Hohenberg-Kohn

Fact
For any Hermitian operator Q 3 function E(Q) that is minimized (with

E = Eg5) when Q = (Q)gs.
Universality: Adding aQ to the Hamiltonian just adds a@ to the function. The

function is just

E(Q) = miny_.q(P|H|¢)

Generalized HK theorem
For any continuous set of Hermitian operators Q(r), 3 functional E[Q(r)]

A

that is minimized (with £ = Egs) when Q(r) = (Q(r))gs-
Universality: Adding [ V(r)Q(r) to the Hamiltonian just adds [V (r)Q(r) to
the function. The functional is just

E[Q(r)] = miny o (Y|H|¢)

Just apply this to pr(r) = p(r + Ren) [ V(©)pr(r) — 3, V(#: — Eem)




Legendre Transform Interpretation

ElT) = (H + / J(®)pr()dr)Y, |

oF
Blpi] = £ ~ [ In®oryde 222 =7, — 0 atpulgs)
Inversion Procedure
E[J) = &J+E[JI] = &ElJo+ I+ Ec[Jo+ T

Elpr] = Eolp1) + Ec[p1]
Bolor] = EolJo] - / To@pr)dr  Eelpr] = Eldo] + -
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Kohn-Sham Orbitals

For normal density, choose &; to be noninteracting.
Here, choose & to be mean-field approximation.
For 1-d system with spin degeneracy N and contact interaction:

N

H= L E - QZ o(x; — x;)
o] = [ o [;Xqub’(xn? - TEZ21900) 1+ sn(2) 01 (]

o] = [ o | ot - T

(oraos = N [16a + 2 + 3 (16t + D)+ L jo(e+ D + 5 jo(e +2)F) +.

n={(z-2z)?



Next Order: Ring Diagrams

Mean-field Equations:

7%{(1\771)@( W2 — I (= /Jé”’ )by Idy] x)
e [57@) - -2 [ GlswPay+ CE [ ey o) = cod)

Effective interaction:

V (21, 32) = —g8(z1 — ma) — % (@1 — &) T2 — ) + (@2 — 7) To(@1 — D)

o (e o)

Correction to functional:

E.lpr] = ;ﬂ /OO Re (Tr [1n(1 — R(iw)V) + R(iw)f/D dw + ...

R(z,2";w) = p(2)¢(a")
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Phenomenological functional

. B
Elp1] = Eglp1] + Eelpr] ,  Eelpir] = —/dfc <2]€[p? + 6mZN3p1> e

Kohn-Sham equation:
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Com*
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08,v, m* can be determined so that KS equation gets £ and pj right to
O(1/N). Not correct away from minimum.



