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Summary. The problem of spin-adaptation of the multi-reference (MR) coupled-
cluster (CC) formalism, employing Jeziorski—Monkhorst ansatz, is addressed. The
diagrammatic technique based on graphical methods of spin algebras is generalized
to the MR case, so that both direct and coupling terms can be determined.
Usefulness of this fully diagrammatic spin-adaptation approach is illustrated on
a derivation of explicit expressions for the linear and bilinear coupling terms that
are required in the special two-reference MR-CC theory involving singly and
doubly excited states (MR-CCSD formalism). Results obtained with the diagram-
matic approach are compared with those derived earlier using the algebraic
technique and relative advantages of both procedures are compared.
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1. Introduction

Recently, several advances have been made in the development and implementation
of the so-called Hilbert space or state universal multi-reference (MR) coupled-clus-
ter (CC) approach that is based on Jeziorski—Monkhorst cluster ansatz [1]. The
explicit equations for both linear [2] and nonlinear [3] versions of the orthogonally
spin-adapted MR-CC approach were derived for the special two-reference case,
corresponding to a valence space spanned by two active orbitals of different
symmetry. This derivation employed an algebraic approach formulated in terms
of spin-free replacement operators [4], even though the resulting terms were also
given a diagrammatic interpretation [3] in order to facilitate a comparison with
the single-reference (SR) closed-shell case. At the same time, a diagrammatic
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version of the theory was developed by Meissner et al. [5, 6] for spin-orbital and
non-orthogonally spin-adapted cases. The actual implementation of both ap-
proaches was tested on simple model systems investigated earlier [3, 5-8] and the
approach was extended to incomplete model spaces [9].

The advantages and shortcomings of the spin-orbital vs orthogonally spin-
adapted version are the same as in the SR case: The spin-orbital formalism is
considerably simpler, so that it facilitates the design of more general codes
which, moreover, may be more easily vectorized. It also allows the use of
unrestricted Hartree—Fock (UHF) spin-orbitals which, however, should be less
important in the MR than in the SR case, where the UHF spin-orbitals enable
a SR handling of open-shell systems. On the other hand, the main disadvantage
of the spin-orbital formalism is the necessity to handle twice as many one-elec-
tron functions and correspondingly more cluster amplitudes. The orthogonally
spin-adapted version has the advantage of using the minimum number of cluster
amplitudes, in addition to an obvious esthetic appeal in exploiting the spin
symmetry of the Hamiltonian and a direct link with corresponding spin-adapted
configuration interaction (CI) approaches and there arising CI amplitudes. This
interrelationship may be very useful in actual computations of potential energy
surfaces in view of a possible multitude of various solutions that the highly
nonlinear MR-CC equations generally possess [8]. However, the orthogonally
spin-adapted formalism is considerably more complex than the simple spin-
orbital one, so that its computer implementation is more laborious and more
difficult to be cast into a recursive form.

In either case, the MR formalism is much more complicated than the well
known SR versions, since in addition to the so-called direct terms, that for each
reference configuration are essentially the same as the SR equations, we also
need so-called coupling terms [2, 3, 10], which have no counterpart in the SR
case. In view of this increased complexity, one must take special precautions in
order to-develop an error-free formalism. Thus, to ascertain the correctness of
the orthogonally spin-adapted formulation, it is desirable to carry out an
independent derivation of basic equations. Relying on the diagrammatic ap-
proach [11], this is quite straightforward to achieve for the direct terms in view
of their similarity with those encountered in the SR case. However, for the
coupling terms, the diagrammatic technique [11] based on graphical methods of
spin algebras [12] must be generalized to the MR case, involving different model
space references. We present such an extension below and amply illustrate it on
an independent derivation of the linear and bilinear coupling terms for the
closed-shell type reference states. In particular, we independently verify the
correctness of the formalism presented in [3].

The paper is organized as follows. We first recall basic definitions and
notation and in Sect. 2 we generalize them to the MR case. Then, we employ
the resulting formalism to derive the MR linear and bilinear coupling terms in
Sect. 3 and compare the result with the algebraic derivation in the concluding
Sect. 4.

2. Basic formalism
We consider two-dimensional model space [2, 3] spanned by

01> =|{(core) &K}y and |8, ={(core) T 1p,
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with k and / transforming according to different irreducible representations of
the spatial symmetry group of the system, | 1) =|u>|5, +3) and curly brackets
designating the antisymmetrization. The reference configurations |®;), j =1, 2,
may be interrelated as follows:

|9,) = G (0)|®, ), |®,)> = GiE(0)|D,), (1
where, generally,
Ggg(i) =N¢; §§(i), i=0,1, (2)
with
N&g =[(1+ 8,5)(1 +8¢)] 3, 2)
and

SGH=["2 ¥ Y Gmyimglimd>Gme, ime|imyX X, X" X,

My g, m em® m
(27)

represents a particle-particle—hole-hole (pp-hh) coupled orthogonally spin-
adapted biexcitation operator [13]. We employ a convention designating the
dimension of the spin space (25 + 1) by [S], ie. [X]=2X+1 for any spin
quantum number X. The corresponding monoexcitation operator is then:

G? =S¢ =2-txemy, . (3)
We write X*” = X! . and use Einstein summation convention to indicate unre-
stricted summation over repeated upper and lower indices [e.g., m in Eq. (3)].
Occupied orbitals in the reference state, chosen as a Fermi vacuum (in most
cases |<1>1)), are labeled by a, 8, ..., while the unoccupied ones by g,aq,....
Core orbitals are labeled by a, b, . . ., virtual orbitals by r, s, . . ., and the labels
K, 4,... are employed as generic indices that run over all (occupied and
unoccupied, or, core, valence and virtual) orbitals (cf. Table 1 of [2]). In addition
to fixed valence labels & and /, we also employ free (summation) [14] valence
labels k', k" and /’, I”, which in the two-reference case assume a single value,
k'=k"=k, I'’=10"=1 We also note that formally

Sz =(S91,
Seh@) =[SO, 4
N3 = N2 = (N5)*,
so that we may define

G, =(GY)Y, (5a)
G () =[GHMN". (5b)

In particular,
Gli(0) =[G (0)]". (6)

When the cubic and higher-order terms in cluster amplitudes are nelgected,
the coupling term A, (cf. [1]),

A, ={PGP,|e T ™ |0, H, g=3—-p,p=1,2, (7
can be written as
A, = <(p)Gi¢p ’ T@ _ T(p)| ¢q >H;;f
+ %<(P)G,¢p |(T(") — T2 4 [TD, TWP] |¢q SHeT (8)

qp
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or
A, = <(p)qu§p | T@ _ T(p)| ¢q >H<e;g
+ (PG, | T@? 4 T»? _ 27 TO|d, YHEE. 9)
Here
Hel’f <¢ |e—T(P)HeT(P)|¢ (10)
={®,|(Hy,e™")c|®,> (11)

is the effective Hamiltonian matrix element and ‘PG, designates a spin-adapted
singlet excitation operator, Egs. (2), (3), that generates excitations outside the
model space. This excludes operators like (VG4 or VG4, (0). The superscript (p)
in PG, indicates that the excitation operator is deﬁned with respect to the
reference |®,> and the subscript C designates the connected component. Simi-
larly, the subscript N, in H N, desrgnates the normal product form of H (cf. [14])
defined relative to |<D . Clearly, HSY depends only on the valence indices that
drstlngmsh |®,> and |<1> >. For example

H5 =< ®,|(Hy, e™)c|®1)

=@, |G (0)(Hy, e™)c|®,) = glt, (12)
where in the last identlty we employed the notation of [3] [Eq. (21)]. Similarly,
= (P, PG (0N Hy, e™)c| ;) = glie (13)

Of course, matrix elements H:T in Eqgs. (8) and (9) are sometimes replaced by
truncated quantities, like H,, =<®,|Hy |®,) or by (&,|H +[H, T"]|®,)=
(P, |[HN 1+ TP |®,>. In order to ‘parallel the results obtained with the
algebralc approach [2, 3], we shall rely on Eq. (8), although Eq. (9) will also
prove to be useful (cf. Sect. 4).

We employ the CCSD approximation, i.e.:

TP = TSP) + T&"), (14)
where, in the orthogonally spin-adapted formalism,
p)=z <Q|t§”)|a>(")G§ (15)
[ 7/]
= (Pange (16)
1
TP =3, Y Lea|t¥|ap ) PG(0) (17)
i
1
=3 X V00850 (18)
with
Peif(i) = N3 oo |t§P]ap ;. (19)

Choosing |<1>p> as a Fermi vacuum, we can represent the operators T¢P,
i=1,2, Egs. (15)-(18), by Hugenholtz vertices whose nonoriented form is
shown in Fig. la,b. Similar diagrams can be used to represent excitation
operators (2) or (2") and (3). To make the distinction, we shall use a filled
circle in the latter case. The diagrammatic representation for the operator Q4
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¢« @O —O@—
vertices representing the operators T(”

¢ =@ =0O—
(diagram a), T¢” (diagram b) and Q4
(diagram c) as well as T{? (diagram
d) and T% (diagram e), when @, is
chosen as a Fermi vacuum

-that transforms |$, ) into |, ), i.e.,
Q7 = GL.(0), Q3= G}(0), (20)

is shown in Fig. lc. Although in the diagrams a, b and ¢ of Fig. 1 all the lines
extend to the left, there is an essential difference between them. According to
general MR-CC formalism [1], cluster amplitudes must carry at least one
non-valence (i.e. core or virtual-type) index. Thus, at least one line of diagrams
representing T¢”, i = 1, 2, must be of a non-valence type, while all the lines in
the Q¢ diagram, Fig. lc, carry valence indices. Using the MR-MBPT terminol-
ogy, diagrams representing T¢?, i = 1, 2, operators are open while that for Q9 is
closed. Representing valence lines by double arrows, we thus have that

Fig. 1a—e. Nonoriented Hugenholtz

=0, (21)

0, (22)

3 %ﬂ - 23)

In other words, the resulting diagrams, in which all the lines that are incident
with T, i =1, 2, vertices are of the valence type, must vanish,

Notice that the diagram of Fig. lc can also represent the operator 7% [cf.
Eq. (27) of [3]],

Wyy

TP = HAQ1, (24)

that describes an excitation inside the model space, in contrast to operators T¢”,
creating excitations into the orthogonal complement of (i.e., outside) the model
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space. This operator is closely related with the effective Hamiltonian
(PH" = PHUP,, (25)
or the effective interaction
(Pl = PHy UP,, (26)

and can be written explicitly as follows (summation convention does not apply
here since & and [ are fixed):

T = g Gl (0), (27)
T = gl Gi(0). (28)
Here,
P=P +P,, P,=|®,<®,|, p=12, (29)
and
U=e™P +e™P, (30)
is the usual Bloch wave operator [1]. For example,
(WH = HAP, + TP P, (31)

where [cf. Eqgs. (10) and (11)]

HE =@, | ™ H ™0,

= H,, +{D,|(Hy, e™)c|®,). (32)
To derive Eq. (31), we have to realize that
Qid, > =0, (33)
so that
TP P=HIQUP, +P,) =H|D, <D, (34)

It is thus not surprising that diagrammatic representations of T¢”, and of
operators (25) or (26), are similar [5, 6].

Clearly, the diagrams representing conjugate excitation operators PGS or
V5% and PIGE(i) or VS%(i), Egs. (4), (5), are conjugate to those of Fig. la,b.
It thus remains to draw the diagrams which represent the cluster operators T
(i=1,2), when &, (p # q) is chosen as a Fermi vacuum. We can use the same
type of vertices as shown in Fig. la (for i = 1) and 1b (for i = 2). Clearly, they
must be labeled with ¢ instead of p and, in contrast to diagrams representing
T{?, the fermion lines may now extend to the left as well as to the right (see Fig.
1d,e). Since all the lines that extend to the right carry valence labels that
distinguish @, and &,, at least one line incident with T vertex must extend to
the left, lest the diagram vanishes (cf. Fig. 1d,e). Otherwise, contrary to the
results of the general MR-CC formalism [1], the cluster operators T¢? would
produce excitations into the model space.

Equipped with this diagrammatic representation, we find that within the
realm of the CCSD approximation (i.e., considering only singly and doubly
excited configurations relative to a given reference), only a few terms in Egs. (8)
and (9) survive. For example, the linear term {{”G,®,|T|®, YHT, which is

q 2
represented by diagrams resulting from one skeleton of Fig. la,pb and the
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Fig. 2a-j. Diagrammatic representation of the operators T{°, Eq. (16) [diagrams a, b], TS", Eq. (18)
[diagrams c, d], ’G2, Eq. (5a) [diagrams e, f], ("G%(i), Eq. (5b) [diagrams g, h], and (VGI(S)
[diagrams i, j]. Diagrams a, c, e, g and i represent a Brandow-type version of nonoriented Hugenholtz
vertices of Fig. la—c, while b, d, f, h and j are the corresponding 3-jm-type spin diagrams

in the final expressions pertaining to the two-reference case considered earlier
[2, 3] we have to set k' =k" =k and /" =1" =, since there is only one valence
orbital (k) occupied in |®,) and unoccupied in |®,) and, similarly, one valence
orbital (/) unoccupied in |#,> and occupied in |®,>. The 3-jm-type spin
diagrams associated with T¢? (i =1, 2; p = 1, 2) diagrams are shown in Fig. 2b
and d. The diagrams a and b of Fig. 2 can also serve to represent the single
excitation operators ('S¢ or "G¢, Eq. (3), provided that the orbital and spin
labels are fixed. Likewise, diagrams ¢ and d of Fig. 2 can be used to represent
double excitation operators (VS25(i), Eq. (2”), or (VG23(i), Eq. (2), assuming that
the normalization factor N¢; 1s incorporated into the spin graph, Fig. 2d.
Corresponding conjugate diagrams e and g of Fig. 2 and associated spin graphs
f and h of Fig. 2 serve to represent conjugate excitation operators, Eq. (5). As
already mentioned, we use filled vertices for excitation operators. Finally, we
need a graphical representation for the operator VG#,(0) = G¥,(0) transforming
|®,> into |®,)>. For combinatorial reasons it is prudent to consider a more
general operator ("G 7¢(S), and set in the final expressions k =k, / =and S = 0.
The Brandow orbital diagram and the corresponding 3-jm graph representing
OGT(S) operator are shown in Fig. 2i and j, respectively.

Rather than considering the R, B and B terms in Egs. (35)—(39), with p = 1,
as matrix elements between {‘"G,®,| and |G (0)®,) that must be subse-

quently multiplied by H5T = g, we can also express them via the operator T¢V,
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Eq. (27), which can be written as
T =13 Oyt (S) VS (S),
S

where k', k”, I’, I” and S are free summation labels and

OyEr(S) = 6% 0 6167 050(Ni) ~ '8l

Indeed,
RO(GY) =<@,|VGITOTY|,),
BR(GT) =&, | VG TP T| @, ),
BR(G]) = {&,|VGITQ(TP — TMTY)
BR(GT) =<&,|VGITP, TITP|,

Expressions (45)—(48) can be directly evaluated once
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Fig. 3a,b. Possible
Brandow-type orbital dia-
grams representing T (a)
and T% (b), with &, cho-
sen as a Fermi vacuum,
corresponding to nonori-
ented Hugenholtz vertices
of Fig. 1d and e, respec-
tively. Scalar factors asso-
ciated with diagrams a are
@ @l and @14, re-
spectively, and scalar fac-
tors associated with b are
@re2(Sy), P (S),
Dr(S,), P10 (S),
O (S1), P (S),
@t74-(S;), and Pt (S)),
respectively. In the final
formulas, we have to set
k'=k"=kand I'=1"=1
We do not present corre-
sponding spin diagrams,
since they are identical
with those given in Fig. 2b
[for diagrams of part a]
and Fig. 2d [for diagrams
of part b]

(43)
k. (44)
(43)
(46)
2, (47)
> (48)

we choose a suitable

graphical representation of the operator T4, Eq. (43). To this end we can use
diagrams i and j of Fig. 2, provided that we replace fixed orbital labels k, £ by

free ones k’, k", regard spin label S as a summation index

and remove the factor

N from the spin graph in Fig. 2j. The scalar factor associated with a modified
orbital diagram, Fig. 2i, is then (y%¥'(S), Eq. (44). Thus, the coefficients (44)

play now the same role as the unnormalized pair-cluster a

(18).

We can thus find the explicit expressions for R, B and

mplitudes P13£(i), Eq.

B terms by either using

Egs. (45)—(48) with T given by Eq. (43), or by using Egs. (36)—(39) and
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evaluating the matrix elements between ("G, ®, | and |G/, (0)®, . Although both
methods must yield the same result (cf. the next section), the latter one is slightly
more convenient, since in the resulting Brandow diagrams we do not have to
draw vertices representing (’G! and G, (0) operators. When Egs. (45)—(48) are
employed, vertices representing the 74" operator must be drawn.

3. Diagrammatic evaluation of the coupling term

When deriving the explicit form of the coupling term A,, we need the expression
for gk*, Eq. (12), assuming that 7™ = T{" + TS". This was already accomplished
in [16], where we found that

4
ghk = NI (D | VS (0)Hy, e+ ) |0> =1 T DAk (0).  (49)
j=0

The explicit expressions for the quantities (24%5(i) are also given in [16], (cf.
Egs. (57)-(61) of [16]). Different truncation schemes for the expansion (49) will
lead to different versions of the quadratic two-reference CCSD formalism
considered in this paper, since both the matrix element of the product e =7 ¢7®
between {{VG;®,| and |P,> = |G (0)P,) (see Eq. (7)) and the effective Hamilto-
nian matrix element HT contain higher than linear terms in cluster amplitudes.
We may, for example, consider the theory in which the entire coupling term is at
most bilinear in cluster coefficients. In such a case, we only need those parts of
DAKE(0) that are at most linear in cluster amplitudes (see Eqgs. (8) and (9) or
(35)—(41)), so that j=3 and j =4 terms in Eq. (49) do not contribute and,
consequently (see [16]),

gl = o + 22 Orf — ol 1) + O Ork(0) - O OeiH(0)
g o @ 1 o a
+ 30§ Vre(0) +vgg Vi (0] + o [Pz (0) + 32O (1)] — 2058 D0,

lo

(50)
where
Of} = 2 + (i — v, (51)

(« runs here over the orbitals occupied in |®,)), and zi={k|z|A) and
v = (KA |v|uv) are, respectively, standard one- and two-electron integrals. The
whole expression (50) then enters R{”(G!), while only the constant part of it
(i.e., the term v%*) enters B(G!) and B{Y(G]). We can also consider a higher
level formalism, in which in calculating R, B and B terms the entire expansion
(49) (containing even quartic contributions in cluster amplitudes; cf. [16]) is
used. Finally, we can consider an intermediate version, in which we include at
most bilinear terms in both the matrix element of the product e =7 ¢ ™ and the
effective Hamiltonian matrix element HSI. All these versions are based on the
same formula for 4., Eq. (35) or (40), and in all of them the explicit expressions
for ()A%(i), which were derived in [16], apply.

Now, to apply the diagrammatic procedure [11, 13b] to Egs. (36)—(39) with
p =1, or Eqgs. (45)—(48), we must first draw all possible nonequivalent, nonori-
ented vacuum Hugenholtz skeletons that can be formed from the vertices
representing the operators (VG2 or ("G%(i), G1,(0) or TSV, and the pertinent
products of cluster operators. Once this is done, we have to introduce orienta-
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tions and labeling of lines in all nonequivalent ways. Then, each Hugenholtz
vertex is replaced by its Brandow version, yielding the orbital diagrams, and,
finally, the corresponding spin diagrams are constructed. The desired final
expressions are then obtained by combining the resulting spin-coupling co-
efficients (determined by exploiting the graphical methods of spin algebras [12])
with the orbital factors.

As mentioned earlier, there are at least two possible strategies to follow: we
can either calculate the matrix elements between (VG,@,| and |G (0)D,),
corresponding to Egs. (36)—(39), or use Eqgs. (45)—(48) with T4 defined by
Eq. (43). Let us illustrate these two possibilities on a typical example, con-
sidering Bﬁ')[G“ﬁ(z)] Eq (39) or (48). Instead of the matrix element
(®,|VGe (z)[T§ T{"1G(0)|®,)> we consider a more general one, namely

B =(@|VGEOITY, TP VG(S) | @), (32)

which would be needed when more than two active orbitals were involved. To
evaluate B, Eq. (52), we have to draw four Hugenholtz diagrams, whose
Brandow form will be given later (cf. Fig. 12a—d), when all the coupling terms
are systematically evaluated. One of these diagrams (cf. Fig. 12a) gives the
contribution:

2735,5[S) INENI S S) {8,075 (1) (V3 @E(S)}, (53%)
which for k =k, I ==/ and S =0 (the case considered in this paper) equals
(cf. Eq. (109))

2736, N285L8. 58 g Ol (0). (53)

Note that the corresponding spin graph (see the Appendix, Table 3) gives the
factor 2775 sIS1~ 2, which, due to the presence of the normalized bra and ket
states in Eq. (52), is multiplied by N% and N{;. The weight of the diagram
equals to one. Further, "*(i) is a two-index symmetrizer (i =0) or antisym-
metrizer (i = 1),

FNi) = Fai) =1+ (= 1) (kd), (54
with (k1) designating a transposition of indices « and 4, and
Fr=F, = F*0) =%,00) =1+ (xA). (55)

To get the contrlbutlon corresponding to B{Y[G%(i)], we have to multiply the
expression (53) by g**. Now, if we use Eq. (48), with T4 defined by Eq. (43),
we must again con51der four Hugenholtz diagrams. Brandow version of the
diagram corresponding to the contribution (53) is shown in Fig. 4. As usual [11],
the vertex representing the bra excitation operator G2(i) is not explicitly shown.
Instead, external lines carry the fixed orbital labels characterizing G%(i), and
different labelmgs of external lines are represented by the symmetrlzer L. As
pointed out in [16, 17], this notation is very convenient, since it provides a
one-to-one correspondence between the symmetrizers Y"'ﬂ (%) in orbital dia-
grams and the (anti)symmetrizers & *#(i) (%,(i)) in algebraic expressions. As
usual [16, 17], the summation over the intermediate spin quantum numbers .S,
and S is already carried out in the diagram of Fig. 4. It can be easily verified that
the spin diagram restricts the summation over S; and S to only one term labeled
by S; = S = i. The algebraic expression corresponding to the diagram of Fig. 4 is
thus:

27Hi] INE Y () S0 Ot Pl ). (56)



