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Motivation: Nuclear reactions with unstable isotopes

Interpretation of rare isotope beam experiments (neutron skins, nuclear properties near the dripline, 
capture rates in astrophysical environments)

Ø Challenges: 
Ø Ab initio nuclear reaction theory available for light systems at low energies
Ø Optical potentials are a necessary ingredient in most reaction models, including transport analysis of 

heavy-ion collisions
Ø Global optical potentials are needed for a consistent reaction theory over a wide range of unstable isotopes
Ø Commonly used global optical potentials are phenomenological and fitted around nuclear stability

Ø Advantages of microscopic approaches
o Start from the same many-body principles governing ab initio nuclear structure theory
o Can reveal more efficient parameterizations for phenomenological optical potentials
o Can provide a suitable prior as part of a more comprehensive Bayesian uncertainty analysis that 

incorporates scattering data



Application: R-process nucleosynthesis

Astrophysical site?

Neutron star mergers
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Neutron capture sensitivity studies

Mumpower et al., JPCF (2015)
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Neutron capture sensitivity studies

Uncertainties coming from:

Neutron-nucleus optical potentials
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Fig. 1. Energy dependence of the λW1 factor for the JLMB potential [6] and the
3 cases (Cases 1–3) studied in the present Letter (see text). The box around 20
to 50 MeV represents the energy range in which the uncertainties on λW1 are
minimum and estimated to be of the order of 10% [6].

central component U expressed for neutrons as

U(E) = λV (E)
[
V0(E) + λV1(E)αV1(E)

]

(1)+ iλW(E)
[
W0(E) + λW1(E)αW1(E)

]
,

where E is the incident nucleon energy, V0, V1, W0, and W1
the real isoscalar, real isovector, imaginary isoscalar, and imag-
inary isovector components respectively, and λV , λV1 , λW , and
λW1 the normalization factors for the real (isoscalar + isovec-
tor), real isovector, imaginary, and imaginary isovector parts of
the OMP, respectively. The values of λV , λV1 , λW , and λW1 and
their energy dependence have been estimated to account for all
available experimental data and can be found in [6].1 In the 20
to 50 MeV range, the uncertainties related to λV , λV1 , λW , and
λW1 are estimated to be 1.5%, 10%, 10%, and 10%, respec-
tively. Outside this energy range, uncertainties are estimated to
be 1.5 times larger. Since we will only discuss here the fac-
tor λW1 affecting the isovector imaginary potential, we show in
Fig. 1 its energy dependence and in Eq. (2) its phenomenologi-
cal expression, as determined by [6], i.e.,

λW1(E) =
[
1.1 + ω1

[
1 +

(
e

E−40
50.9

)4]−1]

(2)×
[
1 − 0.065e−( E−40

13 )2][
1 − 0.083e−( E−200

80 )2]
,

with the energy E expressed in MeV. In Eq. (2), ω1 character-
izes the low-energy amplitude for which the value of 0.44 was
estimated by [6].

It should be noted that in the JLMB approach, the major con-
straint imposed on the OMP isovector component comes from
the quasi-elastic (p,n) scattering data as well as the angle-
integrated quasi-elastic (p,n) cross sections to the isobaric
analog states at energies above some 20 MeV. For lower ener-
gies, the λW1 factor was extrapolated from the confident region
around 20 MeV to a constant value of approximately 1.5, as

1 Note that the value of the parameter D = 625 MeV2 given in Table I
of Ref. [5] includes a typographical error and should be corrected to D =
126.25 MeV2 [7].

seen in Fig. 1. Due to the lack of scattering data in the keV re-
gion, the low-energy extrapolation of the λW1 factor remains
essentially unconstrained. Since the low-energy part of the fac-
tor λW1 strongly affects the absorption characteristics by exotic
neutron-rich nuclei, the corresponding neutron capture at astro-
physically relevant energies (i.e., typically about 100 keV for
incident neutrons) remains poorly described.

For this reason, we have searched for additional experimen-
tal information that could possibly constrain the isovector com-
ponent of the imaginary potential, i.e., the λW1 factor, at low en-
ergies. In Section 2, it is shown that the S- and P -wave neutron
strength functions (S0 and S1) experimentally determined at en-
ergies ranging between 1 and 100 keV provide an extremely
valuable set of constraints. On the basis of such resonance data,
another 3 sets of renormalization factors are defined and used
in Section 3 to estimate the sensitivity of the radiative neutron
captures to the newly-determined OMP. In Section 4, implica-
tions, especially concerning the r-process nucleosynthesis, are
discussed.

2. Neutron strength functions

One of the major test to validate a global neutron OMP
at low energies [10] is given by the comparison of its pre-
diction with data for the strength functions S0 and S1 and
potential scattering radii R′. These observables present in ad-
dition the major advantage not to depend on any other nuclear
input. These quantities have been estimated with the JLMB
OMP using the ECIS code [8] and the HFB nuclear densi-
ties [9] at an energy of 100 keV for R′ and S1 and for S0, at
the average energy at which the experimental resonances are
measured. As shown in Fig. 2, the JLMB predictions globally
describe fairly well all experimental data for spherical or quasi-
spherical nuclei [11,12]. Among the 3 resonance parameters,
the S-wave neutron strength function represents the most valu-
able indicator for the isospin dependence of the OMP. While
R′ is relatively insensitive to the neutron richness, both S0 and
S1 significantly decrease with increasing neutron numbers. In
addition, S0 data is available for three long spherical or quasi-
spherical isotopic chains, namely for Sn, Te and Ba. A closer
look at the Sn, Te and Ba data (Fig. 3) reveals that the isospin
trend is not properly described by the JLMB renormalization.
The three chains clearly show the same pattern, i.e., an overall
decrease of the measured S0 values for more neutron-rich iso-
topes. In contrast, the S-wave strength function obtained with
the JLMB potential presents no isospin variation. This low-
energy data is interestingly sensitive to the adopted value of the
λW1 factor, as noticed previously by one of the authors in the
context of phenomenological OMP analyses of the same data
set [13]. To study this sensitivity, we consider here three cases
corresponding to three modified renormalizations ot the JLM
imaginary potential. Case 1 corresponds to a modified value of
λW1 adopting for the parameter ω1 the energy dependence ω1 =
1.1 exp(−0.4E1/4) and therefore a λW1 increase by 30% at
100 keV. Case 2 assumes ω1 = 1.25 exp(−0.2E1/2), i.e., a λW1

about 50% larger than the JLMB value at 100 keV. Finally,
Case 3 corresponds to the same λW1 as in Case 2, but with
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The impact of these modified OMPs on the S-wave neutron
strength function of the Sn, Te and Ba isotopes is shown in
Fig. 3. Case 1 already presents a relatively small slope, in con-
trast to the JLMB case. Cases 2 and 3 predict the correct slope,
in particular for Sn isotopes. A similar tendency is obtained for
the Te and Ba isotopes although the structure effects seen in the
neutron-deficient nuclei are not reproduced.

Globally, the new resonance parameters are compared with
experimental data in Fig. 2. Case 1 gives resonance parameters
rather similar to JLMB, although the S0 and S1 values in the Pb
region becomes smaller than experimentally determined. For
Case 2, which gives the best S0 description for the Sn and Te
isotopic chains (Fig. 3), this feature is even stronger. However,
when doubling the λW value, as in Case 3, results very simi-
lar to JLMB are recovered and the agreement on the S0 data
for the Ba isotopic chain is also improved. In this latter case,
the slope in the Sn S-wave strength functions is still in agree-
ment with the measured values, but the absolute strengths are
overestimated.

In summary, the isovector imaginary potential has been
renormalized at low energies on the resonance data in the same
spirit as the JLMB potential. Case 2 gives the best fit to the
Sn S-wave neutron strength functions, quantitatively and qual-

Fig. 4. Ratio of the astrophysical rates at a temperature of T = 109 K obtained
with the JLMB potential to the one obtained with the modified imaginary po-
tentials corresponding to Cases 1–3 (see text), for the Sn isotopes.

itatively, but rather too low values in the Pb region. This is
corrected by Case 3 which still predicts the right isospin de-
pendence in the Sn–Ba region. Case 1 can be considered as an
intermediate case between Case 2 and the original JLMB para-
metrization.

3. Implication on the reaction rates by exotic neutron-rich
nuclei

On the basis of the 4 OMPs presented in Section 2, the
Maxwellian-averaged reaction rates of astrophysics interest
have been estimated within the statistical model of Hauser–
Feshbach. The additional nuclear inputs are obtained from mi-
croscopic models as described in [14]. As observed in Fig. 4
for the Sn isotopic chain, the experimental constraints intro-
duced in Section 2 has a drastic impact on the reaction rate.
At large neutron excesses, the enhanced λW1 factor strongly
reduces the imaginary component, i.e., the neutron absorption
channel, and consequently the radiative neutron capture cross
section. In particular, it can be seen that, for Sn isotopes with
N ! 135, the rates obtained in Cases 2–3 rapidly drop, lead-
ing to a totally insignificant resonant neutron capture. Case 1
gives a less drastic decrease of the rate, though a factor of 100
to 1000 with respect to JLMB is found. According to Fig. 3,
Cases 2 and 3 better reproduce the slope seen in the experimen-
tal S0 values with increasing neutron excess and could therefore
be expected to provide a more reliable input for the calcula-
tion of reaction rates. Note that the same rates are predicted
for Cases 2 and 3 since for relatively stable nuclei, the neutron
channel is much stronger than the electromagnetic one mak-
ing the radiative capture insensitive to the OMP. Only at large
neutron excess, the strongly reduced imaginary potential inverts
the respective strength of these two channels, so that the reac-
tion cross section becomes highly sensitive to the OMP, which
is now dominated by the isovector part.

Fig. 5 compares, for all neutron-rich nuclei with 10 " Z "
110, the neutron capture rates using the JLMB potential with
those obtained with the imaginary potential of Case 3 (or identi-
cally Case 2). The nuclei involved in the r-process are character-
ized by a neutron separation energy Sn # 3.5 MeV. As shown
in Fig. 5, the newly-derived rates (Case 3) for such nuclei are

Fig. 5. Representation in the (N,Z) plane of the ratio r (as given by the legend) of the astrophysical rates at T = 109 K obtained with the JLMB potential to the
one obtained with the modified imaginary potential of Case 3. The vertical lines correspond to the neutron magic number N = 82 and 126. The horizontal lines at
Z = 48 and 70 are shown to guide the eye to the expected progenitor nuclei of the r-abundance peaks at Z = 48, N = 82, A = 130 and Z = 70, N = 126, A = 196.
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Fig. 1. Energy dependence of the λW1 factor for the JLMB potential [6] and the
3 cases (Cases 1–3) studied in the present Letter (see text). The box around 20
to 50 MeV represents the energy range in which the uncertainties on λW1 are
minimum and estimated to be of the order of 10% [6].

central component U expressed for neutrons as

U(E) = λV (E)
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V0(E) + λV1(E)αV1(E)

]

(1)+ iλW(E)
[
W0(E) + λW1(E)αW1(E)

]
,

where E is the incident nucleon energy, V0, V1, W0, and W1
the real isoscalar, real isovector, imaginary isoscalar, and imag-
inary isovector components respectively, and λV , λV1 , λW , and
λW1 the normalization factors for the real (isoscalar + isovec-
tor), real isovector, imaginary, and imaginary isovector parts of
the OMP, respectively. The values of λV , λV1 , λW , and λW1 and
their energy dependence have been estimated to account for all
available experimental data and can be found in [6].1 In the 20
to 50 MeV range, the uncertainties related to λV , λV1 , λW , and
λW1 are estimated to be 1.5%, 10%, 10%, and 10%, respec-
tively. Outside this energy range, uncertainties are estimated to
be 1.5 times larger. Since we will only discuss here the fac-
tor λW1 affecting the isovector imaginary potential, we show in
Fig. 1 its energy dependence and in Eq. (2) its phenomenologi-
cal expression, as determined by [6], i.e.,
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with the energy E expressed in MeV. In Eq. (2), ω1 character-
izes the low-energy amplitude for which the value of 0.44 was
estimated by [6].

It should be noted that in the JLMB approach, the major con-
straint imposed on the OMP isovector component comes from
the quasi-elastic (p,n) scattering data as well as the angle-
integrated quasi-elastic (p,n) cross sections to the isobaric
analog states at energies above some 20 MeV. For lower ener-
gies, the λW1 factor was extrapolated from the confident region
around 20 MeV to a constant value of approximately 1.5, as

1 Note that the value of the parameter D = 625 MeV2 given in Table I
of Ref. [5] includes a typographical error and should be corrected to D =
126.25 MeV2 [7].

seen in Fig. 1. Due to the lack of scattering data in the keV re-
gion, the low-energy extrapolation of the λW1 factor remains
essentially unconstrained. Since the low-energy part of the fac-
tor λW1 strongly affects the absorption characteristics by exotic
neutron-rich nuclei, the corresponding neutron capture at astro-
physically relevant energies (i.e., typically about 100 keV for
incident neutrons) remains poorly described.

For this reason, we have searched for additional experimen-
tal information that could possibly constrain the isovector com-
ponent of the imaginary potential, i.e., the λW1 factor, at low en-
ergies. In Section 2, it is shown that the S- and P -wave neutron
strength functions (S0 and S1) experimentally determined at en-
ergies ranging between 1 and 100 keV provide an extremely
valuable set of constraints. On the basis of such resonance data,
another 3 sets of renormalization factors are defined and used
in Section 3 to estimate the sensitivity of the radiative neutron
captures to the newly-determined OMP. In Section 4, implica-
tions, especially concerning the r-process nucleosynthesis, are
discussed.

2. Neutron strength functions

One of the major test to validate a global neutron OMP
at low energies [10] is given by the comparison of its pre-
diction with data for the strength functions S0 and S1 and
potential scattering radii R′. These observables present in ad-
dition the major advantage not to depend on any other nuclear
input. These quantities have been estimated with the JLMB
OMP using the ECIS code [8] and the HFB nuclear densi-
ties [9] at an energy of 100 keV for R′ and S1 and for S0, at
the average energy at which the experimental resonances are
measured. As shown in Fig. 2, the JLMB predictions globally
describe fairly well all experimental data for spherical or quasi-
spherical nuclei [11,12]. Among the 3 resonance parameters,
the S-wave neutron strength function represents the most valu-
able indicator for the isospin dependence of the OMP. While
R′ is relatively insensitive to the neutron richness, both S0 and
S1 significantly decrease with increasing neutron numbers. In
addition, S0 data is available for three long spherical or quasi-
spherical isotopic chains, namely for Sn, Te and Ba. A closer
look at the Sn, Te and Ba data (Fig. 3) reveals that the isospin
trend is not properly described by the JLMB renormalization.
The three chains clearly show the same pattern, i.e., an overall
decrease of the measured S0 values for more neutron-rich iso-
topes. In contrast, the S-wave strength function obtained with
the JLMB potential presents no isospin variation. This low-
energy data is interestingly sensitive to the adopted value of the
λW1 factor, as noticed previously by one of the authors in the
context of phenomenological OMP analyses of the same data
set [13]. To study this sensitivity, we consider here three cases
corresponding to three modified renormalizations ot the JLM
imaginary potential. Case 1 corresponds to a modified value of
λW1 adopting for the parameter ω1 the energy dependence ω1 =
1.1 exp(−0.4E1/4) and therefore a λW1 increase by 30% at
100 keV. Case 2 assumes ω1 = 1.25 exp(−0.2E1/2), i.e., a λW1

about 50% larger than the JLMB value at 100 keV. Finally,
Case 3 corresponds to the same λW1 as in Case 2, but with

S. Goriely, J.-P. Delaroche / Physics Letters B 653 (2007) 178–183 179

Fig. 1. Energy dependence of the λW1 factor for the JLMB potential [6] and the
3 cases (Cases 1–3) studied in the present Letter (see text). The box around 20
to 50 MeV represents the energy range in which the uncertainties on λW1 are
minimum and estimated to be of the order of 10% [6].
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inary isovector components respectively, and λV , λV1 , λW , and
λW1 the normalization factors for the real (isoscalar + isovec-
tor), real isovector, imaginary, and imaginary isovector parts of
the OMP, respectively. The values of λV , λV1 , λW , and λW1 and
their energy dependence have been estimated to account for all
available experimental data and can be found in [6].1 In the 20
to 50 MeV range, the uncertainties related to λV , λV1 , λW , and
λW1 are estimated to be 1.5%, 10%, 10%, and 10%, respec-
tively. Outside this energy range, uncertainties are estimated to
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with the energy E expressed in MeV. In Eq. (2), ω1 character-
izes the low-energy amplitude for which the value of 0.44 was
estimated by [6].

It should be noted that in the JLMB approach, the major con-
straint imposed on the OMP isovector component comes from
the quasi-elastic (p,n) scattering data as well as the angle-
integrated quasi-elastic (p,n) cross sections to the isobaric
analog states at energies above some 20 MeV. For lower ener-
gies, the λW1 factor was extrapolated from the confident region
around 20 MeV to a constant value of approximately 1.5, as

1 Note that the value of the parameter D = 625 MeV2 given in Table I
of Ref. [5] includes a typographical error and should be corrected to D =
126.25 MeV2 [7].

seen in Fig. 1. Due to the lack of scattering data in the keV re-
gion, the low-energy extrapolation of the λW1 factor remains
essentially unconstrained. Since the low-energy part of the fac-
tor λW1 strongly affects the absorption characteristics by exotic
neutron-rich nuclei, the corresponding neutron capture at astro-
physically relevant energies (i.e., typically about 100 keV for
incident neutrons) remains poorly described.

For this reason, we have searched for additional experimen-
tal information that could possibly constrain the isovector com-
ponent of the imaginary potential, i.e., the λW1 factor, at low en-
ergies. In Section 2, it is shown that the S- and P -wave neutron
strength functions (S0 and S1) experimentally determined at en-
ergies ranging between 1 and 100 keV provide an extremely
valuable set of constraints. On the basis of such resonance data,
another 3 sets of renormalization factors are defined and used
in Section 3 to estimate the sensitivity of the radiative neutron
captures to the newly-determined OMP. In Section 4, implica-
tions, especially concerning the r-process nucleosynthesis, are
discussed.

2. Neutron strength functions

One of the major test to validate a global neutron OMP
at low energies [10] is given by the comparison of its pre-
diction with data for the strength functions S0 and S1 and
potential scattering radii R′. These observables present in ad-
dition the major advantage not to depend on any other nuclear
input. These quantities have been estimated with the JLMB
OMP using the ECIS code [8] and the HFB nuclear densi-
ties [9] at an energy of 100 keV for R′ and S1 and for S0, at
the average energy at which the experimental resonances are
measured. As shown in Fig. 2, the JLMB predictions globally
describe fairly well all experimental data for spherical or quasi-
spherical nuclei [11,12]. Among the 3 resonance parameters,
the S-wave neutron strength function represents the most valu-
able indicator for the isospin dependence of the OMP. While
R′ is relatively insensitive to the neutron richness, both S0 and
S1 significantly decrease with increasing neutron numbers. In
addition, S0 data is available for three long spherical or quasi-
spherical isotopic chains, namely for Sn, Te and Ba. A closer
look at the Sn, Te and Ba data (Fig. 3) reveals that the isospin
trend is not properly described by the JLMB renormalization.
The three chains clearly show the same pattern, i.e., an overall
decrease of the measured S0 values for more neutron-rich iso-
topes. In contrast, the S-wave strength function obtained with
the JLMB potential presents no isospin variation. This low-
energy data is interestingly sensitive to the adopted value of the
λW1 factor, as noticed previously by one of the authors in the
context of phenomenological OMP analyses of the same data
set [13]. To study this sensitivity, we consider here three cases
corresponding to three modified renormalizations ot the JLM
imaginary potential. Case 1 corresponds to a modified value of
λW1 adopting for the parameter ω1 the energy dependence ω1 =
1.1 exp(−0.4E1/4) and therefore a λW1 increase by 30% at
100 keV. Case 2 assumes ω1 = 1.25 exp(−0.2E1/2), i.e., a λW1

about 50% larger than the JLMB value at 100 keV. Finally,
Case 3 corresponds to the same λW1 as in Case 2, but with
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Abstract

The isovector contribution to the imaginary component of the microscopic optical model potential is adjusted on experimental neutron strength
function data. Within the Brückner–Hartree–Fock approximation of Jeukenne–Lejeune–Mahaux, it is shown that experimental data favours a
strong isovector component that can have a drastic impact on the radiative neutron capture cross section for neutron-rich nuclei. If confirmed,
this result strongly inhibits the resonant capture by exotic nuclei, so that the traditional r-process picture of the fast neutron captures during the
nucleosynthesis r-process needs to be revisited in depth.
 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The radiative neutron captures by exotic nuclei are known
to be of fundamental importance in the rapid neutron-capture
process (or r-process) invoked to explain the origin of approx-
imately one half of the nuclides heavier than iron observed
in nature (see [1] for a review). The r-process is believed to
take place in environments characterized by high neutron densi-
ties (Nn ! 1020 cm−3), so that successive neutron captures can
proceed into neutron-rich regions well off the β-stability val-
ley. The neutron capture rates are commonly evaluated within
the framework of the statistical model of Hauser–Feshbach.
This model makes the fundamental assumption that the cap-
ture process takes place with the intermediary formation of a
compound nucleus in thermodynamic equilibrium. In this ap-
proach, the Maxwellian-averaged (n,γ ) rate at temperatures
of relevance in r-process environments (typically 109 K) de-

* Corresponding author.
E-mail address: sgoriely@astro.ulb.ac.be (S. Goriely).

pends on the neutron optical model potential (OMP), as well
as the level density and E1 γ -ray strength. Important efforts
have been devoted to improve the microscopic description
of the nuclear level density descriptions [2], as well as the
γ -ray strength [3]. As far as the OMP is concerned, due to
the specific requirements in astrophysics, the phenomenologi-
cal potentials of Woods–Saxon type have long been replaced
by the nucleon–nucleus optical potential [4] derived from a
Reid’s hard core nucleon–nucleon interaction by applying the
Brückner–Hartree–Fock (BHF) approximation to nuclear mat-
ter. This so-called JLM potential has recently been updated
by [5,6] who empirically renormalized the energy dependence
of the potential depth to reproduce scattering and reaction
observables for spherical and quasi-spherical nuclei between
40Ca and 209Bi in a large energy range from the keV region
up to 200 MeV. These improvements consist in unifying the
low- and high-energy parametrizations by introducing energy-
dependent factors correcting both the isoscalar and isovector
components of the real and imaginary potentials. The so-called
JLM-Bruyères (JLMB) potential for a given nuclear matter den-
sity ρ = ρn + ρp and asymmetry α = (ρn − ρp)/ρ includes a

0370-2693/$ – see front matter  2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2007.07.046
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Global microscopic optical potential: start from nucleon optical potential in 
infinite nuclear matter

§ Identified with the on-shell nucleon self-energy

§ Second-order perturbative contribution (complex & energy dependent):

§ Derived from high-precision chiral two- and three-body forces

§ First-order (Hartree-Fock) contribution (real & energy independent):

§ Self consistency: ✏(q) =
q2

2M
+Re⌃(q, ✏(q))
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Global optical potential parameterization

Woods-Saxon shape:



Global optical potential parameterization: volume terms
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Very good agreement with phenomenology
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Global optical potential parameterization: volume terms

Real volume strength decreases

Imaginary volume strength increases

Pruitt, Escher and Rahman, PRC (2023)



Optical potentials in neutron-rich infinite matter

B.-A. Li et al., PPNP (2018)

• Much larger uncertainties for the isovector
optical potential

• Isospin inversion 𝑈! > 𝑈" at high 
energies present in only some models

𝑈! = 𝑈" − 𝑈#𝛿$%𝜏&

U
I
(M
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)

• Isovector Lane form above not obeyed at high energy in phenomenological Koning-Delaroche optical potential

• Isovector optical potential obeys “Lane form”:



Optical potentials in neutron-rich infinite matter
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• Much larger uncertainties for the isovector
optical potential

• Isospin inversion 𝑈! > 𝑈" at high 
energies present in only some models

𝑈! = 𝑈" − 𝑈#𝛿$%𝜏&

• Chiral effective field theory:
• Matches energy dependence of phenomenological potentials well

• Predicts isospin inversion around 𝐸 ≈ 150 − 200 MeV

• Isovector optical potential obeys “Lane form”:

Robust prediction that in general 

m⇤
n > m⇤

p



Isovector optical potential and quasielastic charged-current reactions

• Charged-current reactions probe isovector part of 
optical potential

isovector potentials can be conversely deduced from the nucleonic potentials with

U0(rrr) =
1

2

⇥
Un(rrr) + Up(rrr)

⇤
, (3)

U1(rrr) =
A

2(N � Z)

⇥
Un(rrr)� Up(rrr)

⇤
. (4)

The o↵-diagonal element of the Lane potential, driving the transition from the initial to

final state in a (p,n) reaction, is

hn, Z + 1|U(rrr)|p, Zi = 2

p
|N � Z|

A
U1(rrr) . (5)

The original Lane [20, 21] optical potential (1) is invariant under overall rotations in

isospin space. We will argue that Coulomb interactions, breaking the isospin invariance,

produce some Z-dependent di↵erence between the U1-factors multiplying the third and

transverse isospin components in the Lane potential. In the general considerations of av-

erage behavior of the potential, its isoscalar part U0 can depend only on scalar quantities

in isospin space so its dependence on isovector quantities is quadratic or higher, i.e. weak.

The isovector part of the potential, that can couple to an external isospin ⌧⌧⌧ , transforms

in isospin space in the same way as isospin density ⇢⇢⇢, so can be written as that density

multiplied by a scalar factor. The simplest scalar factor is just a constant and a constant

in particular allows to meet the requirement of the potential vanishing in the absence of

matter and can provide, under any circumstances, a coarse approximation to the potential

changing from zero outside of matter to a finite value prevailing across the matter interior.

However, whether or not linear, the relation between the potential and density can also be

weakly nonlocal. After the values of isospin components are factored out, as components

of TTT , the form of U1 can be retained as a profile of isospin density being multiplied by

a scalar function, to provide insights into any variations on top of the variations of isospin

content. In II, we discussed that Coulomb interactions, while impacting the density of the

third component of isospin, since displacing protons out relative to neutrons, yield no simi-

lar impact on the density of transverse isospin in an isobaric chain. With this, one expects

a di↵erence between the U1-factor multiplying the third components of isospin in (1) and

the U1-factor multiplying the transverse components there. That di↵erence should develop

with growing Z, mirroring the di↵erence in the densities for isospin components. With the

isovector potential competing with isoscalar, in generating predictions for elastic di↵erential

cross sections, it can be a challenge to discern details in U1 acting in elastic scattering to the

6

FIG. 6: Di↵erential cross sections in elastic proton scattering (top panel) and quasielastic (p,n)

charge-exchange reaction (bottom) on 48Ca at the incident energy of 35MeV, calculated while

increasing radii in the isovector component U1 of the KD optical potential parametrization in

0.25 fm increments, from 0 to 1 fm. For both cross sections the pattern of oscillations generally

shifts towards smaller angles and the magnitude of oscillations increases as the radii increase.

we address here a displacement of the surface radii, larger than the rms radii by a factor

of
p

5/3 in the uniform-sphere model. Second, the di↵erence in rms radii for neutrons and

protons can be expressed in terms of the di↵erence in rms radii for isovector and isocalar

densities and, in that relation, the neutron skins are reduced by asymmetry factor:
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(26)

Here, the subscripts 0 and 1 refer to the rms radii computed with isoscalar and isovector

densities, respectively, and the last result is obtained assuming that both the di↵erence in

19

FIG. 16: Evolution of the density of probability in the value L of the slope of symmetry energy

at ⇢0, as di↵erent data are accounted for. The prior density represents the projection of the prior

density in the plane of (L, aVa ), that is normalized to a constant value in the regions of the plane for

which pertinent Skyrme parametrizations or their linear combinations can be found. Oscillations in

the prior represent a discontinuous behavior of the boundaries of the covered region in the (L, aVa )

plane. The shaded portion of the final density, with all considered data included, represents the

most narrow region in L that contains 68% of the probability.

end boundary of the prior. That boundary is a reflection of the limitation of the Skyrme

parametrizations - relativistic mean field approaches tend to yield higher values of L and

may eventually get invoked to improve inferences on the probability from the high-L side, in

the context of the specific set of observables. By the time the di↵erences in the radii �R are

accounted for in the inference, though, that push against the upper L-boundary subsides,

though, see Fig. 16. Looking for the most narrow interval along either the L- or the aVa -axis,

that contains 68% of the probability, we find that with this probability the slope and the

value are within the limits of 70 < L < 101MeV and 33.5 < a
V
a < 36.4MeV, respectively.

The specific value of 68% is obviously taken because this is the net probability within one

error from the central value for a probability density in Gaussian form.

Next, in Fig. 18 we compare our constraints on (L, aVa ) to some of those in the litera-

ture, with reasonable realism, specifically from nuclear-matter calculations within quantum

43

Danielewicz, Singh & Lee, NPA (2017)



From nuclear matter to finite nuclei: Local density approximation (LDA)

Density distributions from 
Skχ450 effective interaction

Skχ450 fitted to equation of 
state and effective mass

Whitehead, Lim 
& Holt, PRC 
(2019)

Zhang, Lim, Holt & Ko
PLB (2018)

Local density approximation: 
Optical potential in a finite nucleus matched to that  
of infinite matter at same isoscalar/isovector density



Whitehead, Lim and 
Holt, in prep.

• Phenomenological optical potentials make 
(necessary) assumptions in the parameterization

• Global analysis from microscopic calculations can 
inform phenomenological parameterizations

• Example: Energy-dependent Woods-Saxon shape 
parameters

New insights from microscopic calculations

𝒱 𝑟, 𝐸 = 𝑉(𝐸)
1

1 + 𝑒(()(!)/,

radius

Comparison to phenomenology: radius parameter



Whitehead, Lim and 
Holt, in prep.

• Phenomenological optical potentials make 
(necessary) assumptions in the parameterization

• Global analysis from microscopic calculations can 
inform phenomenological parameterizations

• Example: Energy-dependent Woods-Saxon shape 
parameters

New insights from microscopic calculations

𝒱 𝑟, 𝐸 = 𝑉(𝐸)
1

1 + 𝑒(()(!)/,

diffuseness

Comparison to phenomenology: diffuseness parameter



Uncertainty quantification: differential elastic scattering cross sections

New global “WLH” microscopic global optical potential 
with uncertainties

§ Proton/neutron optical potentials for 
1800 target nuclei

§ Projectile energies E < 200MeV

§ Microscopic results motivate new directions 
for phenomenology

§ Different Woods-Saxon geometry parameters 
for real and imaginary parts

§ Energy dependence of Woods-Saxon 
geometry parameters

§ Uncertainties obtained using 5000 sampled 
global optical potentials from covariance 
analysis of 5 chiral optical potentials

Whitehead, Lim & Holt, PRL (2021)



Uncertainty quantification: vector analyzing powers

New global “WLH” microscopic global optical potential 
with uncertainties

§ Proton/neutron optical potentials for 
1800 target nuclei

§ Projectile energies E < 200MeV

§ Microscopic results motivate new directions 
for phenomenology

§ Different Woods-Saxon geometry parameters 
for real and imaginary parts

§ Energy dependence of Woods-Saxon 
geometry parameters

§ Uncertainties obtained using 5000 sampled 
global optical potentials from covariance 
analysis of 5 chiral optical potentials

Whitehead, Lim & Holt (2021)

Codes to generate optical potentials
https://www.trwhitehead.com/WLH



Consistency with the nuclear EOS
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Danielewicz et al., Science (2002)

Analysis requires molecular dynamics or transport models

15

1. Transport theory

At its core, transport theory aims to describe the time evolution a dissipative system composed
of a large number of particles (here, a system of two heavy nuclei colliding at an energy per
nucleon which is typically larger than the Fermi energy) in terms of the one-body phase-space
distribution function in a semi-classical approximation.The theoretical foundations of transport
theory include the BBGKY hierarchy of coupled equations for reduced density matrices [120] as
well as the equations of the nonequilibrium Green’s function theory [121, 122] such as obtained
in Martin-Schwinger (also known as Schwinger-Keldysh) formalism for non-equilibrium Green’s
function (see also Section VB).

To arrive at transport equations, one employs (among others) a Wigner transformation and
coarse-graining as well as a gradient expansion. The Wigner transformation and coarse-graining
lead to positive-definite phase-space distributions [124] that can be e�ciently sampled with Monte-
Carlo techniques, while the gradient expansion yields, for each particle species, the force acting
on a particle and the particle’s velocity as gradients of its total energy with respect to the spatial
position and momentum, respectively. Knowledge of the kinematics of all particles, together with
the elementary collision rates, drives the evolution in the phase space. Finally, to arrive at a set of
Vlasov-Boltzmann–like equations, one employs the quasi-particle approximation, neglecting details
of the spectral functions and treating all particles as on-shell (we note here that while there are
some transport codes with o↵-shell particle treatment, e.g., [125–127], this approach is still an
outstanding challenge in the transport theory, as will be discussed further below). Alternative
approaches to arriving at a transport theory for heavy-ion collisions include using the relativistic
Landau quasiparticle theory [128] or, in approaches starting from a molecular picture, representing
the global wavefunction as a product (sometimes antisymmetrized) of single-particle Gaussian
wavepackets [129].

nB

FIG. 7. Contour plots of the system-frame baryon density nB (top row) and local excitation energy E⇤/A
(bottom row) at times t = 0, 5, 10, 15, and 20 fm/c (columns from left to right), obtained from a transport
simulation [123] of a 124Sn+124Sn reaction at beam energy Elab = 800 AMeV (

p
sNN = 2.24 GeV) and impact

parameter b = 5 fm. The contour lines for the density use increments of 0.4n0, starting from 0.1n0, while
the contour lines for the local excitation energy correspond to the values of E⇤/A = {5, 20, 40, 80, 120} MeV;
for statistical reasons, contour plots for the energy have been suppressed for baryon densities nB < 0.1n0.
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1. Transport theory

At its core, transport theory aims to describe the time evolution a dissipative system composed
of a large number of particles (here, a system of two heavy nuclei colliding at an energy per
nucleon which is typically larger than the Fermi energy) in terms of the one-body phase-space
distribution function in a semi-classical approximation.The theoretical foundations of transport
theory include the BBGKY hierarchy of coupled equations for reduced density matrices [120] as
well as the equations of the nonequilibrium Green’s function theory [121, 122] such as obtained
in Martin-Schwinger (also known as Schwinger-Keldysh) formalism for non-equilibrium Green’s
function (see also Section VB).

To arrive at transport equations, one employs (among others) a Wigner transformation and
coarse-graining as well as a gradient expansion. The Wigner transformation and coarse-graining
lead to positive-definite phase-space distributions [124] that can be e�ciently sampled with Monte-
Carlo techniques, while the gradient expansion yields, for each particle species, the force acting
on a particle and the particle’s velocity as gradients of its total energy with respect to the spatial
position and momentum, respectively. Knowledge of the kinematics of all particles, together with
the elementary collision rates, drives the evolution in the phase space. Finally, to arrive at a set of
Vlasov-Boltzmann–like equations, one employs the quasi-particle approximation, neglecting details
of the spectral functions and treating all particles as on-shell (we note here that while there are
some transport codes with o↵-shell particle treatment, e.g., [125–127], this approach is still an
outstanding challenge in the transport theory, as will be discussed further below). Alternative
approaches to arriving at a transport theory for heavy-ion collisions include using the relativistic
Landau quasiparticle theory [128] or, in approaches starting from a molecular picture, representing
the global wavefunction as a product (sometimes antisymmetrized) of single-particle Gaussian
wavepackets [129].
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(bottom row) at times t = 0, 5, 10, 15, and 20 fm/c (columns from left to right), obtained from a transport
simulation [123] of a 124Sn+124Sn reaction at beam energy Elab = 800 AMeV (

p
sNN = 2.24 GeV) and impact

parameter b = 5 fm. The contour lines for the density use increments of 0.4n0, starting from 0.1n0, while
the contour lines for the local excitation energy correspond to the values of E⇤/A = {5, 20, 40, 80, 120} MeV;
for statistical reasons, contour plots for the energy have been suppressed for baryon densities nB < 0.1n0.
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Improved uncertainty quantification
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EFT truncation errors

Probability distributions for EFT low-energy constants



Improved uncertainty quantification
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Goal: use generative machine learning 
models to create new chiral potentials

EFT truncation errors

Probability distributions for EFT low-energy constants



Generative modeling for nucleon-nucleon interactions

Glow: generate realistic faces



Generative modeling for nucleon-nucleon interactions

Glow: generate realistic faces Nuclear Potentials



Glow: Manipulate attributes of a face

Original face

Glow

Age

Beard

Blonde Hair

Nuclear Potentials

Generative modeling for nucleon-nucleon interactions



Basic Algorithm
Maximize likelihood: optimize the estimation of density

Example: 𝑥 ∼𝒩 𝜇 = 0, 𝜎 = 0.1

ℒ! =.
"

𝒩 𝑋"|𝜇 = 0, 𝜎 = 0.1

ℒ# =.
"

𝒩 𝑋"|𝜇 = −2, 𝜎 = 0.8

ℒ$ =.
"

𝒩 𝑋"|𝜇 = 0.5, 𝜎 = 3

A proper probability distribution model 𝒩(𝜇, 𝜎) → the maximum 
likelihood ℒ

Generative modeling for nucleon-nucleon interactions

If 𝑋 = potential 𝑉, how to find 𝑝(𝑉) → maximum ℒ (𝑉)?



Train Infer Train Infer Train

1. Distinguish truncation orders in 
ChEFT

2. Predict how the chiral potentials 
evolve with cutoff

Generative modeling for nucleon-nucleon interactions



Generative modeling for nucleon-nucleon interactions



Generative modeling for nucleon-nucleon interactions

1. Can extract LECs from 
generated chiral potentials

2. Input LEC distributions can 
also be propagated to 

Low energy constant distributions



Improved uncertainty quantification possible: variations in chiral low-energy constants, more sophisticated 
treatments of EFT truncation errors and choice of resolution scale

First microscopic global optical potential with quantified uncertainties

Summary and future directions

Work in progress to interface new optical potentials with nuclear reaction codes for rare-isotope beam 
experiments

§ Good description of differential nucleon-nucleus elastic scattering cross sections within uncertainties

§ Analyzing powers have larger uncertainties but also compare well to experiment



Comparison to phenomenology and data: selected results
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From nuclear matter to finite nuclei: spin-orbit interactions

Density matrix expansion (Negele & Vautherin, PRC 1972)

Holt, Kaiser & Weise, EPJA (2011)

EHF =
1

2
Tr1Tr2

Z
d~r1 · · · d~r4h~r1~r2|V (1� P12)|~r3~r4i⇢(~r3,~r1)⇢(~r4,~r2)

20% too large at density region of interest

2nd-order perturbative contributions known to 
reduce spin-orbit strength

Spin orbit interaction vanishes in infinite homogeneous nuclear matter

Chiral EFT prediction



From nuclear matter to finite nuclei: Improved LDA

Whitehead, Lim 
& Holt, PRC 
(2019)

Local density approximation Improved local density approximation

• Finite range of nuclear force must be 
accounted for

• Introduce Gaussian smearing function with 
range parameter t

• Increases the Woods-Saxon diffuseness 
parameter in agreement with phenomenology

Real central

Imaginary central

Real spin-orbit


