (for fixed p), not source

GOAL: Determine S(p,r) from measurement of C(p,q)

~p = ~p1 + ~p2)/2, ~q = (~p1 � ~p2)/2, ~r = ~r1 � ~r2

C(~p, ~q) =
N(~p1, ~p2)

N(~p1)N(~p2)

=

Z
d3r S(~p,~r)|�q(~r)|2,

S(~p,~r) =

R
d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)�(~r � [~r1 � ~r2])R

d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)
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THEORY
Visually,

~p = ~p1 + ~p2)/2, ~q = (~p1 � ~p2)/2, ~r = ~r1 � ~r2

C(~p, ~q) =
N(~p1, ~p2)

N(~p1)N(~p2)

=

Z
d3x1d

3x2 S(~p,~r)|�q(~r)|2,

S(~p,~r) =

R
d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)�(~r � [~r1 � ~r2])R

d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)
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THEORY
Deriving the Koonin Equation

Approximation #1 
Modify if > 2 identical particles

x1,x2 are last points of interaction with remainder F. 
what about Coulomb interaction with source?

Approximation #2
U(x1, x2; ~p1, ~p2) = e�iP ·(x1+x2)�~q(~r

0)

<latexit sha1_base64="VgjyG82yTG/EbIMyvse+KgySCFU="></latexit>

r′ is relative position in c.o.m. frame 

relative wave function defined for equal times

This approximation not needed for pure identical particle interference

P (~p) =
X

F

����
Z

d4x TF (x)e
�ip·x

����
2

�(EF + Ep � Etot)
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P (~p1, ~p2) =
X

F

����
Z

d4x1d
4x2 TF (x1, x2)U(x1, x2; ~p1, ~p2, t ! 1)

����
2

�(EF + E1 + E2 � Etot)
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THEORY
Deriving the Koonin Equation
Approximation #3X

F

!
X

F,F 0

,

TF (x1, x2) ! TF (x1)TF 0(x2)

<latexit sha1_base64="Ps5d4crf6cwPaM1PMRfjTG92EAY="></latexit>

Factorization of T-matrix: Emissions  
independent if outgoing wave function is plane wave

Otherwise, correlation would not be unity for non-interacting 
non-identical particles



THEORY
Deriving the Koonin Equation
Approximation #4

“Smoothness approximation”

True for thermal emission 
Good for small q 

sa(p, x) ⌘
X

F

Z
d4�xe�ip·�xT ⇤

F (x+ �x/2)TF (x� �x/2)�(EF + Ep � Ea),

sa(pa, xa)sb(pb, xb)|pa0+pb0=Ea+Eb = sa(Ea, ~pa)sb(Eb, xb)

= sa([Ea + Eb]/2, xa)sb([Ea + Eb]/2, xb)
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THEORY
Variants of Koonin Equation
Approximation #4

Equal within smoothness approximation

True for thermal emission 
Good for small q  
sometimes numerator & denominator 
treated differently 

S(~p,~r) =

R
d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)�(~r � [~r1 � ~r2])R

d3r1d3r2 f(~p1,~r1, t)f(~p2,~r2, t)

⇡
R
d3r1d3r2 f(~p,~r1, t)f(~p,~r2, t)�(~r � [~r1 � ~r2])R

d3r1d3r2 f(~p,~r1, t)f(~p,~r2, t)
,

~p =
~p1 + ~p2

2

<latexit sha1_base64="dlCqFDDBMLTP9gud3cBczEsNjUQ="></latexit>

For large sources (many thermal wavelengths), 
approximations #3 and #4 should be good


Difficult to estimate accuracy for pp or e+e- collisions



THEORY
Accuracy of Koonin Equation

Approximation #1 good when f(p,r,t)<<1 and not too close to Coulomb barrier 
— be careful with pions at low pt  
— be careful with E is close to Coulomb barrier


For large sources (many thermal wavelengths), 
— approximations #2, #3 and #4 should be good 
— difficult to estimate accuracy for pp or e+e- collisions


Validity can depend on source of correlation (identical particles/strong/Coulomb)



Three Classes of Interaction
Identical Particle Statistics

U(x1, x2; ~p1, ~p2) =
1p
2

⇥
e�ip1·x1�ip2·x2 ± e�ip1·x2�ip2·x1

⇤
,

|U(x1, x2; ~p1, ~p2)|2 = 1± cos {(p1 � p2) · (x1 � x2)}
= 1 + cos {2~q0 · (~x0

1 � ~x0
2)} = |�~q(~r

0)|2
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→2 as q→0



Three Classes of Interaction
Identical Particle Statistics / Gaussian Source

s(~p, x) ⇠ exp

⇢
� x2

2R2
x(~p)

� y2

2R2
y(~p)

� z2

2R2
z(~p)

� t2

2⌧2(~p)

�
,

C(~p, ~Q) = 1 + exp
�
�Q2

0⌧
2(~p)�Q2

xR
2
x(~p)�Q2

yR
2
y(~p)�Q2

zR
2
z(~p)

 
,

Q0 = E1 � E2, ~Qi = ~p1 � ~p2

<latexit sha1_base64="gukTNpk8r8YV0/SXnFhHsQc3cXM="></latexit>

Q0 not independent

Elongation along p signal of lifetime

Q0 ⇡ ~vp · ~Q,

R2
k(~p) = (Ri(~p) · v̂p,i)2 + v2p⌧

2(~p)

<latexit sha1_base64="2rIhBkzxwQ9AxXXFFeoA6oojDO8="></latexit>



Gaussian Source
Six parameters describe size for each p

R2 has six independent components
Equivalently: 3 radii and 3 Euler angles

Goal: determine 7-dimensional s(p,r,t), 
but measurement confined to 6-dimensional C(p,Q)  
Temporal information always ambiguous

S(~r) ⇠ exp

⇢
�1

4
(R2

ij)
�1rirj

�

C(~p, ~Q) = 1 + exp
�
QiR

2
ijQj
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Gaussian Source
𝛌 parameter (coherence parameter)

C(~p, ~Q) = 1 + � exp
�
QiR

2
ijQj

 

<latexit sha1_base64="ZZ8tFnnpYqhJulx6YbgpzB1cxXo="></latexit>

If fraction of interfering particles is 𝛌1/2  
Fraction from long-lived resonances = 1- 𝛌1/2  
   Example: If 30% come from long-lived resonances, 𝛌=0.49 
Also used to describe effects of “coherence” — more later



Three Classes of Interaction
Strong Interaction
Most of source outside range of potential ⇒ only phase shifts matter 
Usually only 𝓁=0,1 are relevant

For r & 1 fm, �~q(~r) = ei~q·~r +
X

`

(2`+ 1)ei�` sin �`
eiqr

qr
P`(cos ✓)
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For r<1 fm, solve Schrödinger equation (not important for large sources)



Three Classes of Interaction
Strong Interaction / Density of States
For large volumes (qR>>1),


sin(qR+ �) = 0, qR+ � = N⇡,

dN

dq
=

✓
dN

dq

◆

0

+
1

⇡

d�

dq
,

C(q) =
(2`+ 1)(1/⇡)d�`/dq

(4⇡q2)V/(2⇡)3

=
2⇡

q2V

d�

dq

<latexit sha1_base64="XUcj9VgTzsD+sJ6rj76xBXRxpUs="></latexit>

1

V
! S(r = 0)

<latexit sha1_base64="Z1Lnh3JdbTVD8VX+um3JHuNsy6Q="></latexit>

Strong interaction good for measuring 
“volume”



Three Classes of Interaction
Strong Interaction / Large Volume Limit
For large volumes (qR>>1),

k21u1 = �@2

ru1 + 2m~2V (r)u1,

k22u2 = �@2
ru2 + 2m~2V (r)u2,

k21w1 = �@2
rw1,

k22w2 = �@2
rw2.

<latexit sha1_base64="o7WRVO7T2nEU1Sz0pcHc5bDxXik="></latexit>

Let k2=k1+𝝙k
2k�k

Z R!1

0
dr (| (r)|2 � | 0(r)|2) = k��,

Z R!1

0
dr (| (r)|2 � | 0(r)|2) =

1

2

d�

dk
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For r > 1 fm, w(r) = u(r) = sin(kr + �)

<latexit sha1_base64="lYubigxZsGv/DlPNP/TsZuiFGuQ="></latexit>

(k21 � k22)

Z R

0
dr (u1u2 � w1w2)

=

Z R

0
dr

⇥
�(@2

ru1)u2 + (@2
ru2)u1 � (@2

rw1)w2 + (@2
rw2)w1

⇤

= [u1@ru2 � u2@ru1 + w1@rw2 � w2@rw1]r=0

� [u1@ru2 � u2@ru1 + w1@rw2 � w2@rw1]r=R

= k2 sin(�1) cos(�2)� k1 cos(�1) sin(�2)

<latexit sha1_base64="eTOm49kXlwGrYvzv4I8rfwutoTk="></latexit>



Three Classes of Interaction
Strong Interaction / Large Volume Limit

Z R!1

0
dr (| (r)|2 � | 0(r)|2) =

1

2

d�

dk
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In terms of full scattering wave,

Same as previous result!

Z
d3r(|�~q(~r)|2 � |�(0)

~q (~r)|2) = 2⇡

q2
d�

dq
,

C(q) = 1 +

R
d3r(|�~q(~r)|2 � |�(0)

~q (~r)|2)
R
d3r

= 1 +
2⇡

q2V

d�

dq
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Three Classes of Interaction
Strong Interaction / qR<<1, R>> 1 fm

C(q→0) determined by scattering length 
For nn scattering length ~20 fm 
Not useful when Coulomb present

qr << 1

� ⇡ �qa

�~q(~r) = ei~q·~r + ei� sin �
eiqr

qr

⇡ 1� a

r
,

|�~q(~r)|2 ⇡ 1� 2a

r
,

C(q ! 0) ⇡ 1�
Z

d3r S(~r)
2a

r
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Three Classes of Interaction
Coulomb Interaction

Classical Limit: Trajectory ~qf (~qi,~ri)

<latexit sha1_base64="KlGKAqRuLXh5X0LrlihAmrC5FsE="></latexit>

|�~qf (~ri)|2 ! d3qi
d3qf

<latexit sha1_base64="G6CMBADBZiNzVgCSq0ilNsPSmhk="></latexit>

Solve for qi in terms of qf 
E = constant =

q2f
2m

=
q2i
2m

+
e2

ri
,

Ly = constant = qiri sin ✓i

~q ⇥ ~L+me2r̂ = constant = riq
2
i (sin ✓iẑ � cos ✓ix̂) +me2ẑ

= riqiqf (cos ✓f ẑ + sin ✓f x̂)⇥ (sin ✓0ŷ) +me2(cos ✓f ẑ + sin ✓f x̂)

<latexit sha1_base64="/lymeI/DV1NIuXWQqHcPOD424ig="></latexit>

Lenz vector

d3qi
d3qf

=
qi sin ✓i
qf sin ✓f

@

@✓f
✓i

<latexit sha1_base64="md0C7+nsIo0LnzDMVaLLz4Gt4jg="></latexit>

qi =
q

q2f � 2me2/ri

sin ✓i =
qf sin ✓f ±

q
q2f sin

2 ✓f � 2(q2f � q2i )(1� cos ✓f )

2qi
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Good when r/a0 >>1



Three Classes of Interaction
Coulomb Interaction

Classical Limit: Trajectory ~qf (~qi,~ri)

<latexit sha1_base64="KlGKAqRuLXh5X0LrlihAmrC5FsE="></latexit>

|�~qf (~ri)|2 ! d3qi
d3qf
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Averaged over direction



Three Classes of Interaction
Coulomb Interaction

For e2/r >> q2/2m, tunneling

Gamow penetration factor 
finite probability of getting to origin

|�~q(~r ! 0)|2 =
2⇡⌘

e2⇡⌘ � 1
[1 + cos(2q · r/~)]

<latexit sha1_base64="0SnK/EfwT0TOhsEMgE2GS2QdwLY="></latexit>

If 2𝛑R/a0 << 1 

Gamow correction misses full Coulomb by ~10% for 𝛑𝛑 
Worse for larger sources or heavier particles 

|�~q(~r ! 0)|2 =
2⇡⌘

e2⇡⌘ � 1
,

⌘ =
me2

~q
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Three Classes of Interaction
Coulomb Interaction

More sophisticated:

Coulomb “Correction” often done by experiments

Ccorrected(~q) ! Ctrue(~q)/G(⌘),

G(⌘) =
2⇡⌘

e2⇡⌘ � 1

<latexit sha1_base64="Gj+yx1dynSKS/xSjXhrjRojllxU="></latexit>

Ccorrected(~q) = Ctrue(~q)
C(Gaussian, noCoulomb)(~q)

C(Gaussian, withCoulomb)(~q)

<latexit sha1_base64="ZtCplN2h2H9493nuSWHKjgIhMuo="></latexit>

Gaussian requires choice of R and 𝛌
Only done for 𝛑𝛑 
Only purpose: satisfy lazy theorists



Three Classes of Interaction
Identical-Particle Interference

Coulomb Interaction

Strong Interaction

— Easy to invert 
— Measures size and shape 
— Excellent approximation for small q

— Excellent for size, especially S(r=0), less sensitive to shape 
— Some theoretical “systematic error”

— Both size and shape for smaller Bohr radius (heavier or more highly charged) 
— Theoretically robust if q is small 
— For 𝛑𝛑, impairs ability to use identical-particle interference



Three Classes of Interaction
Examples: Identical-Particle Interference
Femtoscopy in Heavy Ion Collisions 23
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Figure 4: Projections of
a three-dimensional correla-
tion function (integrated over
0-30 MeV/c in orthogonal
components) for low-kT π−

pairs for 200 GeV central
Au+Au collisions (118) (filled
symbols) with fit function.
Open symbols include cor-
rection for Coulomb interac-
tion among all pairs. Projec-
tions were generated accord-
ing to the prescription de-
scribed in (140).

the form of the Gamow factor given in Section 2 and an empirical parameter λ
to account for the observation that not all pairs exhibit femtoscopic correlations.
With steady improvements in data quality and CPU speed, the Gamow factor
has been replaced with a calculation of an squared unsymmetrized Coulomb wave
for a finite Gaussian source. The improvements in data quality have also led to a
self-consistent treatment of λ with respect to both Coulomb and Gaussian com-
ponents of the fit function (138; 139). For this to be accurate, we must assume
that the source is fully chaotic, an assumption that has recently been verified
with three-pion correlations (85; 81). The non-femtoscopic pairs consist of mis-
identified particles and particles that emanate from too far from the source for
the correlation to be resolved experimentally. The region far from the source has
been referred to the source halo, to differentiate it from the core. The correlation
fit function is therefore given by Equation 36,

C(q) = N [λG(q)F (q) + (1 − λ)] , (36)

where N is the overall normalization, F is the Coulomb component, and G is the
Gaussian form for the un-damped correlation function, Equation 19 for out-long-
side coordinates, or Equation 21 for Yano-Koonin variables.

Figure 4 shows projections of a π− − π− correlation function measured by the
STAR collaboration (118). The filled symbols are the measured correlation func-
tion corrected for momentum resolution only and fit with Equation 36. The open
symbols have been overcorrected by applying to all pairs the Coulomb correction
for the fitted source dimensions. Depending on the shape of the correlation and
degree of experimental contamination, extracted homogeneity lengths may vary
by up to ∼ 15% if the correlation function is overcorrected.

For proton-proton correlations and non-identical particle correlations, direct
fits are performed by convoluting the full kernel with a parameterized source.
For these analyses, the paucity of statistics has been more of a limitation than
the relatively modest demands in CPU power. The examples given in Section 4
are all for one-dimensional analyses, but recent data from RHIC will soon be

𝛑𝛑 interferometry 
with & without Coulomb corrections

R



Three Classes of Interaction
Examples: Strong Interaction

nn interferometry 

from the target. Also, neutrons with energies less than 5
MeV ~those with the longest flight times! were excluded
from the analysis. Even after these cuts, about 10% of the
singles neutrons come from background, as measured in
shadow-bar runs.
On average, the correlation function can be corrected for

the remaining background @16#. A corrected correlation func-
tion can be defined as

11R8~q !5
(Y 2~p1,p2!2a(Y 1~p1!Y 1~p2!b~p1,p2!

a(Y 1~p1!Y 1~p2!@12b~p1,p2!#
.

~5!

Here the functions Y 2(p1,p2) and Y 1(p) are the same as in
Eq. ~4!. The product of the singles yields in the standard
correlation function is a distribution reflecting the geometry
and efficiency of the detectors without the correlations of the
source found in the coincident events. This uncorrelated dis-
tribution should be similar to the distribution of scattered
events that are added by the background. The function
b(p1,p2) is the fraction of times that an event measuring
neutrons with momenta p1 and p2 would be a background
event. This weighting determined from the shadow bar mea-
surements is applied on an event-by-event basis. The correc-
tion b(p1,p2) depends on which detectors were hit but is
independent of the energies and horizontal positions of the
neutrons. The denominator of the corrected correlation func-
tion is weighted based on the fraction of events which are not
background @12b(p1,p2)# . One overall normalization con-
stant a is chosen so that ^R8(q)&50 for 16<q
<40 MeV/c . The correlation function was corrected for
background and the enhancement is about 10%, as shown in
Fig. 1.

III. INTERPRETATION OF RESULTS

In order to characterize the results, the correlation func-
tion was compared to the results from a simple source emit-
ting neutrons. The neutrons originate from the surface of a
sphere with radius r57 fm, corresponding to total fusion of
the reacting nuclei ~r51.2A1/3, A5205!. The emission times
are chosen from an exponential distribution, exp(2t/t) de-
scribed by a lifetime t. The energy for each neutron is cho-
sen by sampling the efficiency-corrected singles spectrum
from the experiment. The energy selected for a neutron is
assumed to be completely independent of its emission time.
The single-particle phase-space distribution thus produced
was filtered using Monte Carlo simulations of the detector
response and a correlation function constructed according to
the Koonin-Pratt formalism @17,18#. The correlation func-
tions produced before and after filtering are identical at all
except the lowest relative momenta @16#. The correlation
functions predicted for various lifetimes were compared to
the data in Fig. 2, and a lifetime of 7006200 fm/c was ex-
tracted.
As a test of how well a statistical model agrees with the

experimental data, a code which implements the statistical
formalism of Ref. @19# was used. This model predicts the
position, time, and energy for particles emitted from an ex-
cited source, specified by the initial number of protons and
neutrons, the excitation energy, and the energy-level density.
These parameters were chosen as follows. First, the mass and
charge of the compound nucleus were set equal to the size of
the total system, i.e., the effects of preequilibrium emission
were assumed to have a small effect on the number of nucle-
ons available to the compound source. Second, since increas-
ing the level density or decreasing the excitation energy

FIG. 1. The correlation function before any corrections com-
pared to the results after corrections were made. All three cases
include only neutron pairs with energies greater than 5 MeV and
total momentum less than 250 MeV/c . The triangles represent the
correlation function with no corrections. The open circles show the
correlation function after the cross-talk elimination. The filled
circles are the final results with cross-talk elimination and the back-
ground corrections.

FIG. 2. Comparison of the experimental correlation function to
model calculations. The points show the data after the cross-talk
elimination and background corrections. The solid lines are calcu-
lated from a surface emission model with a source radius r
57 fm. The dashed lines are the results from the evaporation model
with the excitation energies indicated. The model results are filtered
to take into account cuts on neutron energy and total momentum
applied to the data and the finite solid angle covered by the detec-
tors. The surface model includes detector response and cross-talk
elimination.

PRC 58 2163TIME SCALES FROM TWO-NEUTRON INTENSITY . . .

K+K-@PbPb2.76TeV Konstantin Mikhaylov WPCF June 3, 2019 5 

K+K- existing results: STAR 

●  K+K- in AuAu at √s
NN

=200 GeV

[WPCF 2017, Jindřich Lidrych]

●  CF=(CFtheor-1)∙λ+1 (no fit)
 CFtheor → Lednický model 

● Data is described qualitativly  
for large source

● Does not take into account
      production mechanismϕ

K+K- correlations — 𝛗 peak

S.Gaff et al, PRC 1998
K. Mikhaylov, ALICE, WPCF 2019  

Height ~ 1/R Height ~ 1/R3



Multi-Particle Symmetrization

�(k1, k2, · · ·xN ;x1, x2, · · ·xn) =
1p
N !

X

perm.j(i)

Y
e
P

ikixj(i)

=
1p
6

�
eik1x1+ik2x2+ik3x3 + eik1x2+ik2x3+ik3x1 + eik1x3+ik2x1+ik3x2

+ eik1x2+ik2x1+ik3x3 + eik1x3+ik2x2+ik3x1 + eik1x1+ik2x2+ik3x1
�
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|�(k1 · · · kn;x1 · · ·xn)|2 = 1 + cos[(k1 � k2) · (x1 � x2)] + cos[(k2 � k3) · (x2 � x3)] + cos[(k1 � k3) · (x1 � x3)]

+ cos[k1 · (x1 � x2) + k2 · (x2 � x3) + k3 · (x3 � x1)] + cos[k1 · (x1 � x3) + k2 · (x2 � x1) + k3 · (x3 � x2)]
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|�(k1 · · · kn;x1 · · ·xn)|2 = 1

+ cos[(k1 � k2) · (x1 � x2)] + cos[(k2 � k3) · (x2 � x3)] + cos[(k1 � k3) · (x1 � x3)]

+ cos[k1 · (x1 � x2) + k2 · (x2 � x3) + k3 · (x3 � x1)]

+ cos[k1 · (x1 � x3) + k2 · (x2 � x1) + k3 · (x3 � x2)]
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Wave function has N! Terms



Multi-Particle Symmetrization
Terms can be categorized via permutation cycles

Recursively sum over all  
permutations

Analytical for non-relativistic 
Gaussian sources

S.P., PLB 1993



Multi-Particle Symmetrization
Multiplicity distributions, spectra and correlations distorted

S.P., PLB 1993

Only important for pions at low p, where phase space density might be high 
Adding pions to fixed phase space can result in super-luminescence 



Multi-Particle Symmetrization
Coherent Sources

|⌘i = exp

⇢
i

Z
d3p j(~p)[a(~p) + a†(~p)]

�

<latexit sha1_base64="jHUjp6qOtpEwHKuT0X2pXHekgsQ="></latexit>

Results in no correlation,
h⌘|a†(~p)a(~p)|⌘i = j⇤(~p)j(~p),

h⌘|a†(~p)a†(~q)a(~q)a(~p)|⌘i = j⇤(~p)j(~p)j⇤(~q)j(~q),

= h⌘|a†(~p)a(~p)|⌘ih⌘|a†(~q)a(~q)|⌘i
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C(p, q) = 1
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Some lasers described by coherent states, 
is why 𝛌 is sometimes called “coherence parameter” 
Many variations…



Multi-Particle Symmetrization
SUMMARY

— Unimportant unless phase space density is high 

— Only an issue for 𝛑𝛑 at low pt (⪝ 200 MeV/c) 

— Dramatic behavior requires 𝛍𝛑 ~ m𝛑 — unlikely from observations 

— Difficult to predict manifestations once it becomes important, 
     correlation can flatten (fall to 1.0) or broaden (maintain intercept at 2.0) 
     depends sensitively on model assumptions



PHENOMENOLOGY — COLLECTIVE FLOW
VOCABULARY: Rout, Rlong, Rside

Only makes sense for HE collisions, Bjorken flow

vcoll,z =
z

t
, �vcoll,z =

z

⌧
, ycoll = sinh(⌘),

⌧ =
p
t2 � z2 =

t

�
, ⌘s =

1

2
ln

1 + z/t

1� z/t
= sinh�1(�vcoll,z)
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— Boost-invariant: physics depends only on 𝞃, not 𝝶s 

— No longitudinal acceleration (coasting) 
— Pair with rapidity y emitted mainly from matter moving at position 𝝶=y



PHENOMENOLOGY — COLLECTIVE FLOW
VOCABULARY: Rout, Rlong, Rside

Measure phase space cloud in LCMS (longitudinally comoving frame) 

qlong Rlong

qside Rside

qout Rout

<latexit sha1_base64="Vu3BBlRLeGrDn3Pg8J6Pe0/toAA="></latexit>

Relative momenta in LCMS

Gaussian dimensions in LCMS

Longitudinal, along beam


Sideward, ⟘ to beam and p 


Outward, along p in LCMS



PHENOMENOLOGY — COLLECTIVE FLOW
“Region of homogeniety”

Even if source is infinite, Rlong is finite

Rlong ⇠ vtherm
dvcoll
dz

= vtherm⌧breakup

<latexit sha1_base64="YcZPwnEfhCp02RonzW6rmavdi3Y="></latexit>

vtherm ⇠
r

T

mt
, mt =

q
m2 + p2t
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Mt scaling for larger mt  
Independent of species 
Only for Rlong

Rlong / 1
p
mt
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PHENOMENOLOGY — COLLECTIVE FLOW
Transverse Flow
Rout,side should also fall with mt 

m�1/2
t (GeV�1/2)

<latexit sha1_base64="C6+JspRpE/a9csDG12Nj/jzjyWI="></latexit>



PHENOMENOLOGY — COLLECTIVE FLOW
Non-identical particles

C(qout) 6= C(�qout)
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Non-identical correlations in STAR 3
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Figure 1. The correlation functions for (a) pion-proton at 130AGeV , (b) pion-kaon
at 200AGeV , (c) pion-proton at 200AGeV and (d) kaon-proton at 200AGeV . The
• points are for ++ combination, ◦ for −−, for +− and #$ for −+. Solid lines show
fits to the data, dashed lines show theoretical expectation.
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Figure 2. Comparing (a) pion-kaon, (b) pion-proton and (c) kaon-proton correlation
function fit results (◦ symbols) for 〈r∗out〉 with model predictions: blast-wave
parameterization(thin solid line) and RQMD(thick solid line). We show a space(dotted
line) - 〈∆rout〉 and time (dashed line) - 〈∆t〉 component of the asymmetry from RQMD
separately. The results of the fit to the RQMD simulations are shown as ! symbols.

unity for all the pair combinations, showing that pions, kaons and protons are not
emitted from the same average space-time point.

To quantify that shift a fitting procedure is applied to the data. A source is assumed

to be a 3-dimensional Gaussian in the pair rest frame with a width σ and a shift 〈r∗out〉 in
the out direction. They are taken as parameters of the fit. For each of their values, with

the use of the experimental momentum distribution, a theoretical correlation function

is constructed. We use a χ2 test to measure how well the generated correlation function
agrees with the experimental one. The one with the lowest χ2 value is taken as the

“best fit”. The results of this fitting procedure are shown on Fig. 2.

3. Understanding space-time asymmetries from models

Heavy-ion reaction models, which study the dynamics of the collision, provide a

description of the emitting source. They also give the predictions for the emission
asymmetries, which can be directly compared to our experimental results and used to

gain a better understanding of the reaction.

The blast-wave parameterization [8] inspired by hydrodynamic calculations provides

𝛑p 
(130 GeV)

𝛑K 
200 GeV

𝛑p 
200 GeV

Kp 
200 GeV

o -same sign 
   - opp. Sign 



PHENOMENOLOGY — COLLECTIVE FLOW
Non-identical particles
Non-identical correlations in STAR 3
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unity for all the pair combinations, showing that pions, kaons and protons are not
emitted from the same average space-time point.

To quantify that shift a fitting procedure is applied to the data. A source is assumed

to be a 3-dimensional Gaussian in the pair rest frame with a width σ and a shift 〈r∗out〉 in
the out direction. They are taken as parameters of the fit. For each of their values, with

the use of the experimental momentum distribution, a theoretical correlation function

is constructed. We use a χ2 test to measure how well the generated correlation function
agrees with the experimental one. The one with the lowest χ2 value is taken as the

“best fit”. The results of this fitting procedure are shown on Fig. 2.

3. Understanding space-time asymmetries from models

Heavy-ion reaction models, which study the dynamics of the collision, provide a

description of the emitting source. They also give the predictions for the emission
asymmetries, which can be directly compared to our experimental results and used to

gain a better understanding of the reaction.

The blast-wave parameterization [8] inspired by hydrodynamic calculations provides
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unity for all the pair combinations, showing that pions, kaons and protons are not
emitted from the same average space-time point.

To quantify that shift a fitting procedure is applied to the data. A source is assumed

to be a 3-dimensional Gaussian in the pair rest frame with a width σ and a shift 〈r∗out〉 in
the out direction. They are taken as parameters of the fit. For each of their values, with

the use of the experimental momentum distribution, a theoretical correlation function

is constructed. We use a χ2 test to measure how well the generated correlation function
agrees with the experimental one. The one with the lowest χ2 value is taken as the

“best fit”. The results of this fitting procedure are shown on Fig. 2.

3. Understanding space-time asymmetries from models

Heavy-ion reaction models, which study the dynamics of the collision, provide a

description of the emitting source. They also give the predictions for the emission
asymmetries, which can be directly compared to our experimental results and used to

gain a better understanding of the reaction.

The blast-wave parameterization [8] inspired by hydrodynamic calculations provides

C(qout) 6= C(�qout)
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hza � zbi 6= 0
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Offsets a few fm

𝛑K(200)

o -same sign 
   - opp. Sign 



PHENOMENOLOGY — COLLECTIVE FLOW
Elliptic Flow

out & side not necessarily principal axes

C(Q) ⇠ 1 + exp
�
QiR

2
ijQj

�

Rij =

0

@
R2

out�out Rout�side R2
out�long

R2
side�out R2

side�side R2
side�long

R2
long�out R2

long�side R2
long�long

1

A
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PHENOMENOLOGY — COLLECTIVE FLOW
Elliptic Flow

C(Q) ⇠ 1 + exp
�
QiR

2
ijQj

�

Rij =

0

@
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out�out Rout�side R2
out�long

R2
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side�side R2
side�long

R2
long�out R2

long�side R2
long�long

1

A

<latexit sha1_base64="Og7bDc1KZl+NoTLmygoRx8AoHFE="></latexit>

where the !1" !# and ! terms account for the nonparti-
cipating and participating fractions of pairs, respectively,
N is a normalization parameter, and G!q;!# is the
Gaussian correlation model [23]:

G!q;!# $ e"q2oR2
o!!#"q2sR2

s !!#"q2l R
2
l !!#"qoqsR2

os!!#: (2)

R2
i are the squared HBT radii, where the l, s, and o

subscripts indicate the long (parallel to beam), side (per-
pendicular to beam and total pair momentum), and out
(perpendicular to ql and qs) decomposition of q with an
additional cross term [27]. Fitting with Eq. (1) caused Ro
to increase 10%–20% compared to Coulomb correcting
all pairs, while Rs and Rl, respectively, are consistent
within errors.

Figure 1 shows the squared HBT radii, obtained using
Eq. (1), as a function of ! for three centrality classes. All
pairs with pair transverse momentum 0:15 % kT %
0:6 GeV=c are included, and each centrality is divided
into 12 ! bins of 15& width. The data point at ! $ " is
the reflected ! $ 0 value, and solid lines indicate Fourier
expansions of the allowed oscillations [24]:

R2
#;n!kT# $

! hR2
#!kT;!# cos!n!#i !# $ o; s; l#;

hR2
#!kT;!# sin!n!#i !# $ os#: (3)

As expected [3], the 0th-order Fourier coefficient (FC)
indicates larger apparent source sizes for more central
collisions. We verified that the 0th-order FC corresponds
to the HBT radii from an azimuthally integrated analysis.

Strong 2nd-order oscillations are observed for R2
o, R2

s ,
and R2

os, and the signs of the oscillations are qualitatively
self-consistent [10,24], though the amplitude for most-
central events is small. Similar oscillations were observed

in a statistics-limited analysis of minimum-bias Au' Au
collisions at

""""""""

sNN
p $ 130 GeV [28]. These oscillations

correspond to a pion source spatially extended perpen-
dicular to the reaction plane, as discussed below. The next
terms (4th order) in the Fourier expansions [Eq. (3)] are
consistent with zero within statistical errors.

The kT dependence of the oscillations of the HBT radii
may contain important information on the initial condi-
tions and equation of state of the system [29]. Figure 2
shows the ! dependence of HBT radii for midcentral
(20%–30%) events for four kT bins. Because of the addi-
tional division of pairs in kT , only four bins in ! are used.
The 0th-order FC increases with decreasing kT , which
was observed for azimuthally integrated HBTanalyses at
""""""""

sNN
p $ 130 GeV [3] and attributed to pion emission
from an expanding source. Strong out-of-plane oscilla-
tions are observed for all transverse radii in each kT bin.

The full results are summarized in Fig. 3, which shows
the centrality dependence of the Fourier coefficients for
three ranges of kT . The number of participants for each
centrality was determined using a simple nuclear overlap
model [19]. Systematic variations of the HBT radii arise
due to their sensitivity to the antimerging cut threshold
and uncertainty associated with the Coulomb procedure
[3]. The total variation is largest for R2

o;0 ((10%). The
systematic variation on the relative amplitudes plotted in
the right panels of Fig. 3 are negligible compared to
statistical errors. Also, all correlation functions compos-
ing Fig. 3 are corrected for momentum resolution follow-
ing our prescription in Ref. [3].
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FIG. 1 (color online). Squared HBT radii using Eq. (1) rela-
tive to the reaction plane angle for three centrality classes. The
solid lines show allowed [24] fits to the individual oscillations.
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FIG. 2 (color online). Squared HBT radii relative to the
reaction plane angle for four kT (GeV=c) bins, 20%–30%
centrality events. The solid lines show allowed [24] fits to the
individual oscillations.
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STARR2out-long & R2side-long non-zero at SPS 

— violation of Bjorken flow



PHENOMENOLOGY — COLLECTIVE FLOW
Six dimensions of information

C(Y, pt,�, Qout, Qside, Qlong)

<latexit sha1_base64="A9777WLviausLCsXgxnwcIaQ6Fw="></latexit>

Average momenta

Relative momenta

S(Y, pt,�; rout, rside, rlong)

<latexit sha1_base64="GZodFqTrIVqPgKYW2qZkNOl00As="></latexit>

Relative position

Collective flow manifest in every dimension 
All six dimensions have been explored!



Correlations from Transport Models

First: Generate source function

Sab(~v,~r) =

Z
d3rad

3rb �(~ra � ~rb � ~r)fa(~v,~ra, t)fb(~v,~r, t)

<latexit sha1_base64="o/AeI1ht2q+dc+BK9fFNkAOXVoY="></latexit>

—Sum over every particle of type a and type b in velocity bin v 
— Use positions and times of last interactions with remainder of system  
—Make distribution of ra-rb-v(ta-tb)  [boost to c.o.m. frame] 
—Average |𝞿(Q,r)|2 over pairs 
— Carefully model acceptance 
— Some variants of this procedure account for other correlations

Algorithm(s)



Correlations from Transport Models
Rout/Rside ~ 1.5 in models vs 1.0 in data 
HBT Puzzle

Solution: 
— Include early collective flow 
— Use reasonable equation of state 
— Include viscosity 
— Better relative wave function 

Be careful!



Extracting Eq. of State
Neutron-neutron correlations

from the target. Also, neutrons with energies less than 5
MeV ~those with the longest flight times! were excluded
from the analysis. Even after these cuts, about 10% of the
singles neutrons come from background, as measured in
shadow-bar runs.
On average, the correlation function can be corrected for

the remaining background @16#. A corrected correlation func-
tion can be defined as

11R8~q !5
(Y 2~p1,p2!2a(Y 1~p1!Y 1~p2!b~p1,p2!

a(Y 1~p1!Y 1~p2!@12b~p1,p2!#
.

~5!

Here the functions Y 2(p1,p2) and Y 1(p) are the same as in
Eq. ~4!. The product of the singles yields in the standard
correlation function is a distribution reflecting the geometry
and efficiency of the detectors without the correlations of the
source found in the coincident events. This uncorrelated dis-
tribution should be similar to the distribution of scattered
events that are added by the background. The function
b(p1,p2) is the fraction of times that an event measuring
neutrons with momenta p1 and p2 would be a background
event. This weighting determined from the shadow bar mea-
surements is applied on an event-by-event basis. The correc-
tion b(p1,p2) depends on which detectors were hit but is
independent of the energies and horizontal positions of the
neutrons. The denominator of the corrected correlation func-
tion is weighted based on the fraction of events which are not
background @12b(p1,p2)# . One overall normalization con-
stant a is chosen so that ^R8(q)&50 for 16<q
<40 MeV/c . The correlation function was corrected for
background and the enhancement is about 10%, as shown in
Fig. 1.

III. INTERPRETATION OF RESULTS

In order to characterize the results, the correlation func-
tion was compared to the results from a simple source emit-
ting neutrons. The neutrons originate from the surface of a
sphere with radius r57 fm, corresponding to total fusion of
the reacting nuclei ~r51.2A1/3, A5205!. The emission times
are chosen from an exponential distribution, exp(2t/t) de-
scribed by a lifetime t. The energy for each neutron is cho-
sen by sampling the efficiency-corrected singles spectrum
from the experiment. The energy selected for a neutron is
assumed to be completely independent of its emission time.
The single-particle phase-space distribution thus produced
was filtered using Monte Carlo simulations of the detector
response and a correlation function constructed according to
the Koonin-Pratt formalism @17,18#. The correlation func-
tions produced before and after filtering are identical at all
except the lowest relative momenta @16#. The correlation
functions predicted for various lifetimes were compared to
the data in Fig. 2, and a lifetime of 7006200 fm/c was ex-
tracted.
As a test of how well a statistical model agrees with the

experimental data, a code which implements the statistical
formalism of Ref. @19# was used. This model predicts the
position, time, and energy for particles emitted from an ex-
cited source, specified by the initial number of protons and
neutrons, the excitation energy, and the energy-level density.
These parameters were chosen as follows. First, the mass and
charge of the compound nucleus were set equal to the size of
the total system, i.e., the effects of preequilibrium emission
were assumed to have a small effect on the number of nucle-
ons available to the compound source. Second, since increas-
ing the level density or decreasing the excitation energy

FIG. 1. The correlation function before any corrections com-
pared to the results after corrections were made. All three cases
include only neutron pairs with energies greater than 5 MeV and
total momentum less than 250 MeV/c . The triangles represent the
correlation function with no corrections. The open circles show the
correlation function after the cross-talk elimination. The filled
circles are the final results with cross-talk elimination and the back-
ground corrections.

FIG. 2. Comparison of the experimental correlation function to
model calculations. The points show the data after the cross-talk
elimination and background corrections. The solid lines are calcu-
lated from a surface emission model with a source radius r
57 fm. The dashed lines are the results from the evaporation model
with the excitation energies indicated. The model results are filtered
to take into account cuts on neutron energy and total momentum
applied to the data and the finite solid angle covered by the detec-
tors. The surface model includes detector response and cross-talk
elimination.

PRC 58 2163TIME SCALES FROM TWO-NEUTRON INTENSITY . . . Below the energy for 
explosion/multifragmentsion

Gaff et al, PRC 98

Above the energy for 
explosion/multifragmentsion



Extracting Eq. of State
Neutron-neutron correlations

from the target. Also, neutrons with energies less than 5
MeV ~those with the longest flight times! were excluded
from the analysis. Even after these cuts, about 10% of the
singles neutrons come from background, as measured in
shadow-bar runs.
On average, the correlation function can be corrected for

the remaining background @16#. A corrected correlation func-
tion can be defined as
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Here the functions Y 2(p1,p2) and Y 1(p) are the same as in
Eq. ~4!. The product of the singles yields in the standard
correlation function is a distribution reflecting the geometry
and efficiency of the detectors without the correlations of the
source found in the coincident events. This uncorrelated dis-
tribution should be similar to the distribution of scattered
events that are added by the background. The function
b(p1,p2) is the fraction of times that an event measuring
neutrons with momenta p1 and p2 would be a background
event. This weighting determined from the shadow bar mea-
surements is applied on an event-by-event basis. The correc-
tion b(p1,p2) depends on which detectors were hit but is
independent of the energies and horizontal positions of the
neutrons. The denominator of the corrected correlation func-
tion is weighted based on the fraction of events which are not
background @12b(p1,p2)# . One overall normalization con-
stant a is chosen so that ^R8(q)&50 for 16<q
<40 MeV/c . The correlation function was corrected for
background and the enhancement is about 10%, as shown in
Fig. 1.

III. INTERPRETATION OF RESULTS

In order to characterize the results, the correlation func-
tion was compared to the results from a simple source emit-
ting neutrons. The neutrons originate from the surface of a
sphere with radius r57 fm, corresponding to total fusion of
the reacting nuclei ~r51.2A1/3, A5205!. The emission times
are chosen from an exponential distribution, exp(2t/t) de-
scribed by a lifetime t. The energy for each neutron is cho-
sen by sampling the efficiency-corrected singles spectrum
from the experiment. The energy selected for a neutron is
assumed to be completely independent of its emission time.
The single-particle phase-space distribution thus produced
was filtered using Monte Carlo simulations of the detector
response and a correlation function constructed according to
the Koonin-Pratt formalism @17,18#. The correlation func-
tions produced before and after filtering are identical at all
except the lowest relative momenta @16#. The correlation
functions predicted for various lifetimes were compared to
the data in Fig. 2, and a lifetime of 7006200 fm/c was ex-
tracted.
As a test of how well a statistical model agrees with the

experimental data, a code which implements the statistical
formalism of Ref. @19# was used. This model predicts the
position, time, and energy for particles emitted from an ex-
cited source, specified by the initial number of protons and
neutrons, the excitation energy, and the energy-level density.
These parameters were chosen as follows. First, the mass and
charge of the compound nucleus were set equal to the size of
the total system, i.e., the effects of preequilibrium emission
were assumed to have a small effect on the number of nucle-
ons available to the compound source. Second, since increas-
ing the level density or decreasing the excitation energy

FIG. 1. The correlation function before any corrections com-
pared to the results after corrections were made. All three cases
include only neutron pairs with energies greater than 5 MeV and
total momentum less than 250 MeV/c . The triangles represent the
correlation function with no corrections. The open circles show the
correlation function after the cross-talk elimination. The filled
circles are the final results with cross-talk elimination and the back-
ground corrections.

FIG. 2. Comparison of the experimental correlation function to
model calculations. The points show the data after the cross-talk
elimination and background corrections. The solid lines are calcu-
lated from a surface emission model with a source radius r
57 fm. The dashed lines are the results from the evaporation model
with the excitation energies indicated. The model results are filtered
to take into account cuts on neutron energy and total momentum
applied to the data and the finite solid angle covered by the detec-
tors. The surface model includes detector response and cross-talk
elimination.

PRC 58 2163TIME SCALES FROM TWO-NEUTRON INTENSITY . . .
Below the energy for 

explosion/multifragmentsion
Above the theshold for 
explosion/multifragmentsion

LIQUID: stays at finite density, cools slowly by evaporation 
GAS: expands to fill all available volume, cools rapidly by expansion
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FIG. 1. Twenty pion, kaon and proton spectra as measured

by the ALICE collaboration at the LHC (circles for 0-5% and

squares for 20-30%) [14] are compared to model predictions

using parameters randomly taken from the prior parameter

space (panels a-c) and using parameters weighted by the like-

lihood (d-f).

FIG. 2. The pion azimuthal anisotropy v2, often referred

to as elliptic flow, from ALICE [16] for the 20-30% centrality

(circles) are compared to model predictions using parame-

ters randomly taken from the prior parameter space (a), and

weighted by the likelihood (b).

1, 2 and 3 by comparing both full model calculations at
20 random points in parameter space and then again at
20 points chosen proportional to the likelihood defined in
Eq. (1). Calculations are compared to ALICE Collabo-
ration at the LHC. Similarly good representations of the
experimental data are found for RHIC data, with results
very similar to those in [13]. The procedure readily iden-
tified regions of parameter space that matched the exper-
imental data within the 6% uncertainty assumed here.
Nonetheless, it appears that the procedure finds spec-
tra that have transverse momenta that are a few percent
higher than the the experiment, and femtoscopic source
sizes that are a few percent larger. This suggests the fem-
toscopic data and the spectra are competing for agree-
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FIG. 3. Two-particle femtoscopic source sizes from ALICE

[15] (circles for 0-5% and squares for 20-30% centrality) are

compared to model predictions using parameters randomly

taken from the prior parameter space (a-c), and weighted by

the likelihood (d-f).
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FIG. 4. The posterior likelihood for the two parameters that

describe the equation of state, X 0
and R, have a preference

to be along the diagonal. This shows that experiment con-

strains some integrated measure of the overall sti↵ness of the

equation of state, i.e. a softer equation of state just above Tc

is consistent with the data if it is combined with a more rapid

sti↵ening at higher temperature.

ment with the model, as slightly more explosive models
would better match the femtoscopic observations, while
less explosive models would better reproduce the spec-
tra. This implies that improved physics might be needed
if one were to reproduce the experimental results much
better than 6%.
The ability of the procedure to constrain the two pa-

14-parameter analysis narrows down Eq. of State 4
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FIG. 5. (a) Fifty equations of state were generated by ran-

domly choosing X 0
and R in Eq. (2) from the prior distribu-

tion and weighted by the posterior likelihood (b). The two

upper thick lines in each figure represent the range of lat-

tice equations of state shown in [4], and the lower thick line

shows the equation of state of a non-interacting hadron gas.

This suggests that the matter created in heavy-ion collisions

at RHIC and at the LHC has a pressure that is similar, or

slightly softer, to that expected from equilibrated matter.

rameters that determine the equation of state is shown
in Fig. 4. As a function of X 0 and R defined in Eq.
(2), the likelihood is significant for a large band near
the diagonal. Higher values of X 0, which delays the ap-
proach of the speed of sound to one third until higher
energy densities and makes the equation of state softer,
can be compensated by higher values of R, which sends
the speed of sound higher just above Tc and makes the
equation of state sti↵er. Fifty values of X 0 and R were
then taken randomly from both the prior, and weighted
by the posterior likelihood. For each case the speed of
sound is plotted as a function of the temperature in Fig.
2. It is clear that the experimental results significantly
constrain the equation of state and we also note that
the RHIC and LHC data in combination provide a bet-

ter constraint than either can alone. It appears that
the speed of sound cannot fall much below the hadron
gas value, ⇠ 0.15, for any extended range and that it
must rise with temperature. Figure 5 also shows a range
of equations of state from lattice calculations [4]. The
equations of state found here show a preference for being
slightly softer than those from the lattice, but the ranges
overlap.

IV. CONCLUSIONS

Determining the equation of state from experiment
has proven di�cult due to the intertwined links between
model parameters and numerous observables. The sta-
tistical techniques applied here overcome these di�cul-
ties. The resulting constraints suggest the speed of sound
gradually rises as a function of temperature from the
hadron gas value. The band of equations of state from
Fig. 5 is modestly softer than that of lattice calculations,
but has significant overlap. This analysis strengthens the
supposition that the matter created in relativistic heavy
ion collisions has properties similar to that of equilibrated
matter according to lattice calculations and shows that
our model describes the dynamics of heavy ion collisions
well enough to permit the extraction the thermodynamic
and transport properties of equilibrium condensed QCD
matter.
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FIG. 5. The resolving power for determining a pair of parameters, xi, xj , due to a specific observable ya as defined by Rij;a in
Eq. (22). The sensitivity for the two viscosity parameters is shown in the upper panel and that for the two equation-of-state
parameters is displayed in the lower panels. Information about eh viscosity is most strongly determined by measurements of
v2 and the multiplicities. The equation of state is most strongly constrained by femtoscopic radii.

pressures leading to more elongated phase space distributions in the outward direction and that the longitudinal sizes
would increase if transverse expansion was slower, [9, 16, 17]. Additionally, source sizes played a role in measuring
the final entropy, which is also a measure of the equation of state [18]. The mean transverse momentum had long
ago been pointed out as being sensitive to the temperature, and therefore the equations of state, [19], and even v2
had been suggested as a means for extracting early pressure [20]. Therefore, it was not surprising to see the resolving
power for the equation of state in Fig. 5 spread across all observables.

The techniques presented here could play a pivotal role in determining the direction of future experiments. Before
embarking on an expensive experimental program to improve the measure of a specific observable, one could check
to see how that improvement might indeed better determine parameters of greatest interest. For example, one could
determine whether running an accelerator for a specific projectile target combination, or at a new beam energy, or
with higher statistics would best provide insight into better determining the equation of state. In many cases it would
behoove the community to pre-analyze a project with modern statistical techniques before investing the cost and
manpower for the e↵ort.
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Imaging
The ultimate in femtoscopy!
C(~q) =

Z
d3r |�~q(~r)|2S(~r)

<latexit sha1_base64="HQ3ZmioaejTkUvhepHxAiw4nA6I="></latexit>

|𝞿|2 is function of q,r and cos𝞱

Goal: invert C(q) to get S(r) 
Strategy: break problem into spherical harmonics

D.Brown and P.Danielewicz, PRC 2001

Because |𝞿|2 is rotationally invariant (q and r rotate together)  
C𝓵m(q) can only depend on S𝓵m(r)
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Image one 𝓵,m at a time! 
Kernel depends only on 𝓵
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Clearly we were able to match the height, width and integral of the source function.
We even were able to begin to resolve the non-Gaussian halo in the longitudinal and
outwards direction caused by the combination of the finite lifetime of the underlying
emission function and the lab to pair CM boost. In addition, we can simply read off
the equivalent Gaussian radii from the source plots and find: Rs = 4.15± 0.08 fm,
Ro = 5.17 ± 0.12 fm, and Rl = 4.53± 0.09 fm. We can also read off the height to
get S(r = 0) = 13± 3× 10−5fm−3. If we integrate the source out to the edge of the
imaged region, we find the fraction of pairs that we can resolve is λ = 0.566±0.025.
Clearly, we can extract all of the important physics directly from these plots.
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Fig. 2. Comparison of the imaged source function (blue) and the input source
function (black). The left set of panels are on a linear scale and the right set of
panels are on a log scale.

Finally we apply the imaging to the data from AGS-E859 [ 8]. This experiment
was 14.6 AGeV Si+Au and the data was compiled in the pair CM frame. Fig 3
shows both the correlation slices and the imaged source slices. Looking at the
imaged source, we see significant differences between the imaged source and E859’s
best-fit Gaussians. The Gaussian fits and the images mostly agree in the sideward
and longitudinal directions however the outward direction seems to have a two-
component structure. If this structure is real, the simplest interpretation is that
the underlying emission function has an associated lifetime in the longitudinally
co-moving frame (not the lab frame). Unfortunately, as we see in the correlation
plots, there may be problems with the data that foil the imaging. There is a large
band of correlation values substantially below one from qo = 25− 75 MeV/c along
the outwards axis. This is a large unphysical anti-correlation that appears to be an
experimental artifact [ 9] to which the Gaussian fits are insensitive.
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Fig. 3. Left panel: 5 MeV wide slices of the correlations showing the input correla-
tion (black), input correlation expanded in Spherical Harmonics (red), and imaged
then unimaged correlation (blue). Right panel: slices through the imaged source
(blue band) and the best-fit Gaussian from E859 (black). The left set of sub-panels
are the source on a linear scale and the right set of sub-panels are the source on a
log scale.

4. Conclusions

We have a lot of work to do on this project before it is ready. In addition to
looking to other datasets, such as the recent PHENIX Run2 data, we are finishing
the merger of the imaging code with Mike Heffner’s CorAL code and Scott Pratt’s
kernel code. In the future we hope to tackle more general test source functions and
emission functions and to be able to handle un-like particles.
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