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ABSTRACT

EXPERIMENTAL STUDY OF AN
|ON CYCLOTRON RESONANCE ACCELERATOR

by

Christopher T. Ramsell

The lon Cyclotron Resonance Accelerator (ICRA) uses the operating principles of
cyclotrons and gyrotrons. The novel geometry of the ICRA allows an ion beam to drift
axially while being accelerated in the azimuthal direction. Previous work on electron
cyclotron resonance accel eration used waveguide modes to accelerate an electron beam
[5]. Thisresearch extends cyclotron resonance acceleration to ions by using a high field
superconducting magnet and an rf driven magnetron operating at a harmonic of the
cyclotron frequency. The superconducting solenoid provides an axial magnetic field for
radial confinement and an rf driven magnetron provides azimuthal electric fields for
acceleration. The intent of the ICRA concept isto create an ion accelerator whichis
simple, compact, lightweight, and inexpensive. Furthermore, injection and extraction are
inherently simple since the beam drifts through the acceleration region. However, use of
this convenient geometry leads to an accelerated beam with alarge energy spread.
Therefore, the ICRA will be most useful for applications which do not require a mono-
energetic beam. An ICRA designed to accelerate protonsto 10 MeV would be useful for
the production of radioisotopes, or neutron beams, as well as for materials science

applications.



Asafirst step toward producing an ICRA at useful energies, alow energy ICRA
has been designed, built, and tested as a demonstration of the concept. Analytical theory
and afull computer model have been developed for the ICRA. Beam measurements
taken on the ICRA experiment have been compared with theory.

The ICRA computer model uses realistic fields of the solenoid, magnetron, and
electrostatic bend. This code tracks single particle trgectories from the ion source
through the entire system to atarget face. A full emittance injected beam can be
modeled by tracking many single particle trgjectories.

The ICRA experiment is designed to accelerate a proton beam from 5 keV to 50
keV in5turns. A superconducting solenoid provides a 2.5 Teslaaxial magnetic field.
The accelerating structure built for the experiment operates at 152 MHz (4™ harmonic)
and provides 3 kV across 8 gaps. Measurements of the accel erated beam current vs.
beam orbit radius indicate an energy distribution ranging from near zero to near the full
design energy, with 7% of the beam current above 24 keV and 1% above 42 keV.

Energy distributions generated using the ICRA computer model show reasonable
agreement with the experimental data. After asmall correction of the bend voltage, the
computer model shows good agreement with the magnitude and shape of the
experimental datafor awide range of turn number.

Finally, a scheme for optimization of the basic ICRA designisgiven. Design
parameters are identified which minimize cost and which maximize the accel erated beam
current. Three 10 MeV proton designs are given which offer a compromise between low

cost and a high quality beam.
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LIST OF SYMBOLSAND ABBREVIATIONS

radius of inner conductor of coaxia quarter wave cavity
radius of outer conductor of coaxial quarter wave cavity
speed of light

conductance for vacuum pumping [Liters/sec]
capacitance

capacitance of coaxial section of length ¢

capacitance of magnetron section

beam energy (also use K)

electric field

Faraday cup

resonant frequency

cyclotron frequency

rf frequency

gap size between bending plates

ion cyclotron resonance accel erator

inner diameter

Kinetic energy (also use E)

inductance

axial length

axial length of the rf driven magnetron

effective length of the bending plates in the direction of the beam.

Niobium-Titanium, a material commonly used to make superconducting wire

National Superconducting Cyclotron Laboratory

number of orbits the beam goes through while traversing the cavity length

network analyzer

outer diameter

pressure [Torr]

positron emission tomography

power lost due to resistance in the rf cavity



Pr rf power
o] component of momentum parallel to the local magnetic field
Po component of momentum perpendicular to the local magnetic field
p; axial component of momentum
Q Quality factor of aresonant circuit or resonant cavity
Q throughput [ Torr Liter/sec]
rf radio frequency
R inner radius of magnetron cavity
Rs shunt resistance
s arc length
S pumping speed of turbo pump [Liter/sec]
Te critical temperature of a superconducting material
TE transverse electric
TEM transverse electric and magnetic
™ transverse magnetic
Vpeam initia voltage the beam is accelerated thru when extracted from the ion source
Vuend  VOItage difference between the upper and lower electrostatic bending plates
X horizontal position in the accelerator centered coordinate system
Xs horizontal position in the coordinate system of the ion source
X’ slope dx/dz
y vertical position in the accelerator centered coordinate system
Ys vertical position in the coordinate system of the ion source
y slope dy/dz
axial position in the accelerator centered coordinate system
Zc characteristic impedance of acoaxia quarter wave cavity
Z, impedance of free space Z, = /4, /€, =377Q
Zs axial position in the coordinate system of the ion source
Greek symbols
a shorthand notation for (po/py)
Oo po/py @t the entrance to the acceleration region



0 skin depth

Az axiadl turn length (section 2.5.8)

£ beam emittance

&  permittivity of free spacee, = 8.85(10™%) C/Vm

% relativistic mass factor y=1+ # (assume y=1 unless stated otherwise).

Uo  permeability of free space o = 4M(10°) Tm/A

(0} rf phase of the particle (= wy t - NB)

0 azimuthal position of particle in the accelerator centered coordinate system
Bhend @ngle the beam is bent by the electrostatic bending plates (see Figure 25)

p radius of curvature through the electrostatic bend (see Figure 25)

T phase of the rf (T = wx t)

W cyclotron angular frequency [rad/s|

Wy resonant frequency

O rf frequency

Xi
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1. INTRODUCTION

The lon Cyclotron Resonance Accelerator (ICRA) is anion accelerator which
uses novel geometry. It combines the principles of cyclotrons and gyrotrons and uses an
rf driven magnetron as the accelerating structure.  The intent of the ICRA concept isto
create an accelerator which is simple, compact, and lightweight. An ICRA designed to
accelerate protons to 10 MeV would be useful for the production of radioisotopes, or
neutrons, and may also have applicationsin materials science. The ICRA concept and

10 MeV design werefirst published in 1997 [1].

As a demonstration of the concept, a computer model has been developed to study
particle trgjectoriesin the ICRA, and a 50 keV proton ICRA has been built and tested.
The first experimental results were published in April 1999 [2]. Thisthesis describesthe
theory that has been developed for the ICRA, then presents the design of the 50 keV
prototype, and compares the experimental results with the theory. Finally it gives

recommendations for future research, and presents an improved 10 MeV design.

This chapter begins by introducing the reader to cyclotrons, gyrotrons, and
magnetrons. In section 1.4 an overview of the ion cyclotron resonance accelerator and its
basic components are given. Section 1.5 discusses the applications for which the ICRA is

the most well suited.

Chapter 2 covers the theory which has been developed for the ICRA, including
both analytical and computer model. Chapter 3 then presents the specific design of the
50 keV experiment. Chapter 4 shows the experimental results, and compares with the
theory. Chapter 5 then gives recommendations for future research, presents the design of

al0MeV ICRA, and gives aconclusion.



1.1 Cyclotrons

In 1931 Ernest Lawrence demonstrated the cyclotron, by accelerating protons to
an energy of 80 keV. Thisnew tool for probing the nucleus fueled our understanding of
the atom and lead to the rise of nuclear and high energy physics. Today, synchrotrons
achieve much higher energies than cyclotrons, however cyclotrons are still the leading
choice in fields such as the production of radioisotopes for medical applications, proton

and neutron beam therapy for treatment of cancer, as well as nuclear physics.

Cyclotrons use time varying electric fields to accelerate charged particlesin the

azimuthal (0) direction, and an axial (2) dc magnetic field to bend the particle beam into a

closed orbit so that it will pass through the same accel erating structure many times. The
geometry and coordinate system for asimple cyclotron are shownin Figure 1. The
accelerating structure is a set of hollow conductors called “dees’, which serve the same
function as drift tubesin alinear accelerator. As a particle passes through a dee, the

voltage potentia is changing with time, but is constant with respect to position so the

electric field inside the dee is zero. However, since each adjacent dee has a different

voltage, particles are accelerated by electric fields across the gaps between the dees.

Figure 1. An example of a two dee cyclotron and the coordinate system used.



The voltage on the dees alternates at a constant rf frequency (f). In order to be
continuously accelerated, the beam must cross each gap only at times when the E-field is
pointing forward (azimuthally). Thus, the rf frequency must be a harmonic of the

cyclotron orbital frequency (f¢). Thisisthe resonance condition required for acceleration.

Because of the “drift tube” nature of the dees, the beam will strike the inner
surface of adeeif it is not kept in the median plane (z=0). For this reason, weak axial
focusing was used to confine ions. At higher energies relativistic effects prevented the
use of weak focusing. Therefore, strong axial focusing was developed using steel pole

tipsto create an azimuthal variation in the magnetic field.

Asthe beam gains kinetic energy, its orbit radius in the magnetic field increases.
Extraction is usually achieved by allowing the beam that reaches full radius to pass
behind a thin septum into a region where a strong dc electric field pulls the beam in the
radial direction. At large radius, the radia spacing between turns may become extremely
small (r O \/E) , iIn which case, some beam current will be lost by scraping on the
septum. Beam current hitting the septum creates thermal and radiation issues which
contribute to limiting the beam current in the cyclotron. An alternative extraction
method is to accelerate a negative ion beam, then use afoil to strip ions to positive charge
state which changes the radius of curvature of the beam. In either case, only the beam
that reaches full radiusis extracted, so the cyclotron has arelatively narrow energy

spread in comparison with the ICRA which has no such constraint.



1.2 Gyrotrons

Gyrotrons are a source of high power coherent microwaves. Theoretical gyrotron
research began in the late 1950’ s by Twissin Austrailia, J. Schneider in the U.S. and
A.Gaponov inthe U.S.S.R., though experimental verification was not obtained until the
mid 1960’ s [3]. Today gyrotrons are available from industry with average rf power levels

of amegawatt and efficiencies greater than 50%.

Magnet
Coils B-Field
\/ Line
Electron Gun 4 /

__Microwaves

e Beam Resonant Cavity

Figure2. Sideview of a gyrotron.

Gyrotrons convert the kinetic energy of a dc electron beam into high frequency
electromagnetic fields by exciting waveguide modesin a cylindrical resonant cavity. A
magnetic field in the direction of the cavity z axis, confines an annular electron beam to
spiral around B-field lines. The € beam is hollow in the center and contains many tiny

beaml ets around the circumference as shown in Figure 3.

The source of the electron beam is an electron gun located outside the resonant

cavity in the fringe field region of the magnet. Here the velocity component parallel to



the B-field is set so that the beam will drift along field lines into the high field region of
the resonant cavity where the interaction occurs. Inside the waveguide structure, the
relativistic electron beam interacts with azimuthal electric fields which causes bunching

within each beamlet. [4]

Figure 3. Cross section of the annular electron beam in a gyrotron
Copied from reference [4]

Bunching and the transfer of energy from the electrons to the cavity fields both
depend on aresonance between the cyclotron frequency of the electron orbits and the

frequency of the cavity fields.

Even at the time that gyrotrons were being investigated as a source of
microwaves, it was recognized that the inverse should also be possible, i.e. to accelerate
electrons by driving a gyrotron structure with microwave power. Thiswas demonstrated
by Jory and Trivelpiecein 1968. Using electric fields from the TE;; mode of acircular

waveguide, they accelerated a 10 mA electron beam and measured an energy gain of

460 keV [5].



1.3 The Magnetron

Magnetrons, like gyrotrons, generate microwave radiation by converting the
kinetic energy of an electron beam into el ectromagnetic fieldsin a resonant cavity which
isimmersed in an axial magnetic field [6]. Development of the magnetron in the late
1930's and early 1940’ s was instrumental in the successful use of radar during World
War Il [7]. Today magnetrons generate microwaves at 2.45 GHz in microwave ovens all

over the world, and are so common that you can purchase a replacement tube for about

$50.

Figure4. Electric a) and magnetic b) fieldsin a magnetron structure with 8 oscillators.
Copied from [8]

The magnetron structure itself is aresonant cavity, but it is much different than
the open waveguide structure of the gyrotron. The cavity is comprised of several coupled
oscillators as shown in Figure 4. The hole and slot configuration of each oscillator means

that the magnetron structure behaves like alumped circuit with isolated inductance and



capacitance (Figure 5). The additional inductance and capacitance lowers the resonant
frequency and alows the magnetron to be much smaller than a wavelength. Our interest
in the magnetron is as an accel erating structure because an rf driven magnetron can be

used to generate electric fields in the azimuthal direction.

Figure5. Holeand slot configuration of a single oscillator and its equivalent L C cir cuit.
Copied from [9].

1.4 lon Cyclotron Resonance Acceler ation

Theion cyclotron resonance accelerator (ICRA) combines the principles of
cyclotrons and gyrotrons. Like the cyclotron, ions are confined radially (r) while being
accelerated in the azimuthal () direction. However, in the axial (z) direction, the beam
isnot confined. Instead, the beam is allowed to drift through the accelerating structure
just as the electron beam drifts through the waveguide of a gyrotron. For thisreason, an

appropriate name for the ICRA isan “axia drift cyclotron”.



As mentioned previously, Jory and Trivelpiece demonstrated cyclotron resonance
acceleration by accelerating an axially drifting electron beam in awaveguide. The
research documented here extends cyclotron resonance acceleration to ions for the first
time. The waveguide structures used in gyrotrons are on the order of a wavelength and
would be too large at the low frequencies required to accelerateions. However, by using
an rf driven magnetron operating at a harmonic of the cyclotron frequency, together with
a high field superconducting magnet, the accel erating structure becomes small enough to
fit into the bore of a common superconducting magnet. This means that a magnet which

isavailable from industry can be used.

The main components of an ICRA are shown in Figure 6. These are the
superconducting magnet, ion source, el ectrostatic bend, accelerating structure, and the

target. A dcion beam is extracted from the ion source directly along a B-field line so that

the vx B force on the beam is zero. The electrostatic bend deflects the beam so that it
has a component of momentum perpendicular to the B-field which causesit to orbit
around field lines. The remaining momentum parallel to the B-field causes the beam to
spiral axially into the high field region. At the acceleration region, the B-field is
relatively flat and the beam drifts axially through the magnetron structure. Whileinside
the magnetron, rf electric fields accelerate the beam in the azimuthal direction so that the
radius of the beam orbit increases. Upon exit from the magnetron, the beam spiralsinto
the lower field of the extraction region, until striking atarget downstream. A detailed

description of the beam trajectory is given in section 2.5.



Figure 6. Basic componentsof an |CRA

This acceleration scheme is inherently simple, compact, and inexpensive.

In principle, the rf driven magnetron can be cut out of a single piece of copper.
Superconducting magnets of the proper size are available from industry. The high
magnetic field means the machine is very compact. Furthermore, because of the lack of
axial focusing, no steel is needed to shape magnetic fields so the entire machineis
lightweight. Since an ICRA would be compact and lightweight, it might be designed to
be portable which could open up some field applications for accelerators. Beam
extraction isinherently simple because nearly al of the beam drifts through the
accelerating cavity to the target region where it can be isolated from the accel erator
mitigating maintenance and radiation shielding issues.

Aswewill see, the penalty for al of these advantagesis that the beam accelerated
by the ICRA contains alarge energy spread. In fact the extracted beam will contain

energies ranging from near zero to the full design energy. Thisis caused by three



factors. 1) For ssimplicity the injected beam is dc, therefore the part of the beam whichis
in phase with the rf is accelerated, while the rest of the beam is decelerated. 2) Any
spread in the axial momentum through the acceleration can cause a difference in the
number of kicks anion receives. 3) A radial dependence of the accelerating fields in the
rf driven magnetron causes radial defocusing. The large energy spread simply means that
the ICRA will be most useful for applications in which an energy spread does not matter,

such as the production of radioisotopes, or neutron beams.

1.5 Applications

Today proton and heavier ion beams at energies below afew MeV aretypically
produced by electrostatic accelerators or radio frequency quadrupoles. Beams above a
few MeV aretypically produced by cyclotrons, or linacs, with the highest energies being
attained by synchrotrons. In principle, an ICRA could be designed to accelerate any ion
to any energy range. However, for the purpose of limiting the scope of this discussion,
we will concentrate on a particular energy regime from 3to 12 MeV. In particular, an
ICRA designed to accelerate protons or deuterons to 10 MeV would be useful for many
applications. Three areas for which the ICRA isthe most well suited are 1) production of
short lived radioisotopes, 2) as an accelerator based neutron source, and 3) for materials
science applications.

The use of radioisotopes in medicine and industry has experienced steady growth
over the past two decades. Medium energy accelerators (10 < E < 30 MeV) areused in

commercia production of radioisotopes with half liveslong enough for shipment. Lower
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energy machines (E < 10 MeV) are used in hospitals for on site production of relatively
short lived isotopes. The most common of these are the positron emitters: *'C, 3N, *°0,
and *®F which are used for positron emission tomography (PET) [10,11]. A 10 or 12
MeV ICRA delivering 10 to 50 YA of protons to the upper half of the energy range would
be useful for production of these PET isotopes. If that ICRA were designed to be
portable, it could be shared by several institutions.

Applications for neutron beams include thermal neutron radiography, fast neutron
radiography, fast neutron analysis, and neutron activation analysis. Of these, fast neutron
analysis has recently gained attention as a method for rapidly identifying materialsin
applications such as bomb/drug/weapon detection for airport security. A more common
application of neutron beams, thermal neutron radiography, is used to produce an image
of the internal components of an object by passing neutrons through the object and
imaging the neutrons on film. The mgjority of neutron radiographs are made at nuclear
reactors where high neutron fluxes are available. The disadvantage here is that equipment
to be radiographed must be brought to the reactor site. Accelerator based neutron sources
produce somewhat |lower neutron fluxes than reactors, but offer the possibility of being
portable and therefore would be more useful for field applications. A 10 MeV ICRA
producing only 10pA of protons (upper half of AE) would produce a neutron rate useful
for neutron radiography or as aresearch tool for fast neutron analysis.

Finally there are numerous materials science applications for which a 10 MeV
ICRA would also be useful including: ion implantation, charged particle activation

analysis, and radiation damage studies.

11



2. THEORY

This chapter covers the theory needed to understand and design an ion cyclotron
resonance accelerator (ICRA). Sections 2.1, 2.2, and 2.3 explain basic considerations for
the magnetic field, vacuum, and ion source. Section 2.4 covers the theory of resonant rf
cavities. The last two sections comprise the majority of the chapter. Section 2.5 covers
all aspects of the beam trgjectory that can be calculated analytically. Section 2.6 covers
those aspects of the beam trajectory which can only be calculated using a full computer

model.

2.1 Magnetic Field

Consider apositive ion with charge (g) and mass (m) in aregion of constant

magnetic field, B. If theion has some momentum in a direction perpendicular to the B-
field (po), then thev x B term of the Lorentz force equation provides a centripetal force

which causestheion to movein acircular path. The radius (r) of this orbit is given by:
p,=aBr (2.1

The angular frequency, called the cyclotron frequency, is given by:

(2.2)

£
I
318

whereyisthe relativistic mass factor. Notice that for y =1 the cyclotron frequency

depends on the B-field and on % of theion, but does not depend on the ion velocity.

In the direction parallel to magnetic field lines, force on the ion is zero and the ion
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will simply drift (p,= constant). Thereforein aregion of constant magnetic field, anion

with momentum p = (p, +p,) will moveinahelical path.

Y

5\

Figure7. Anion movingin a helical path in a constant axial B-field.

Zz

Asin the cyclotron, acceleration in the ICRA requires a resonance between the rf
accelerating fields and a harmonic of the cyclotron frequency, (section 2.5.6). However,
sinceionsin the ICRA will also drift along B-field lines (z direction), the magnetic field
must be nearly constant over the axia (z) length of the acceleration region (for y 01). At
higher energies, the cyclotron frequency will decrease asy becomes greater than 1. In
this case it will be necessary to add a slope (dB/dz) to the B-field, which matches the
increase iny, in order to maintain resonance. Since the focus of thiswork isalow energy
50 keV proton accelerator, the reader should assume that y = 1, for the remainder of this

document unless stated otherwise.

A Helmholtz coil pair provides alonger axial flat field length than a solenoid of
equal coail radius (R;) and axial length (z;). However, either coil geometry will work.
The B-field on the z axis (r=0), of asingle current loop is given by:

RS

B.(2=B, —*—=
(R +Z°)°

(2.3)
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where the field has been normalized to the central field value By. This equation can be
used to calculate the fields on the axis of a Helmholtz coil or a solenoid by simply
placing coils at appropriate locations and then superimposing the B-field of each cail.
Solving for the magnetic field off axis (r # 0) is more difficult (see section 2.6.1).

Figure 8 shows the geometry of a Helmholtz coil and a solenoid coil. Figure 9 showsthe

axial profile of each B-field. Notice the Helmholtz coil provides a significantly longer

flat field length.
Helmholtz Coil Solenoid
r r
TZ X T
1.0 1.0
i i

ili}j 1,0 —=f

Figure 8. Cross sections of a Helmholtz cail (Ieft) and a solenoid (right) with equal coil dimensions
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Figure9. Axial field profilefor a Helmholtz coil (Ieft) and a solenoid (right) with equal dimensions.
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For the ICRA, the choice of B-field profile is an important consideration because:
1) theflat field length limits the axial length available for acceleration, and 2) theion
source must be able to operate in the chosen fringe field region. Furthermore we will see
in section 2.5.2 that the ratio of field at the acceleration region to field at the sourceis

involved in determing the increase in the transverse momentum spread of the beam.

2.2 Vacuum

Preferably the vacuum system for any accelerator should maintain a complete
absence of atoms. Inredlity, the pressure in the ICRA will be dominated by the mass
flow of gasfed into the ion source, and to a smaller extent by outgassing from materials
inside the vacuum chamber. The mean free path (M) is the average distance that a particle
travels before colliding with another particle. For this experiment, it is sufficient to have
amean free path longer than the path of the beam. Details of the vacuum system are

given in section 3.2.2.
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2.3 lon Source

A wide variety of ion sources are adequate to supply the beam for an ICRA. The
only requirement is that the source must operate in the fringe field of the magnet at the
chosen location. However, a high brightness source is preferred because the acceptance
phase space of the rf driven magnetron together with the brightness of the injected beam

are crucia parameters which determine the final accelerated beam current.

In most ion sources, the energy spread in the extracted beam is small, because all
ions are accel erated through nearly the same potential from the extraction aperture to the
puller electrode. However, the beam will have some finite spread in transverse and
longitudinal position and momentum. These beam dimensions occupy a 6 dimensional
volume in phase space. The transverse spread in position and momentum is normally
described in terms of two dimensional areas called the beam emittance. The computer

model of the injected beam emittance is discussed in section 2.6.7 of this chapter.

In chapter 3, we will see that the ion source chosen for the 50 keV ICRA isa
simple electron impact ion source. Electrons emitted from a hot filament are accelerated
through approximately 100 volts toward an anode. The electrons impact and ionize H,
gas creating H" and H,".  Anion beam is extracted from the source at 5 - 10 keV. The
energy spread in this type of source is due to both the temperature of the ions and
variations in the potentia at which the ion was created. The maximum energy spread is

still small. The computer model of section 2.6 uses the assumption that AE = 0.

The source chosen for the 50 keV ICRA aso includes an Einzel lens for focusing
the beam before injection into the ICRA. This electrostatic lens provides azimuthally

symmetric electric fields, which are effective for focusing the low velocity beam, and
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also has an adjustable focal length. For the purposes of this chapter on theory, the Einzel
lens should be thought of as part of the ion source apparatus. Details of theion source

and the Einzel lens are given in section 3.2.3 of the chapter on design.

2.4 RF Cavity

Initial designs for the ICRA used an rf driven magnetron in an 8 Tesla axial dc
magnetic field [1]. In chapter 3 on the design of the 50 keV ICRA we will see that the
availability of a 2.5 Teda superconducting magnet created the opportunity to build a
proof of principle device at very low cost. The disadvantage of thislower magnetic field
isthat a pure magnetron would not fit into the bore of the available magnet. The solution

was to build a hybrid coaxia - magnetron cavity.

This section covers the electromagnetic theory needed to design the rf
accelerating structure of the ICRA. The theory iswell known and is given here as
background. Section 2.4.1 begins with plane waves, then reviews waveguide TE and
TM modes. Section 2.4.2 covers TEM wavesin a coaxia cavity, then thefieldsin a
coaxial quarter wave cavity are derived. Section 2.4.3 givesthe fieldsin the central
region of the magnetron structure. Section 2.4.4 simplifies the theory by representing a
resonant cavity as an equivalent lumped circuit. Finally, the method used to describe the

hybrid cavity is given in section 2.4.5.
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2.4.1 Wavequides

We begin with the time harmonic form of Maxwell’s equations in a source free

region of empty space.

OxE=-iwB (2.4)
DxB=§E (2.5)
[.E=0 (2.6)
0.B=0 (2.7)

In this form, oscillatory time dependence is assumed. Thereforeit isonly necessary to
solve for the spatial dependence, E(), then the full time dependent solution is recovered
by multiplying by an oscillatory factor: E(T,t) = E(r)e . Thisapproachiscorrectin
genera because any non-oscillatory time dependence can be constructed with a Fourier

series. However, for thiswork we are only interested in oscillatory solutions.

Taking the curl of equation 2.4 and substituting equations 2.5 and 2.6 gives.

OxOxE=-iw(0xB)
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This gives the vector Helmholtz wave equation:

(02 +k2)E=0 (2.8)

Similarly for the magnetic field: (02+k2)B=0 (2.9

Where each vector equation actually represents three scaler wave equations. An
important solution of the wave equation in open space (no boundary conditions) isthe

plane wave. The electric field for a plane wave can be expressed in the form:
E(T,t) = E,@ (KT~ (2.10)
The direction that the wave propagates is given by the wave vector, k, but the direction

of the actual electric fieldisgiven by E_. The velocity of propagationis v = % =cC.

Notice that imposing C+« E =0 on equation 2.10 gives k+ E,=0. This meansthat the

E-field cannot point in the direction of propagation [12, 13]. Furthermore, Using

equation 2.4 to solve for the magnetic field leads to:

B(r,t) = L [RxE(T,1)] (2.12)

el

Evidently the magnetic part of the wave has the same form, but points in a direction
perpendicular to the direction of propagation and to the electric field. For this reason

plane waves are referred to as transverse electric and magnetic or TEM waves. For

example, if the wave propagates in the z direction, then k- T=kz and E, = KE, + VE,

so the plane wave would be written as:

E(T,t) = (XEy +yEy) gl (kz—at)
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and the B-field would be;

B(r.1) = S (JEx —REy)e (@™

k
W
Waveguides

Waveguides are hollow conductors with cross section of any shape that remain
constant along their axial (z) length. Examples are shown in Figure 10. Of course
electrostatic fields cannot exist inside a waveguide because the metal walls all have the
same potential. However, if plane waves are introduced into a waveguide the waves will
reflect off of the conducting walls. The incident and reflected waves superimpose to
create a standing wave pattern along the transverse dimensions, and atravelling wave

along the axial dimension as shown in Figure 11.

Figure 10. Examples of waveguides

Since the wave pattern must satisfy the boundary conditions at the conducting walls,
either E or B must have a component in the direction of propagation. Thusfieldsina
waveguide are either TE (transverse electric) or TM (transverse magnetic), but
waveguides do not support TEM waves. Notice that whether the wavesare TE or TM

depends on the initial polarization of the wave (or the orientation of the driving probe).
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Figure 11

a) A TE field pattern in which E istransver se only, but B hastransver se and axial components.

b) A TM field pattern in which B istransverse only, but E hastransver se and axial components.

In the usual treatment of waveguides[12, 13] the fields are separated into transverse and

axial dependence using separation of variables.
Assume that any of the six components Ey, E,, E;, By, By, or B, can be written as:

w(r) =f(x,y)9(2) (2.12)
The wave equation can be broken into:

(02 +k2)f (x,y) =0 and <§+k§)g<z>:o

where k? = k* -k (2.13)
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If k, isreal, the solution for g(z) is oscillatory, so the electric and magnetic fields are both

of the form:

E(r,t) = E(x,y)e (KeZ7 @D (2.14)
Where E(x,y) could have components in both the transverse (CI) and longitudinal (2)
directions. When solving for the fields in a specific waveguide geometry, forcing
E(x,y) to satisfy the boundary conditions leads to an expression for kg in terms of the
transverse waveguide dimensions.

Obviously, propagation down the waveguide depends on k; being real, but notice
the implication of equation 2.13. The wave vectors, k, ko, and k,, are related by atriangle
equality (see Figure 11). Therefore, if k depends on frequency of the wave (k=uYc), and
ko isfixed by the cross sectiona dimensions of the waveguide, then k, is simply the
remaining side of thetriangle. Theresult isthat, if the frequency (or k) becomes small
enough, k, will become imaginary and the wave will not propagate through the
waveguide.

For this reason, waveguides have a cut off frequency, below which waves
introduced into the waveguide will not propagate along the length. The cut off frequency
occurs when k = kg, and depends exclusively on the transverse dimensions of the

waveguide being used.

Since the z dependence is only in the exponential factor, we can write

0 = (0, -ik, 2) (2.15)
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o0 - i
Py +9 oy for Cartesian coordinates.

where: 0, =&
This allows field components to be separated into transverse and longitudinal directions.
Substituting equation 2.14 into equation 2.4 and then using 2.15 to separate termsin the

transverse and longitudinal directions gives:
Longitudinal: (O, xE,)=-iwB,2 (2.16)
Transverse: (O, x2E,) —ik,(2xE ) =—iwB, (2.17)
Where two anal ogous equations come from substituting B(r,t) into (2.5). Equations 2.16
and 2.17 relate the transverse and longitudinal components of the fields in a waveguide.
Notice that equation 2.16 says that the longitudinal magnetic flux through the cross
sectional area of the waveguide causes a transverse electric field.

Now consider the special case of a TEM wave by letting E; and B, both go to

zero. Equations 2.16 and 2.17 reduce to:

(0, xE.)=0 (2.18)

B, = K(2xE,) (2.19)

el=

Where we have let k, = k since kp will be zero. From equation 2.18 we see that without
any magnetic flux through the cross sectiona area of the waveguide, the transverse field
(E,) can only be caused by an electrostatic potentia (E_, =-C®). In other words TEM
waves cannot exist inside awaveguide, unless there is a voltage difference between the
walls to support atransverse electric field. Notice that equation 2.19 is the same result as
for TEM plane wavesin equation 2.11.

Since the conducting walls of awaveguide are al at the same potential, TEM

waves cannot exist in waveguides. However, atransmission line with a voltage
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difference between two separate conductors can support TEM waves. In the next section
we begin by studying one example of atwo conductor transmission line, called the

coaxia transmission line.

2.4.2 Coaxial Quarter Wave Cavity

TEM waves can exist in transmission lines which have two conductors. An
exampleisthe coaxial transmission line. The cross section of acoaxia lineisshownin
Figure 12. Where the radius of the inner conductor is“a’ and the radius of the outer

conductor is“b”.

Figure 12. Crosssection of a coaxial transmission line

Recall that the solution of the wave equation is separable into transverse and
longitudinal dependence (equation 2.12), and that the fields of a TEM wave can be
derived from an electrostatic potential (equation 2.18). This meansthat we can solve the
Laplace equation for the electrostatic potential, and the transverse electric field, then
ikz

multiply by the z dependence (e*'*#) and the time dependence (e"i‘*’t) to obtain a

compl ete solution.
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Solving the Laplace equation for the transverse dependence only gives:

02 =0

_y In(r/b)
CD(r) = VO W

Differentiating gives the electric field:

E=-0,9()

_ A I

E(r) = n@b) r (2.20)
and the magnetic field can be found using equation 2.19.

N |

B(r) = cin(a/b) (2.22)

The surface current (Js) can be found using the boundary condition which comes from

Ampere'slaw: Jq

H—lo(ﬁ x B) (2.22)

where Aisaunit vector normal to the surface. For the inner conductor (A=7) the

surface current is:

3 - 1 Vo 5
j =+ "o
s = Z. ain(b/a) °

Where Z_ = /u, /e, =377Q iscaled the “impedance of free space”.

Integrating around the circumference of the inner conductor gives the total current in

terms of the voltage.
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Therefore, we can solve for the ratio of the voltage to the current.
Z, = =2 = Zo In(b/a) (2.23)
¢ 21

Z. isknown as the characteristic impedance of a coaxial transmission line. Z. relates the
peak voltage to the peak current (or the E-field to the B-field) and depends only on

geometry of the transmission line.

The Quarter Wave Cavity

Now consider a coaxial quarter wave cavity, i.e. a section of a coaxial
transmission line whose length (¢) is one quarter of awavelength (Y4A). A shorting plate

at one end connects the inner and outer conductors while the other end isleft open, as
shown in Figure 13. The short forces the voltage difference between the inner and outer
conductorsto be zero at all times, but the open end can oscillate between +V,. Therefore,
we expect the voltage profile to look like a quarter of awave as shown in Figure 14.
Aswith any electromagnetic oscillator, stored energy is transferred back and forth
between the electric and magnetic fields. It isuseful to think of charge as bouncing back
and forth between the inner and the outer conductor, where the shorting plate provides a
path for current to flow between the two. At the moment of maximum charge
separation, the voltage difference is maximum and the electric field pointsin the radial
direction. One quarter of acycle later, charge flowing along the conductors and across
the shorting plate causes a magnetic field in the azimuthal direction. The expected
current profileis also shown in Figure 14. Obviously the magnetic field is largest at the

short, and the electric field is largest at the open end.
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Figure 13. Geometry of a quarter wave cavity.
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Figure 14. Voltage and current profilesfor the quarter wave cavity
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Since fieldsin the quarter wave cavity are TEM, they satisfy an electrostatic
solution. Thus, we can solve for the transverse el ectrostatic fields, then add on the z
dependence and time dependence last. The axial dependence can be found by

superimposing the left and right moving waves.

V(z) = A¥ +Be™

I(z) = C€e"* —De™
Where voltages add, but currents moving in opposite directions subtract. Applying
boundary conditions (V = 0 at z = 0) at the shorted end, and (V =V at z = /) at the open
end gives: V(z) =V, sin(%) (2.24)
Similarly, maximum current (l,) flows on the short, and | = 0 at the open end.

1(2) =1 cos( ) (2.25)

Combining theradial, and the axia dependence, together with the time dependence, the

electric field becomes.

Vo -t '\
n(a /b) ( 57)€ (2.26)

Notice that this electric field is entirely in the radial direction, thusit does not account for

E (r,2)=

fringe fields at the open end of the quarter wave cavity. Similarly the magnetic field is:

V it
By(r,z) = cln(a/b) rcos( TZy gt § (2.27)

When calculating the capacitance (C), we must account for the axial profile. It can be

found from the total energy stored in the electric field (Ug).



Where the stored energy is.

=2
E‘ dsr

U :%soj

Substituting equation 2.26 and integrating gives:

_1 T[Eoé 2
e = E(In(b/a)j Vo

Therefore the total capacitance of a quarter wave coaxial cavity is:

_ Tel
c= In(b/a)

(2.28)

The inductance (L) is more difficult to calculate. Although equation 2.25 correctly
accounts for the axial current distribution on the inner and outer conductors, the current
which flows on the shorting plate (at z = 0) also makes a significant contribution to the
magnetic field near z=0. A much simpler method is to use the relationship between

wavelength and frequency A, = ¢/f , and the fact that the resonant frequency of the cavity

(fo) isrelated to the inductance and capacitance by:

fo=—1
° 2m/LC
Thus the total inductanceis:
4
L :“?Og In(b/a) (2.29)

The Quality factor, or the“ Q" isdefined as:

Wg % (energy stored in cavity fields)

Q time averaged power l0ss
U
or Q = ‘;0 (2.30)
loss
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The full analytical expression for the Q of a coaxial quarter wave cavity can obtained by
first calculating the time averaged power loss caused by surface currents flowing on the
conductors.

The surface current (Js) on the inner conductor is obtained from equation (2.22):

= 1 el
J, = = (hxB
Mo ( o)
Substituting the B-field of equation 2.27 gives:
3 - 0 TZy\ -t 5
J, = —Zo ain(b/a) cos(—zf) e 2 (2.31)

The general expression for power loss due to current flowing through aresistive material

is: P.= J'f]- Edr

vol
where J isthe current density and or is adifferential element of volume. Ohm’slaw can
be used to expressthe electric field interms of J.

J=0E

loss

2
Res = | JE dr (2.32)

vol
whereg is the conductivity of the metal. The power loss on the inner conductor is
obtained by assuming that the current flows with uniform density over a depth of one

skin depth (3).

5= 1 (2.33)

Using J=J,/8 for case of the inner conductor, equation 2.32 reduces to:
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Q|<n|\)

4

_ TlaJ‘
|nner_ 5

0

Substituting equation 2.31, then integrating, and taking the time average gives:

V2 T
<Pinner> = 2_;[ 60(Inb;a)ZZ§ ICOSZ( %JSIH (wt) dt
_ Vo (4
<Pinner> = 41'[0'625 (ZJ (2.34)

where Z. is the characteristic impedance from equation 2.23.

Similarly the power loss due to current on the outer conductor is:

_ Ve (4
<Pouter > - ATIGS Zg (Z_b) (2.35)

Since maximum current flows at the z=0 end of the cavity, we must also account

for power loss on the shorting plate. Again, using equation 2.22 for z=0:

_ 1 axE
3, = L(xB
u(

)

z=0

Substituting the magnetic field from equation (2.27) gives:

— Vo f —iwt
Y= 2 T e (2:36)

As before, the power lossis calculated assuming the current has uniform density over one

skin depth (&). For the shorting plate the general expression for power loss reduces to:
21 f
— 2
Poo = 50 !JS rdr

Substituting equation 2.36 for the surface current, then integrating, and taking the time

average gives:
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Vs
<PShOI‘t> = W |n(b/a) (237)

Thetotal power lossis then:

(Pox) = (Poer) * (Patar) + (Paan)

Substituting equations 2.34, 2.35, and 2.37 yields:

_ Ve s T1,1 .2
(Pos) = 4no&? 2 [5 T Zln(b/a)} (2.38)

Finally we can calculate an analytical expression for the Q using

Ue

P

loss

Where U = %CVO2 , and the capacitance was given in equation 2.28. After significant

rearrangement we arrive at:

Q = — Zlm(b/ 2) (2.39)
6[a e Ly gln(b/a)}

When using equations 2.38 and 2.39 one should be aware that in real resonant
cavities, the conductivity of most conductors is significantly reduced from that of the
pure metal [14]. Machining, cutting, and bending metal create crystalline defects that
reduce the conductivity of metal [15]. Furthermore the conductivity of metal decreases
as the operating temperature of the cavity increases.

Finally, it is useful to consider theratio of RJ/Q, where Rs is the shunt resistance.
In section 2.4.4 the shunt resistance is defined in terms of the power loss and the peak

cavity voltage by the expression:
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P = 5 (2.40)

Thus, the (R/Q) becomes:

V2

Rs -
Q  2QPw)

Substituting equations 2.38 and 2.39 and rearranging, we find that the conductivity

cancels and RJ/Q depends only on the geometrical factorsaand b.

Z, In(b/a) (2.41)

Ry _ 2
Q

Using equations 2.28 and 2.29 it is easy to show that \/% gives the same result.

: Ry _ L
Therefore: o ~ ¢ (2.42)

Although equation 2.41 is specific for the geometry of the quarter wave cavity, in
genera RJ/Q depends only on geometry. Thisis useful because athough the effective

conductivity is difficult to determine, the power loss can still be calculated very ssimply

by measuring the Q, and either measuring or cal culating\/% , to determine Rs.

R, = Qg

Once Rs is known, equation 2.40 can be used to calcul ate the power loss for any cavity

voltage.
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2.4.3 RF Driven Magnetron

Asexplained in section 1.3, the magnetron structure is normally used to generate
microwave power, by converting the kinetic energy of an electron beam into oscillating
electromagnetic fields in the resonant cavity. However, the inverseis also possible. RF
power can be used to drive oscillating el ectric and magnetic fields in a magnetron
structure. We wish to use those fields to accelerate an ion beam.

Figure 15 shows an example of afour gap magnetron structure. The fieldsina
magnetron are most easily understood if one thinks of the charge which bounces back and
forth from one side of an oscillator to the other. At the moment of maximum charge
difference across adot (+/-), the electric field in the slot is maximum. However, when
chargeis flowing from one side to the other, the current around the hole creates a
magnetic field which points into the page. Thusthe sot acts like a capacitor and the hole
acts like an inductor.

t =20 . Half an rf cycle later
Capacitors

Inductors

Figure15. A four gap magnetron structure showing the Temode at two different times

Thez axis pointsinto the page.



(@]

Figure16. Geometry of a single oscillator and its equivalent circuit

In this example, the magnetron structure is a set of four coupled harmonic
oscillators. There are four modes of oscillation, however only the Temode s of interest
here. Strapping can be used to eliminate unwanted modes [6]. Figure 15 illustrates the
Temode in which the charge on each adjacent electrode is opposite. In other words each
oscillator is 180° out of phase with the one next to it, hence the name “Temode”.

Each oscillator behaves like an LC circuit. The geometry and equivalent circuit
for asingle oscillator are shown in Figure 16. A good estimate for the inductance and
capacitance of asingle oscillator can be calculated from the geometry aone.

Cog, Lolm (243)
9c
Where /¢4, is the cavity length into the page.

w = L1 -°¢ |9 (2.45)

35



where little c is the speed of light and all other geometrical parameters are defined in

Figure 16.

— Ho
— Ho

= L.

! |

(@]
4|Ol

I'_I
e
— o

Figure 17. Equivalent circuit for afour gap magnetron in the tmode.

Figure 17 shows the equivalent circuit for the entire magnetron operating in the

Temode. Thetotal inductance, L', is

r— L

L'=L

4

and the total capacitance, C', is
C' =4C
- 1 1 _
W, = = = W,
JL'C JLC

Thus, in the Temode, the resonant frequency of the entire magnetron is the same as the
resonant frequency of asingle oscillator.

We are interested in the electric fields in the central region because they will be
used to acceleration ions. The magnetic fields in the central region are negligible

therefore 0xE = 0 sothe electric fields can be solved in terms of an electrostatic

potential. The voltage potential is a solution to the Laplace equation in cylindrical
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coordinates with radial and azimuthal dependence only. Matching to the boundary

conditions, leads to a Fourier seriesin 6.

V(r,8,t) =V, [An(%)” sin(nB) + A, (%)2” sin(2n6) + A 3, (%)3” sin(3n6) + ... } gl

Where: Ann = T{?f (rﬁzj sin(m;f) for: m=1,23, ...

Here n is the harmonic number and f is a fraction which defines the gap width in terms of
the angle subtended by a gap (8,) and the angle subtended by the remaining wall (6y) at

r =R (see Figure 15).

—
)
|
Q

9, +06, 2Ny,

Or written more compactly

V(r,6,t) =V, i {— sin(Mm m”f (L )mnsm(mne)} gl ont (2.46)

_8
T[2

A good estimate of the voltage can be obtained by using only the lowest order

term. For m=1only:
V(1,6,t) = Vo ()" sin(ne) gt (2.47)

This expression represents the voltage due to hyperbolic vanes as shown in Figure 18
The azimuthal electric fields and energy gain of an ion accelerating through the electric

field will be derived in section 2.5.6.
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Figure 18. A four gap magnetron made of hyperbolic vanes
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2.4.4 Equivalent Circuit Representation

Generally resonant cavities have el ectric and magnetic fields which exist in the
same volume, therefore their inductance and capacitance are distributed. On the other
hand, alumped LC circuit has inductance and capacitance which are separated spatially.
In spite of this difference, the frequency response of any resonant cavity can be
accurately represented by an equivalent lumped LRC circuit, at least in the region near
resonance.

The equivalent circuit representation isimportant because it presents the theory in
terms of gross quantitiessuch asL, R, C, and Q which can be measured. This section
draws these quantities together and presents a ssimpler scheme for the theory of resonant
cavities.

The circuit which most accurately represents the frequency response of a
resonant cavity isthe parallel-series combination shown in Figure 19. However, this
circuit is complicated mathematically, and the series resistance (R,) is difficult to
measure directly. The common practice among rf engineersisto use the parallel circuit of
Figure 20. This circuit is much simpler to solve, and although the shunt resistance (Rg) is
afictitious quantity, Rs can be measured directly. The two circuits are equivalent at

resonance if we choose Rs = Q°R, .

At Resonance

L

WY T L, = Ov 3o

Figure 19. The C||(Ro+L) circuit which representsthe frequency response of aresonant cavity
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At Resonance

— (LN, IR

AORH

L TR

Figure20. Theparallel RLC circuit representation of a resonant cavity uses a fictitious shunt
resestance (Ry)

First consider the impedance (Z,.¢) of only the parallel LC combination from the circuit

of Figure 20.
il
Zic = 1 = >
1 W
| + T 1 - 7
I WL g
Where the resonant frequency is:
-1
W, = —
JLC

The impedance of the parallel LC combination becomes infinite when (w - ).
Therefore, at resonance the parallel circuit reducesto Rsin serieswith V,, asshownin
Figure 20. This means that the power loss at resonance is due to the current through the

shunt resistance only.
P == (2.48)

In the full parallel R{LC combination, the voltage across the capacitor is the same as the
voltage across the resistor. Therefore, the Q can be found using Ug = % CV* and

equation 2.48 for the power loss.
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Substituting these into: Q = wlg Ye
loss
gives three useful expressionsfor the Q

Q = wR.C (2.49)

. 1 . Ry
using w, = ——: Q = 2.50
g e oL (2.50)
or eliminating w, : Q = R, % (2.51)

Recall that this same relationship was found for the quarter wave cavity (equation 2.42).

Thus the power loss can be calculated using two simple equations:

Pos = 52— where R, =Q (2.52)

L
C

When designing a resonant cavity to be used as an accelerating structure, the
bottom lineis usually “how much power does it take to generate avoltage V, ?”.
Therefore the shunt resistance is an important quantity to know. For experimental
measurements it is useful to think of the shunt resistance as the Q times,/L/C .

The Q depends on the resistivity of the metal and on cavity geometry both [16], but can
be measured directly from the frequency response of the cavity. \/L/_C depends only on
the cavity geometry and usually can be calculated (equations 2.28, 2.29 or 2.43, 2.44).

If expressed in terms of the resonant frequency, then f, can be measured and only one of

L or C must be calculated.
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245 TheHybrid Coaxial — Magnetron Cavity

Section 2.4 mentioned that the rf cavity used for the 50 keV ICRA isahybrid
between a coaxial quarter wave cavity and a magnetron structure. The chosen rf
frequency of 152 MHz meant that the inductors of a pure magnetron would extend too far
in the radial direction to fit into the warm bore of the available 2.5 Tedla superconducting
magnet. The solution wasto attach the vanes of a magnetron to the open end of a quarter
wave cavity. In thisway the vanes of the magnetron supply the electric fields needed for
acceleration and the quarter wave cavity acts as the resonant structure needed for rf
oscillation.

The specific geometry of this hybrid cavity will be shown in section 3.2.4. For
the rf theory it is only necessary to know that adding the vanes of the magnetron adds a
large capacitance to the end of the coaxial cavity as shown in Figure 21. The additional

capacitance means that the coaxial cavity must be shortened to less than A/4.

Figure21. An extra capacitance added acrossthe end of a foreshortened quarter wave cavity
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Coaxial Section Magnetron 7
9.7 cm Vanes
Scm

Figure 22. Assumed voltage profile and lengths of the hybrid cavity for the 50 keV | CRA

The capacitance of the magnetron section (Cy,) islarge compared to the remaining
capacitance of the coaxial section (C,). The approach used here is to assume that the
inductance of the magnetron vanes is negligible since they are in the low magnetic field

region. Under this assumption the voltage profile would be as shown in Figure 22.

The new length of the coaxial section can be found from the desired resonant frequency.

i
@)

or LC = = fixed

1
W

where both L and C are proportional to the length of the coaxial section, but C,isa

constant. Thus the length (¢) can be found by solving the quadratic equation:

(L'O)(Cr+Cp) = = fixed (2.53)

1
%
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In order to calculate the power needed to generate the voltage V,, we need to

know the shunt resistance R, = Q\/% . Then the power can be calculated using

2

equation (2.48) P . = 2VT: . Thus we need to know the changei n\/% andintheQ

caused by the additional capacitance (Cya — C, + Cp).

The change in R is dominated by the new\/% . Luckily thisis simple to calculate.

[ B 1
C = 2M,Cra P16 (C +Cor) (2.54)

The new theoretical Q can be calculated by repeating the procedure of section 2.4.2 with
two changes. First, the integrals over currents on the inner and outer conductors will be
taken over the new shorter length of the coaxial section and second, the current must be
scaled up due to the additional capacitance. Since the charge on a capacitor at any time

iss g=CV,

9 - cdv - ey

differentiating gives: I = Gt dt

Thus the current is proportional to the capacitance, so the new current is ssimply:

C/+Cn
|0 — lO C)\/4

Although the theoretical expression for the Q is straight forward to derive, it is of
little use because the Q depends on the conductivity (o). In practice the conductivity of
the cavity depends on the resistance of joints, connections, and surface oxidation on the

conductors. The conductivity of the pure conductor is almost never achieved.



Furthermore, the Q can be measured from the frequency response curve of the actual
cavity.

The method used to determine the power loss and V,, in the hybrid cavity isto
measure f,, measure the Q, and measure Cy,. then cal culate the remaining capacitance of
the coaxial section. With these quantities known, the shunt resistance can be calculated
so that the power required to generate V,, is known (equation 2.52). These measurements

are given in chapter 4.
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2.5 Analytical Moddl of the Beam Trajectory

See Chap2B.doc

MOVE TO CHAPTER 3
Vacuum

The mean free path (A) is the average distance that a particle travels before

colliding with another particle. A useful rule of thumb isthat for air at 20°C [17]:

— 5
)\[Cm] = W

For this experiment, it is sufficient to have a mean free path longer than the path of the
beam. The beam inthe 50 keV ICRA will travel about 3 meters. Therefore, for amean

free path of at least A = 5 meters, the pressure should be below of P= 10" Torr.
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2.3 1on Sour ce (old version)

For this chapter on theory, the ion source should be thought of as a black box
with aholein the front which supplies abeam of ions. All ions are accelerated through
the sameinitial voltage potential (Vpeam) from the source aperture to the puller electrode,
where Vpeam iSin therange of 5—50kV. Any variation in energy, due to temperature of
theionsinside the source, issmall. Therefore, it isagood approximation to assume that
al ions, intheinitial beam supplied by the ion source, have the same kinetic energy
(E = gV beam)-

However, the beam does have some finite spread in transverse and longitudinal
position and momentum. These beam dimensions occupy a6 dimensiona volumein
phase space. The transverse spread in position and momentum is normally described in
terms of two dimensional areas called the beam emittance. The computer model of the
beam emittance is discussed in section 2.6.7 of this chapter. Specifics of the ion source

design are given in section 3.2.3.
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2.5 Analytical Model of the Beam Trajectory

This section covers all aspects of the beam trgjectory that can be calcul ated
analytically. The analytical model describes only the central ray through the system, i.e.
abeam of zero emittance. Multi-particle trgjectories are dealt with using the computer
model in section 2.6. Limitations of the analytical model are discussed in the beginning

of section 2.6.

We begin with a detailed overview of the beam trajectory which includes some
motivation for each sub-section below. Figure 23 shows atop and side view of the entire
beam tragjectory through the ICRA. The basic components of the ICRA aretheion
source, electrostatic bend, superconducting magnet, rf driven magnetron, and atarget.
Notice that the trgjectory is divided into three distinct regions: the injection region, the

acceleration region, and the extraction region.

A superconducting magnet provides a B-field which is constant intime. Theion

beam is extracted from the source directly along a B-field line so that the vx B force on
the beam is zero. We will seein chapter 4, that this beam actually contains multiple ion
species. The beam passes between a pair of electrostatic bending plates which are
located at some radius away from the z axis. All ion speciesin the beam are deflected to

the same angle Bpeng (Section 2.5.1). After the beam is deflected, it will have momentum

components perpendicular (pm) and parallel (py) to the local magnetic field.
Po = Prota SIN(Opena) Py = Prota COS(Openg)
The perpendicular component causes the beam to orbit at radius r = p,, /B, and the

parallel component will cause the beam to move in the axial direction toward the high

B-field region as shown in Figure 23.
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Figure23. Top and sideview of thetrajectory through an | CRA with
trajectory shown in red, and magnetic field lines shown in blue.

The axial magnetic field profileis plotted below.
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Imagine for amoment what happens if we begin with zero voltage on the bending
plates and then gradually turn up the bend voltage. Obviously the bend angle will
increase, which increases p and decreases py. Since pp increases, the radius of the beam
orbit will grow. Figure 24 showsthat if welook in the axial direction, we see that the
point on the orbit where the beam initially passed through the bending platesis afixed
point. Asthe orbit radius increases, the center of the orbit shifts over in adirection
perpendicular to the direction of the kick given by the electrostatic bend. We want the
beam to be centered around the z axis so that it will be centered in the magnetron when it
arrives at the acceleration region, and there is only one bending voltage (or bend angle)
for which the beam is centered around the z axis. Therefore, theinitia field line with
which the ion sourceis aligned must be at the proper radial distance away from the z axis

o that the beam will be centered when the desired ratio of (p-/py) is reached.

Y
Bending
Plates
S, Fixed
SR et :
X 5 iy mExT1 Point
oB

Figure 24. Beam orbit as seen looking in the axial direction asbend voltage isincreased
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As the beam spiralsinto the high B-field region, the orbit radius follows magnetic
field lines. This means that r and p; decrease, but pp increases. Section 2.5.2 shows that
assuming conservation of magnetic moment, these three parameters can be easily
calculated at any point in the injection trgjectory if the magnetic field profile is known.

If the peak B-field is high enough to drive the axial momentum (p,) to zero, the beam will
mirror (section 2.5.3). This condition isimportant because it gives an experimental
reference point from which we can determine the axial momentum. As mentioned above,
the beam actually contains multiple ion species, however we are only interested in
accelerating the H” (proton) portion of the beam. Section 2.5.4 shows how the injection
region of the ICRA can be used as a mass spectrometer to measure the constituents in the
beam and to eliminate all but the H* for injection into the accel eration region.

After traveling through the injection region, the ratio of pr/p; has been
transformed so that the proton beam arrives at the entrance to the accel eration region with
the desired radius and axial momentum. The B-field isrelatively constant through the
acceleration region, so p, can be assumed to be constant. The axia velocity determines
the number of turns the beam goes through while traversing the cavity length (section
2.5.5). Inside the magnetron rf electric fields accel erate the beam in the azimuthal (0)
direction. If the cyclotron frequency remains in resonance with the rf frequency, the
beam is accelerated across every gap in the magnetron. This causes the orbit radius to
increase while the beam continues to drift axially. Because of the radial dependence of
the E-field, the inner diameter of the magnetron should be tapered (dR/dz) for maximum
energy gain (section 2.5.6). The acceleration trgjectory isideal when theion skims aong

the inner diameter of the cavity.
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When the beam exits the magnetron it continues to drift axially into the
extraction region. Since the extracted beam has alarge energy spread from nearly zero
to the full design energy, the beam in the extraction region should be thought of as a solid
rotating cylinder of ions with high kinetic energies at large radius and the lowest energy

at the center (E Or?).

The equations of section 2.5.2 that were used for the injection region, can now be
applied to each energy component of the beam in the extraction region. Asthe B-field
drops off, the beam follows field lines. The perpendicular momentum decreases while
the parallel component and the orbit radius grow. The axia length between turnsis
calculated in section 2.5.8. Thisisimportant to consider when designing atarget or beam

diagnostics in the extraction region.
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25.1 Electrostatic Bend

Let us derive the bending equation for an electrostatic bend in aregion with no
magnetic field. The electrostatic bend is essentially two flat plates which are separated
by a gap, g, and with voltage difference Vyeng. Using the bending geometry illustrated in
Figure 25, we assume that the beam will follow a curved path with radius of curvature p,

and that the electric field always points radialy toward the center of this curvature.

L

=

Figure25. Geometry of the electrostatic bend

Equating the centripetal force with the electric force supplied by the E-field

between the bending plates gives:
— = V2 ~
F = gEp = m ) P

where g, m and v are the charge, mass and velocity of ions in the beam passing between

the bend plates. The eectric field between the bend plates is approximately

_ \Y . N
B pera| = E’;”d and the beam from the ion source has kinetic energy K = % mv? = GV pem

Viea _ 20V

q = beam

g Y

therefore, we can write:
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so the bending radiusis:

We can solve for the bend angle in radians:

Vbeam

1y
Oy = g = w(%} [radians] (2.55)

where a change in notation has been introduced from the arc length (s) to the effective
length of the bending plates (/). There are two important points to notice about egquation
2.55. First, the bend angle does not depend on the mass or charge of theion. Therefore,
different ion species are al bent to the same angle. Second, the bend angle (Bpeng) 1S
proportional to the bend voltage Vpeng.  Thiswill be useful when calculating the
trajectory through the injection region. In practice we do not need to know /s because as
we will seein section 2.5.3, the mirror condition can be used to solve for this constant
(see equation 2.69).

Of course area electrostatic bend has fringe fields and edge effects that focus
the beam. Since the analytical model deals only with the central ray, these higher order

effects are not dealt with analytically, but will be accounted for in the computer model.
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2.5.2 Conservation of Magnetic M oment

After the beam leaves the electrostatic bend, it has momentum perpendicular (po)

and parallel (py) to the magnetic field. The perpendicular component causes the beam to

_Ps

orbit around the B-field lines at radius r OB

, and the component parallel to the B-field

causes the beam to move axially into the high field region. In order to calculate the
tragjectory of asingle ion through the fringe field of the solenoid, we use the fact that the
magnetic moment (Umag) 1S conserved in slowly varying magnetic fields [18, 19].
That is:

Mmag = coOnstant (2.56)
The magnetic moment is the current (1) times the area (A) encircled by an orbit.

Mmag = 1A (2.57)

Using | = gf. , and po=qBr, this can be expressed as

_pé_i
B

Mg = 208 7

Or substituting directly into equation 2.57.

= IA = ¢gf A q(%}mz

This means that the magnetic flux (Pmag) IS &S0 conserved.

Umag

®Pmyg = BA = constant (2.58)

Thus, the beam orbit follows magnetic field lines as shown in Figure 26.

Therefore: B,ry = B,r;
oo B
: 5. (2.59)
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Figure26. Geometry of conservation of magnetic moment (copied from reference 19).

This meansthat if we know the radius of the orbit (r1) in the low field region (B,), then
the radius (r,) in the high field region (B2) will be reduced by the square root of the ratio
of the B-fields. Similarly we can calculate the perpendicular momentum by substituting:

p, =0qBr forr.

Po, _ ﬁ

Po, B,

(2.60)

Notice that py increases as the square root of the B-field ratio. Finally we can calculate py

using the fact that kinetic energy of the beam is conserved in magnetic fields.

Therefore; Pl = P — Py, (2.61)

B
p, = \/ P DEI(B—zJ (2.62)
1

Since py increases while spiraling into the high field, and the total momentum remains

constant, then p; must decrease.



As acheck of the accuracy of this approximation, Figure 27 shows the
analytical calculation of the orbit radius through the injection trajectory. Theresultis
compared with data from the computer model of section 2.6. The computer model
contains no approximations of this kind and should be considered completely accurate for
the purposes of this comparison. The two calculations were started at the same radiusin
the high B-field region and then cal culated backwards though the injection region so that
the error can be seen in theregion of largeradius. The error in the analytical
approximation (relative to computer model) growsto 1.5 % for the magnetic field profile
shown. The error will be greater for afield which drops off faster or for atraectory

which isrelatively more parallel (fewer turns).
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Figure27. A comparison of the beam orbit radiusthrough theinjection region calculated using the

analytical model and using I CRAcyclone. The magnetic field profileis shown in blue.
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At the beginning of section 2.5 we said that the analytical model of the beam
trajectory deals only with the central ray through the system, i.e. a beam of zero
emittance. However, conservation of magnetic moment has some implications on how
the spreads in the beam radius and momentum change. Therefore we will diverge briefly
to discuss these here.

Imagine that areal beam entering the solenoidal fringe fields contains a spread
in beam radius, Ar. From the geometry of the field lines alone, it is easy to see that the
radial spread in the beam will decrease as the beam spiralsinto the high field (Figure 23).

This can aso be seen by differentiating equation 2.59.

B,

Ar, = Ar B
2

(2.63)

So the radial spread (Ar») in the high field region (B,) isless than the radia spread (Ar;)

in the low field region (B;) by afactor of /% .
2

The spread in the perpendicular momentum is found by differentiating equation 2.60.

B,

S (2.64)

Apo, = Apy

Hence, the spread in pp increases by a factor of /% .

1

Thereis no simple form for Ap;. However, if we use 2.60 to express 2.61 in terms of

parallel momentums only:

B B,-B
= el - e B
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then differentiating gives:

Ap, = Apy (E—jj(s—ij (2.65)

Although the actual parallel momentum decreases while spiraling into the high field

region, both (B2/B1) and (pj./pjp) are greater than 1, so the spread in py increases.
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2.5.3 Mirror Condition

Asdiscussed in section 2.5.2, when the beam goes from aregion of low
magnetic field to aregion of high field adiabatically, the perpendicular momentum
increases by the root of the B-field, and the parallel momentum decreases such that the
kinetic energy of the beam is conserved. If the magnetic field becomes high enough,
eventually the parallel momentum goes to zero and all of the momentum will be
perpendicular to the B-field. At this point, the axial motion of the beam has cometo a
stop, but the axial force on the beam (F = - qv,B, 2) is till in the negative z direction
(see Figure 26), so the beam will bereflected. Thisisreferred to as“mirroring”.

In the case of the injection region of the ICRA, we want to determine what
conditions, back in the low field region at the electrostatic bend, will lead to a beam
which mirrors when it reaches the high field region. Here, we take B; to be the low field
and B, to be the high field. Since we know the conditions at B, for mirroring, we simply

need to impose the mirror condition (p,, — 0), and then solve for the conditions at By in

terms of those at B,. Begin by conserving kinetic energy between region (1) and (2).

|F51|2 = |D2|2
PptPa = PRt P
Now impose the mirror condition (p,, - 0).
Pp*Ph = 0+p%

Use (2.60) to express the pg in the high field region in terms of pp back at the bend.
B
(18 ik Bl
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We are interested in the bend angle which causes mirroring, so solve for the ratio of

perpendicular to parallel momentum, then use: tan(6,.,) = %

I

Po _ B,
o = (2.66)
le mirror 82 a Bl
so that: 0 o =tan™ By (2.67)
: mirror B2 _ Bl ’

Notice that the momentum ratio at the electrostatic bend, which leads to
mirroring at the high field region, is known from the magnetic fields alone. Thisisthe
form that is most useful for the ICRA. However, thisresult can be understood intuitively

if weinvert and square equation (2.66) to obtain a kinetic energy ratio.

K B, -B
s B2 (2.68)
a mirror 1

Theratio of paralléel to perpendicular energy needed to reach the high B-field region (By)
issimply the fractional increase in the B-field. In fact this expression is exactly
analogous to what one would derive for agolf ball rolling up a hill (zero rotational
energy), in which the ratio of initial kinetic energy (K) to potential energy (U) issimply

the fractional increase in height (h).

This analogy occurs because in the process of rolling up the hill, K is converted into U

(just as K is converted into Kr) while the total energy is conserved, and because U
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changes linearly with h (just as K changes linearly with B (egn 2.53) ). Therefore, if one
iswilling to think of K as a potentia energy that is stored in the radius of the beam, and
of K asthekinetic part of the energy, then equation 2.68 says that the kinetic energy
needed to reach the top of the hill is simply the potential energy times the fractional
increase in the B-field.

The mirror condition provides a simple way to solve for the constantsin
bending equation 2.55. The mirror voltage (V mirror) Will be measured experimentally
(section 4.5.3), and the mirror angle is easily calculated from the B-field. Therefore,
since the bend angle (Byeng) scales linearly with bend voltage (Vpeng) €quation 2.55 can be

expressed as.

\
ebend = emirror(v _— J (269)

mirror

Figure 28. Mirroring the beam is analogous to when a ball does not have enough kinetic energy to

makeit to thetop of a hill.
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2.5.4 Mass Spectrum of the Injected Beam

In the ICRA, beam is extracted from the ion source along a B-field line so that
thev x B force on the beam iszero. All ions are accel erated through the same voltage
(Vpeam) from the ion source aperture to the puller. However, because different ions may
have different charge or different masses, different ions will have different total

momentum.

Pow = V2ME = 2mqV.., (2.70)

When entering the el ectrostatic bend, the beam is parallel to the B-field, p; =0, and p; =
Pota- 1N section 2.5.1 we showed that the electrostatic bend will bend al ionsto the
same angle (Bpeng) regardless of their mass or charge (equation 2.55). Refer to Figure 25
to seethat:

D5 = P SN(Byeng) (2.71)
As soon as the beam obtains a component of momentum perpendicular to the B-field,

ionswill experiencea v x B force tending to make them orbit around a gyro center with a
radius of: r= Po
gB

This can be expressed in terms of the bend angle, and beam energy using equations (2.70)

and (2.71)
r ptotal S n(e bend ) — V quvbeam s n(e )
qB qB bend
Therefore:
2mVv .
r = B”;am sin(,.,) (2.72)
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Equation 2.72 gives the radius of the orbit immediately after the beam exits the
electrostatic bend. Next, let the beam spiral from the bend (B;) to the high B-field region

(B2). Using equation (2.59) gives:

B, 2mvV, .
r, = r. =+ = |=——="2M gn@,, 2.73
2 1 B2 q8182 ( b d) ( )

The important thing to notice here is that the radius of each different ion beamis
proportional to the root of its mass to charge ratio, but the radius of all ionswill increase
aswe increase the bend angle. Figure 29 shows the relative sizes of each constituent in

an ion beam containing H*, H," and Ar* ions for a fixed bend angle.

Figure29. Axial view of a beam containing three ions species.

The bend voltage is fixed at the point for which the Argon orbit is centered around the z axis.

In the 50 keV ICRA, the narrowest aperture for the orbiting beam in the entire
system is at the entrance to the magnetron. Experimentally we can turn up Vyeng While
measuring the beam current on a Faraday Cup at the extraction end. As each ion beam

clips on the entrance to the magnetron, the current will drop at discrete bend voltages.

62



The resulting graph of beam current vs. bend voltage gives a spectrum of each ion species
in the beam.
The voltages where each constituent in the beam clips can be calculated from

equation 2.73. First we simplify by lumping all the known constants into a constant C.

= c\/§ SiN(Byy)

Setting r, equal to the radius at which the beam will clip and solving for the bend angle

we obtain:

m

r .
Bbend :sin‘l(% ﬂ} (2.74)

Finally, the bend angle can be converted to the bend voltage using equation (2.55 or
2.69). Section 4.5.1 shows an ion spectrum measured experimentally and compares

with the theoretical results using equation 2.7.4.
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255 Number of Turns Through the Acceleration Region

After spiraling through the injection region, the beam arrives at the entrance to
the acceleration region with r, pm, and py which have been transformed according to the
equationsin section 2.5.2. We now wish to calculate the number of turns (Niwms) that the
beam goes through asit traverses the axia length of the cavity (/cay).

The magnetic field must be relatively constant over the length of the accelerating
region in order to maintain resonance. Therefore, it isavery good approximation to
assume the field is constant in the analytical model. The number of turns through the
acceleration region is simply the ratio of the total time spent traversing the cavity length

to the period for one revolution.

—+

— ‘cav
Nturns - T

The total time spent in the cavity depends on the axial velocity (v, = f—“"") and the

Cav

period for one revolution is related to the cyclotron frequency by: Ti =f. = %
C
So the number of turns becomes:
l gB/
Nums = e VCjV = ZT[pC:V (2.75)

When using this formula, one should be aware that equation 2.75 gives the
number of turns through the length of the acceleration region only when the rf is off (no
acceleration). When the rf isturned on, axial components of the electric field (caused by
the tapered inner diameter of the magnetron) lead to an axial momentum change which

depends on the phase of the beam. This effect is explained in section 2.6.2.



25.6 Acceeration Region

Section 2.4.3 showed that the electric fieldsin the central region of the rf driven
magnetron can be written as a Fourier seriesin the azimuthal dependence. The lowest
order contribution is for the case of hyperbolic vanes (refer to equation 2.47 and Figure
18). Using thisfirst order term gives a good approximation of the cavity voltage and is

useful for illustrating the important aspects of accel eration through the magnetron.
The lowest order term in the voltage, as afunction of radius (r) azimuthal
position (B) and time (t), is given by:
V(r,0,t) =V, (%)”sin(ne) gt (2.76)
Here R istheinner radius of the cavity, V, isthe voltage on the cavity wall and n isthe
azimuthal mode number of the cavity, which comes from the number of gaps (Ngaps)

The azimuthal component of electric field is found by differentiating equation (2.76).

E=-0V

Eg = —% (é)“‘1 cos(nB) ' (2.77)

Consider an 8 gap magnetron structure as shown in Figure 30. For this case

n=4. Theazimuthal eectricfield (Ep) is plotted as afunction of 6 in Figure 31. Thedc

magnetic field points out of the page, so ions orbit in a counter-clockwise direction at
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Figure 31. Azimuthal component of the E-field vs azimuthal position.

the cyclotron frequency w, = % (for y=1). The phase of the rf signal is defined as:

T=wt
and assuming the orbit is perfectly centered, the azimuthal position is:

0 = wxt.
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If anion crossesthefirst gap (6 = 0) at timet = 0, the electric field is maximum and the

ion will be accelerated in the forward (8) direction. If the cyclotron frequency is such

that the ion arrives at the second gap (6 = 45°) at the time when the rf phase has changed

by half acycle (1 = 180°) then the electric field points forward and the ion is accelerated

again. Setting the timeto travel between gaps (t = Nz—nw) equal to thetime for one
gaps ¢

half of an rf cycle (t = (J)T ), leads to the resonance condition required for acceleration.
rf

©, =nw, (2.78)

The kinetic energy gained in crossing a single gap can be found by integrating

along a path at constant radius.

K g = jl”:-ds
T .
Kgp = ANV, (%)” jon cos(nB) e'®rft do
n

Kgap = lz-[qu(é)n

If we define the total voltage difference acrossagap as Vg = 2V, , the energy gained

across a single gap becomes

K gop = ﬁ[ Voo (%)n (2.79)

where 174 = 0.79 is the transit time factor.

Notice that the multipole nature of the magnetron, leads to an r" radial

dependence in the energy gain. Thisradial dependence is plotted in Figure 32 for n=4.
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The beam will gain maximum energy if it remains as close as possible to the cavity wall
(r = R) throughout the acceleration tragjectory. For this reason the inner diameter of
magnetron should be tapered with z so that the beam will remain close to the cavity wall
asitsorbit radiusincreases. For thisresearch, alinear taper was chosen (dR/dz =

constant), so that the actual magnetron would be simple to manufacture.

A

B

r

Figure 32. Lowest order term for the radial dependence of cavity voltagein an 8 gap magnetron.

Equation 2.79 can be used to calculate the orbit radius and energy gain through
the acceleration region. One method is to choose the cavity slope (dR/dz), initia radius
fraction (r/R), and axial momentum (p,), then let the particle gain energy Kgs, across the
first gap, then recalculate: r, z, and R, so that K g, can be calculated for the second gap.
Continue thisiteration until the cavity length has been traversed. If thisisdoneasa
simple spread sheet calculation, then the cavity voltage (V,) can be adjusted until an ideal

trajectory is obtained. Figure 33 shows a calculation of orbit radius using this method.

A quicker estimate of the total energy gain can be made by estimating the

average radius fraction throughout the acceleration trajectory <%> and assuming that the
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5cm Z

Figure 33. Beam orbit radius from spread sheet calculation plotted next to magnetron inner radius

e

energy gained across each gap remains constant throughout the trgjectory. In this case
using the number of gaps per turn (Ngaps = 2n) and the total number of turns, (Nwms), the

total energy gainissimply:

n
K gain = %qvgap <é> 2nN turns (2-80)

Finally, note that in this discussion the radial component of the E-field has been
completely neglected (see Figure 15). Thisis avalid approximation because when
averaged over time, E; does not cause any net acceleration. Furthermore, the tapered
inner diameter of the magnetron will cause a component of electric field inthe z
direction. Similarly the end fields, resulting from the finite axial length of the magnetron,
will certainly have components in the z direction. For the most part these effects have
been found to be small, however they will be discussed in sections 2.6.2 and 2.6.3. The
full 3 dimensional solution of the electric field in the magnetron is accounted for in the

computer model (see section 2.6).
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2.5.7 RF Phaseand Magnetic Field Flatness Criterion
The analytical model of the beam trajectory does not account for any variation in
rf phase. In fact, the discussion and the timing arguments of section 2.5.6 describe the

case in which the phase of theion is constant relative to the rf (w,, = nw,). Furthermore

the derivation of the energy gain across a gap (equation 2.79) uses the assumption that the
phase relative to the rf is @ = 90° so that the ion crosses a gap when the cavity voltageis
at itsmaximum. However, in section 2.6.2 we will see that the computer model shows
that the ICRA exhibits significant phase bunching. Also the experimental results show a
resonance width that is much wider than expected (section 4.6.2). Therefore, itis
necessary to derive analytical expressions for phase changes, as a basis for comparison.
This section first gives an introduction to rf phase and then covers phase changes
caused by detuning of the magnetic field. Next the magnetic field flatness criterion is
defined and an equation is found for the phase change caused by the magnetic field

profile over the acceleration region .

The general equation which describes the phase of a particle during acceleration

@t) = (@, + w;t—nb)
or simply
Agt) = (w,t-nb) (2.81)
If the beam orbit is centered, then the azimuthal positionis:

0 = wxt.
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so that: AQ(t) = (W, —nw,)t (2.82)
Inthisform it is easy to see that the phase equation is simply a comparison of two rates.
At resonance (w+ = nuwy), the phase will remain constant at itsinitial value (@,).
However, if wy¢ # nw then the phase will drift over time.

The time dependence of the rf signal istaken to be sin(wyt), therefore we expect
optimum accel eration across any gap to occur when @ = 90°. We wish to determine how

far the phase will drift through the acceleration region if the magnetic field is not at

resonance.

Phase Change Caused by Magnetic Field Detuning

Consider the case where the rf frequency isfixed at w, =nw,, , but the B-field

co’?

(constant with respect to z) is detuned away from B, by an amount AB. In this case

equation 2.82 becomes:
AQ(t) = [nw, — n(w,, +Aw,)]t
B T , .
Where w,, = qm" , and the zero subscript indicates the B-field required for resonance

withtherf. Interms of the fractional change in the B-field this becomes:

AQ(t) = —nwco§t (2.83)
(o]

Here Agisthetotal change in phase over the time, t, caused by AB. Thisequationis

valid for any time (t). However, if we want the phase change over the time theion

71



spends in the accelerating cavity, it is useful to express A¢ in terms of the number of

turnsin the cavity length. Using:

Nturns = = = fcotcav
TCO
we obtain: AP, = - 2m§ N turms in radians (2.84)
(0}
or: A, = —360° n% N s in degrees (2.85)
(0]

These equations describe the phase change that occurs through the cavity length if the
B-field is constant (no z dependence), but is detuned away from resonance with the rf
frequency. These equations are valid only if acceleration does not cause a phase change.
However, in section 2.6.2 we will see that electric fields in the rf driven the magnetron do

cause a phase shift.

Phase Change Caused by Magnetic Field Profile

The characteristics of Helmholtz and solenoidal fields were shown in section 2.1.
The ideal magnetic field for the ICRA would be perfectly flat over the acceleration region
in order to maintain resonance. However, thisis not possible for any real coil. Therefore,
it isuseful to characterize the magnetic field flatness in terms of the percent drop off

(6B/B,) at the ends of the acceleration region. The geometry is shown in Figure 34.
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Figure 34. Magnetic field profile for the 50 keV ICRA with

flatness of dB/B, < 0.5% over the 5 cm acceleration region

Assume that the central value of the B-field (B,) is at resonance with the rf.
Therefore, the subscript ‘ zero’ will now indicate both the central field value and
resonance. Inthiscase, AB isafunction of z. Therefore, the total phase change requires

integration. Using equation 2.83.

Agt) = - J'nwco%(z)dt

(]

The equation can be converted to an integration over z, by assuming that the axial

velocity (v;) is constant.
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AQ(t) = —Q‘*’—;O [0B(2) dz

The B-field profile of any coil over this central region can be closely approximated as a

2
arabola. B(z) = B. -3B—%
P @ = B OB )

Now integrating over this B-field profile from -%2 (s, t0 +Y2 /o, and ssimplifying gives:

_1nw 6_8

A(pcav = § coB tcav
0

Once again, expressing thisin terms of Nyms, gives the same result as equation 2.85 but

reduced by afactor of 1/3.

Ay, = —% 2nng—B Ny | inradians (2.86)
(0]
AP, = —% 360° ng—B Nums | indegrees (2.87)
o

Keep in mind that these equations are for when the central field value (B,) is matched for
resonance with the rf. Certainly Ag over the acceleration region can be further reduced
by increasing the central field (B,) so that resonance occurs at some compromise between
B, and (B, - B). Again, equations 2.86 and 2.87 are valid only if acceleration does not
cause the phase to change, however in section 2.6.2 we will see that electric fieldsin the

rf driven the magnetron do cause a phase shift.
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2.5.8 Axial Turn Length in the Extraction Region

Once the beam exits the acceleration region it spirals into the lower B-field
region of thetarget. Thisisthe extraction trgectory (refer to Figure 23). An important
guantity to know in thisregion is the axial distance between turns, or the axia turn
length. The axial turn length (Az,m) can be calculated by multiplying the axial velocity
(v) timesthetime for asingle turn.

Az =V, T

turn z " cC

Using the cyclotron frequency (f, = Ti) and expressing v, in terms of the axial

c

momentum, we obtain a convenient expression:

= onte (2.88)

Az
turn qB

Where, B = B,(z) and p, are both local variables, and p, can be calculated using the
adiabatic approximation discussed in section 2.5.2. Recall that as the B-field drops off
through the extraction region, pg is converted into p;, and therefore p, increases.
Immediately after acceleration, nearly all of the energy isin pp, (po/ pjislargeso pyis
negligible). Therefore, in aregion far enough downstream that the B-field has dropped
off significantly, the value of p, depends ailmost entirely on what has been converted from
poto py. Thus p, will depend strongly on the total energy of the beam. Theresult is that
in the extraction region, the beam at large radius has alarger axial turn length than the
beam near the center. In fact after p, has grown significantly, Az, goes roughly as the
root of the beam energy and therefore is roughly linear with radius. The analytical
calculation plotted in Figure 35 shows the axial turn length vs. beam orbit radius for

B/B, = 0.34 in the 50 keV ICRA.
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Figure 35. Axial turn length depends on beam radius (or energy) in the extraction region

It isimportant to understand the axial turn length when designing atarget or a
beam diagnostic for measurement of the extracted beam. In fact this result will be used
for the correctionsto the radial probe datain sections 3.2.5 and 4.6.1.

One should also be aware that equation 2.88 gives only the instantaneous value
of the axial turn length. The actual length of aturn in the extraction region depends on
the value of the B-field at every point throughout the orbit. This meansthat if thereisa
large change in B-field over asingle turn, then the axia turn length will grow

significantly and equation 2.88 will give a poor estimate of the actual length of aturn.

76



2.6 Computer Model of the Beam Trajectory

See Chap2C.doc

oB

eC&V

NOT USED

25.6 Summary of Injected Beam Equations

The point isthat in the analytical model, the entire beam trajectory can be specified in

terms of 2 parameters. Nturns - p, and (r/R) - po.

Take this opportunity to make it clear that if Nturnsis known, then p;, (at cav entrance) is
known. They are inversely proportional. so we will use the two quantities

interchangeably.
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2.6 Computer M odel of the Beam Trajectory

This section covers the computer model used to study the beam trajectory

through the ICRA. A complete computer model is necessary for two reasons:

1) There are several effects which are not accounted for in the analytical model (listed
below) and 2) the computer model allows the capability to simulate a beam of finite
emittance by running thousands of single particle trgjectories, each with slightly different
initial conditions. Modeling afull emittance beam is the ultimate goal of the computer

model because this allows the accelerated beam current to be estimated.

The analytical model discussed in section 2.5 gives agood estimate of the
trgectory, but there are severa approximations made which limit the accuracy, especially
in the acceleration region. In the analytical model, the beam is assumed to remain
centered on the z axis and it would be difficult to accurately account for an off centered
beam. During acceleration, ions are assumed to remain in phase with the rf (at ¢ = 90°).
In reality, acceleration at each gap causes motion of the orbit center, and whenever the
beam is off center there is a corresponding oscillation in the phase (section 2.6.4). Most
importantly, the analytical model cannot accurately predict (r/R) at every step through the
acceleration trajectory and this ratio has major impact on the cavity voltage needed for
optimum accel eration because the slope of voltage vs. position is so steep (Figure 32).
For this reason, the average r/R in equation 2.80 is useful only as afirst approximation.
The computer model makes no assumptions of this sort and al of the effects mentioned
above are accounted for. Accuracy of the computer model is limited mainly by the

accuracy of the electric and magnetic fields that are input into the code.
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Section 2.6.1 below describes the computer model. This section then begins
with the ssimple case of acceleration through the magnetron in aflat magnetic field. Each
section thereafter adds realistic effects, until the entire system is accounted for. Section
2.6.2 shows the dependence of final energy on theinitial phase. End fields of the
magnetron are added in section 2.6.3. A realistic magnetic field is added in section 2.6.4.
At this point, the beam can be launched from the location of the ion source and pass
through the entire system using redlistic fields. Section 2.6.5 shows several views of

single particle trgjectories through the entire system.

Multi-particle trgjectories begin in section 2.6.6. Here, initial conditions of each
particle are adjusted in order to map out the acceptance phase space of the rf driven
magnetron. Next afull emittance beam is launched from the ion source and
characteristics of the injected beam (rf off) are discussed in section 2.6.7. Finaly, the full

emittance beam is accelerated and the energy distribution is obtained in section 2.6.8.
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2.6.1 TheComputer Code

A complete computer model has been developed for the ICRA. This model uses
three computer codes: ICRAcyclone, RELAX3D, and BRZcail.
ICRAcyclone is amodified version of Z3CY CLONE which was developed here

at the NSCL and has been used for many years to model particle tragjectoriesin cyclotrons

at thislab [20, 21]. ICRAcyclone uses 4th order Runge Kutta integration to step an ion
through its complete trgjectory in three dimensions. Anion can be started from theion
source, then passed through the electrostatic bend, through the injection, acceleration, and
extraction regions, until it stops at the target face. This code handles only single particle
trgectories. However, a beam of finite emittance can be simulated using many single
particle trgectories. Space charge forces are not accounted for.

The complete off axis analytical solution of the magnetic field [12 pg.177] is
calculated using a code named BRZcoil [22, 23]. These Helmholtz, or solenoidal
magnetic fields are two dimensional (azimuthal symmetry). BRZcoil calculates the
magnetic field arrays for B, and B, over the entire volume of interest, including injection,
acceleration, and extraction regions. These arrays are then imported by ICRAcyclone.

The full three dimensional solution for voltage potentials in the magnetron and
the electrostatic bend are computed using RELAX3D, a code developed a TRIUMF in
Vancouver, Canada[24]. RELAX3D uses successive overrelaxation to solve the Laplace
eguation for electrostatic potentials. The voltage arrays are imported to ICRAcyclone
where electric fields are obtained by numerical differentiation.

The electric field of the electrostatic bend is constant in time. However, when

modeling the electric fields in the magnetron, the electrostatic voltages are scaled by
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sin(wy t). Using an electrostatic solution to model the fields in the magnetron isvalid
because only the central region is modeled where electric fields are dominant. Thetime
varying magnetic fields of the magnetron are negligible in the central region which
meansthat 0 xE=0. Therefore, the fields can be derived from an electrostatic potential.
Furthermore, the lumped circuit nature of the magnetron allows the cavity to be much
smaller than awavelength. Figure 36 below shows the RELAX 3D solution of voltage

potentials for a tapered magnetron with 8 gaps.

Figure 36. Equipotential linesin an 8 gap magnetron structure at

entrance (left) and exit planes (right). Solution computed using RELAX3D.
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2.6.2 Phase Dependence and Acceleration

This section deals only with acceleration through the rf driven magnetron. All
trajectories through the magnetron use a flat B-field so that the effects discussed here can
beisolated. In thissection, graphs of final energy vs. initial phase are used to illustrate
two topics which are very central to understanding acceleration in the ICRA. Thefirstis
the dependence on two operating parameters. cavity voltage and number of turns. The
second, is alook ahead at the why the spread in (p/py) of the injected beam has
important implications on the amount of beam current that can be accelerated. This
section then covers two unique effects caused by accel eration through a magnetron
structure. These are: 1) achangein axial momentum which is phase dependent, and

2) achange in phase which tends to bunch the beam.

Recall from section 2.5.7, that the general equation which describes the phase of

aparticle during acceleration is given by:
®t) = (¢, +w,t —nd)
or simply
Agt) = (w,t-nb) (2.89)

Since the time dependence of the rf signal is sin(w t), optimum accel eration across any
gap occurs for @=90°. If @> 90° theion lagstherf (arrives at the gap late), but if @< 90°
theion leads the rf (arrives at the gap early).

Figure 37 shows a graph which is very important for understanding the
characteristics of the ICRA. lons are started from the cavity entrance plane and

accelerated through the magnetron. Theinitial phase (@,) of eachion isvaried, and the
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final energiesare plotted. As expected, ions that enter the magnetron with initial phase
near 90° are accel erated across every gap and continue to gain energy until they leave the
acceleration region. lonswith initial phase near 270° are decelerated. Note that
deceleration isless effective than accel eration because if ions loose energy, their radius

decreases and they fall toward the central region where cavity voltages go to zero.

Now consider the three different curvesin Figure 37. Obvioudly as the cavity
voltage increases, the beam gains more energy until it eventually strikes the wall.
Remember that at every point throughout the accel eration region, the maximum orbit
radius of the beam is limited by the inner radius of the magnetron. Any beam that goes

beyond this boundary islost.

Vo =1.280 kV

Vo =1.230 kV

Vo =1.180 kV

Final Energy (keV)

Initial Energy

0 45 90 135 180 225 270 315 360
Initial Phase (deg.)

Figure 37. Final proton energy vsinitial phasefor single particle trajectoriesthrough the computer

model of the50keV ICRA. Thecurveisrepeated for three different rf cavity voltages.
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Next consider what would happen if the axial momentum (p,) isincreased. The
voltage required for the beam to strike the wall would be higher because the beam goes
through fewer turnsin the cavity. This meansthat there is a one to one correspondence
between V, and Nyms (Or between V, and p,). In order to proceed, it is necessary to have
areference point which defines how to set the cavity voltage. Therefore, let us define
“optimum acceleration” as the single particle trgjectory at the peak of the E-¢ curve
which reaches maximum final energy without striking the cavity wall. Figure 38 shows
the cavity voltage required for optimum acceleration, vs. Nwms (Or 1/p,). Thisisjust the
same inverse relationship between V, and Nyms that is evident in equation 2.80 for a

fixed final energy.

1.4

0.2

0 | | | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20 22
Nturns

Figure 38. Cavity voltage required for “optimal acceleration” vs. number of turnsthrough the

acceleration region of the 50 keV 1CRA
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Keep in mind that since Nyms [ 1/p;, the information in Figure 38 could also be
presented as Vo vs. pz.  Nuwrns Was chosen here, only because the graph seems more
intuitive. Figure 38 isamap of the operating parameters, V, and p,. Notice that for any
operating point which is below the curve, the beam will not be fully accelerated. For any

operating point above the curve, some portion of the beam will strike the wall.

The width of the peak of the E-@ curve in Figure 37 has direct impact on how
much beam current is accelerated by the ICRA. For an actual device using adc injected
beam, ions will enter the acceleration region at all phases. In the limit that the beam
emittance goes to zero (central ray only), the fraction of the beam which is accelerated is
simply the width of the E-¢ curve (above some chosen cutoff energy) divided by the full
360° range. For thisreason, timeis an important parameter in the beam phase space for

determining what fraction of the beam is accelerated (see section 2.6.6).

At this point we must focus on a point that is more subtle, but also very central
for understanding the ICRA. While the E-@ curve does contain information about gross
operating parameters, such as the cavity voltage (V,) and the Nyms Setting, it aso
contains important implications on the full emittance beam which can be accel erated.
Specifically, the range of (p-/py) must be small in order for significant current to be
accelerated. To see why, consider the E-@ curve shown in Figure 39 below. Thistime
the cavity voltage (V,) is held constant and the initial ratio of (po/py) isvaried. Herewe

use the notation:

(2.75)
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Ad/a,= +2%

Ad/a, =0

Ad/a, = -2%

Final Energy (keV)

Initial Energy

O rrrrrrrryrrrrrrrrprrrrrrrryrrrrrrrryrrrrrrrryrrrrrrrr [ rrrrrrr T T ororoT
0 45 90 135 180 225 270 315 360
Initial Phase (deg.)

Figure 39. Final proton energy vsinitial phase for fixed V,in the50 keV ICRA. Asa isincreased,
the beam gains mor e energy and eventually strikesthewall. Here a, indicates po/p; of the central

ray.

Figure 39 clearly shows that as the initial ratio of a isincreased, the beam is
accelerated to higher energies until it eventually strikesthewall. Recall that in the

computer model all ions areinjected at the same initial energy.
|D|2 = p>+p;+p> = congant forall ions

Therefore, increasing pg decreases p,, and vise versa. Here we see that acceleration in an
rf driven magnetron causes radial defocusing. Any initial spread in o leadsto aradia
spread and therefore a corresponding energy spread. To understand the source of the
spread, consider two effects which determine how much energy the beam gains.
Obvioudly, the beam will gain more energy if Nwmsis high (p, low) and lessif Niyms IS

low (p, high). This effect isthen compounded by the radial dependence of the cavity
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voltage. Throughout the trgjectory, the ion whose radius fraction (r/R) is high (large po),
sees a higher cavity voltage and moves to a higher (r/R). On the other hand the ion with a
lower radius fraction (smaller po) sees arelatively lower cavity voltage, therefore it
movesto asmaller (r/R) relative to the first ion. These two coupled effects work together
to cause the beam to gain more energy if (po/py) ishigh, and less energy if (p/py) islow.
Theresult isthat, the ICRA will accelerate maximum beam current to full energy when

the beam entering the accel eration region has the minimum spread in (p/py).

Theradial defocusing is seen more clearly in Figure 40 below. Here the beam
radius vs. axial position is plotted for the same three trajectories at the peak of the E-¢@
curvein Figure 39 above. Theion withinitia Aa/a, = +2% strikes the wall, while the

ionwith initial Aa/a, = -2% is not fully accelerated.

0.8

0.7 —

06

05

0.2 —

radius (inch)

01

0 Il 1 Il 1 Il 1 Il 1 Il 1 Il Il 1 Il 1 Il 1 Il 1 Il 1 Il 1 Il 1

-1.2 -1.0 -0.8 -0.6 0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Z (inch)

Figure40. Beam orbit radiusvsz position for thethreetrajectoriesin Figure 39

with @,=68° and Aa/a = (+2%, 0, and -2%) .
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Phase Dependent Axial Momentum Change

In sections 2.5.5 and 2.5.6 of the analytical model, the axial momentum (p,) was
assumed to remain constant through the acceleration region. In the absence of any axial
forces, thiswould be the case. However, notice that in Figure 39 the maximum energy
gain actually occurs at @, = 68°, rather than @, = 90°. This occurs because the taper of
the cavity inner radius causes a change in the axia velocity which depends on phase.
The beam which slows down axially, goes through more turns and therefore gains more
energy.

It isnot critically important for the reader to understand this effect because in
practice we do not care which phase of the beam gets accelerated. However, since the
magnitude of this effect does depend on the cavity slope, it is conceivable that this could

place alimit on the maximum slope used. Therefore the effect is explained here.

Consider an ion orhiting in the counter clockwise (+8) direction as shown in

Figure 41 below. For acceleration in the + 8 direction the ion will always pass through
an E-field just before each gap which has a component in the + 2 direction, and an
E-field just after each gap which has a component in the — 2 direction. If theionisin
phase with the rf (¢=90°), then it receives an axia kick forward just before each gap,
and backwards just after each gap, and the net change in the axial momentum is zero.
However, if theion lags the rf (¢> 90°), then it will experience the maximum electric
field just before passing the gap. Hence, its net change in axial momentum will be
positive. Likewise, if anion leadsthe rf (¢ < 90°), it will experience maximum electric
field just after passing the gap, so it will have a net decrease in axial momentum. Figure

41 shows a schematic drawing which aids in visualizing the geometry. The decreased
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axial momentum causes the ion which leads the rf to go through more turns and gain
more energy. Obvioudly if theion leads the rf by too much (for example ¢ -0°), then the
energy gain across each gap is reduced. The phase for peak energy gain (¢=68° in this

case) occurs for an optimum gain in Nwms, Yet an insignificant degradation in K gzp.

Lagging the rf Leading the rf
(>90°) (©<90°)

E—field before the gap E—field affer the gap
e S
E E
\z \z

Figure4l. A snapshot intime of anion (red dot) at the moment of peak electric field acrossthe gap.

Two casesare shown. On theleft theion lagstherf and on theright theion leadstherf.
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Figure 42 shows the evolution of the axial momentum through the accel eration
region for three ions with initial phases @,= 60°, 90°, and 120°. Theion which leads the
rf shows reduced p, and the ion which lags the rf shows an increase in p,. The magnetron
cavity used here had 8 gaps. The small oscillations within each curve occur because the

ion gets pushed forward then backward 8 times per turn.
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Figure42. Axial momentum through the acceleration region (rf on) for three different initial phases.
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Phase Bunching

Using the computer model to track the phase through the accel eration region
reveals a phase change which tends to bunch the beam near ¢ =90°. The source of the
phase shift isthe radial component of electric field in the magnetron which causes a
rotation in the motion of the orbit center. Figure 43 shows an example in which three
ions started at three different phases each migrate towards @ = 90°. The oscillation in the
phase occurs whenever the beam is off center from the accelerator center (acceleration
always shiftsthe orbit center). Notice that the general trend is to bunch the beam near
90°. An additional view of the phase bunching with all computer modeling effects

present can be seen in Figure 66 of chapter 3
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Figure43. Threeionsare started with different initial phases. Tracking their phase
through the acceleration region reveals phase pulling toward 90°. Noticethered line

goesthrough the greatest number of turnsand the green line goes through the fewest turns.
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A more global view of this effect can be seen by plotting the final phase after
acceleration vs. theinitial phase when entering the cavity for the full range of initial
phases. Figure 44 showstheresult. If no phase bunching occurred, then the final phase
would be equal to theinitial phase. A black line with slope = 1 has been plotted to show
this case. However, results using the computer model (red line) show that a wide range

of initial phases migrate toward ¢@= 90°.
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Figure44. Thered line showsfinal vs. initial phase of protons accelerated through the magnetron.

(50 keV ICRA design). The solid black linerepresentsfinal phase equal to theinitial phase.

Dotted lines have been placed at ¢=90° and ¢=(360°+90°) for comparison.
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2.6.3 Cavity End Field Effects

Just before entering the accel eration region, the injected beam will pass through
the electric end fields of the magnetron. These end fields are accounted for in the
computer model because in the 3D solution of the electric fields (using RELAX3D) the
magnetron has finite axial length, and ground plates are placed one cm away from each
end. Allowing anion to travel through the end fields before entering the acceleration
region causes two effects. Both effects are relatively insignificant. They are mentioned
here for completeness. All trgectoriesin this section use a constant magnetic field so

that the effects of the end fields can be isolated.

Thefirst effect isa small additional energy gain through the end field region.
This causes the beam to enter the magnetron at a slightly higher energy. Therefore, since
the peak energy islimited by the inner diameter of the accelerating cavity, the voltage

must be decreased so that the ion does not hit the wall. Figure 45 shows an E-@ curve

which compares a beam that has passed through the end fields, with the beam that did not
pass through the end fields. The cavity voltage was held constant in each case, so the
small additional energy gain through the end fields sets the beam on a different trajectory

towards a much higher energy gain.

The second effect is a shift in the optimum initial phase. This occurs because
the end fields, just before entering the magnetron, have large z components. If anion
lags the rf (¢ > 90°), then theion will experience the peak electric field just before it
passes the gap. On the other hand if theion leadsthe rf (@< 90°) then it will experience
the peak electric field just after passing the gap (review Figure 41). Inthe end field

region, the electric field just before the gap has an axial component in the — 2 direction,
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but the E-field just after the gap has an axial component inthe + 2 direction. Therefore,
theion which lagsthe rf (¢> 90°) will have anet decrease in axial momentum (p;) and

therefore gains more energy than the ion which leads the rf.
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Figure 45. Final proton energy vs. initial phasefor afixed V,in the50keV ICRA.
The beam which passes through the end fields befor e entering the cavity

shows a higher energy gain and a shift in optimum initial phase.

Figure 46 shows the change in axial momentum through the end fields and
acceleration region. The acceleration region is between the dotted lines. The particle
moves from left to right so the entrance end fields are in the region to the left of the

acceleration region. Although the ion with @, = 60° has decreasing p; in the acceleration
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region, it isthe ion with @, = 120° which has decreased axial momentum through the

entrance end fields.
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Figure46. Theion with initial @>90° getsa decreasein p, through end fields, but theion with initial
@<90° getsan increasein p,. The particle movesleft toright. The acceleration region isbetween the

dashed lines. Theentranceend fieldsarejust to theleft of the acceleration region.

End fields at the exit side of the acceleration region cause a similar additional

energy gain, however the effect is less significant since the beam is now at high energy.

Notice the large oscillation in p, caused by the exit fieldsin Figure 46. The net axial
momentum change (Ap,) caused by the exit end fields is not significant because phase
bunching (section 2.6.2) through the acceleration region causes ions to have phase near

90°.
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2.6.4 Magnetic Field and Phase

From this point forward in this chapter, arealistic magnetic field is used in the
computer model (either solenoidal or Helmholtz). This section discusses phase changes
caused by the B-field profile over the acceleration region. The characteristics of
Helmholtz and solenoidal fields were discussed in section 2.1. The full off axis solution

of magnetic fields was discussed in section 2.6.

Recall that the magnetic field flatnessis characterized in terms of the drop at the
ends of the acceleration region (0B). B-field flatness criterion was defined in section
2.5.7, and the field profile over the acceleration region of the 50 keV ICRA was shownin

Figure 34.

Using aredligtic field introduces a phase drift anywhere where nux, # wy; . Inthe
ICRA it isuseful to plot phase vs. axial position. Figure 47 shows @vs. z astheion
accel erates through the magnetron. Notice that the oscillation in phase has one cycle per
turn. This occurs because acceleration at each gap pushes the center of the beam around,
and whenever the beam is off center there is a corresponding oscillation in the phase.
This effect iswell known in cyclotrons. The phase oscillation is of no great consequence,
although it should be minimized by centering the beam.

More important is the overall phase drift caused by regions where the B-field is
not in resonance with the rf frequency. Whenever the B-field islow (nux < wy ), equation
2.81 (section 2.5.7) predicts that the phase will increase in time. The reader should
compare the phase diagram in Figure 47 with the B-field profile shown in Figure 34 to

see that the phase drift past the ends of the cavity makes sense.
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Figure 47. Phasevs. axial position over the acceleration region.

Phase graphs like the one in Figure 47 are useful for checking that the beam
remains in resonance and will be particularly important when designing an ICRA with a
sloped B-field for acceleration to relativistic energies.

The addition of the realistic magnetic field over the entire volume of the
accelerator allows particles to be shot through the entire system from ion source to target.

A set of complete single particle trgjectories is shown in the following section.
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2.6.5 Complete Single Particle Trajectories

The previous three sub-sections (2.6.2 — 2.6.4) covered the complete computer
model, starting from accel eration through the magnetron in aflat magnetic field, and then
adding end fields of the magnetron and arealistic solenoid. Section 2.6.6 will begin
discussion of multi-particle trgjectories used to model a beam of finite emittance.
However, before leaving single particle trgjectories, we wish to show a series of views of
the beam. In this section the el ectrostatic bending plates have been added, so that all
realistic fields are now in place. The figures which follow show several examples of
single particle trgjectories shot through the entire system using the ICRA computer

model.
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List of views:

Fig 48. top and side view - mirroring beam — rf off

Fig 49. top and side view - Nturns = oo —rf off

Fig 50. Axial view - Nturns = co —rf off

Fig 51. top and side view — Nturns = 20 — rf off
Fig 52. top and side view — Nturns = 5 —rf off
Fig 53. top and sideview — Nturns=5 —rf ON

Fig 54. Axia view —acceleration region only —rf ON

Total of 14 pagesrequired for 7 captions and 7 Figures

Caption for Figure 48 goes here
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Figure 48 goes here
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Caption for Figure 49 goes here

100



Figure 49 goes here
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Caption for Figure 50 goes here
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Figure 50 goes here
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Caption for Figure 51 goes here
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Figure 51 goes here
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Caption for Figure 52 goes here
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Figure 52 goes here
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Caption for Figure 53 goes here
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Figure 53 goes here
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Caption for Figure 54 goes here
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Figure 54 goes here
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2.6.6 Acceptance Phase Space of the RF Driven Magnetron

Any serious analysis of the maximum amount of current that could be accelerated
by an ICRA, must be based on an understanding of the acceptance phase space of the
acceleration region used. The acceptance phase space can be mapped out by using
ICRAcyclone to start particles at the entrance plane of the magnetron, then accelerating
each particle, and tabulating their final energies. The initial conditions of each trajectory
are varied over some range in order to map out the boundaries of the phase space of the
beam which is accelerated to the desired energy. Since the ICRA accelerates beam to
some large energy spread, a cutoff energy must be chosen as a criterion for an acceptably
accelerated beam. Obvioudly if you choose Eg: = 0.9 Eqnax the acceptance phase space

will be smaller than if you choose Eqt = 0.5 Epax -

It may be tempting to describe this phase space in terms of Cartesian variables
(X, Y, zZ, px Py, Pz, t), but attempts at this have proven to be futile. The natural coordinate
system for the magnetron cavity in an axia B-fieldiscylindrical. Therefore, the
acceptance phase space must be mapped in (r, 6, z, pr, Pe, Pz, t,) Using a coordinate system
whose origin is at the center of the magnetron. This “accel erator-centered coordinate
system” is shown in Figure 55. To see why thisistrue, imagine that you have just run
the trgjectory for some chosen central ray, then you change theinitial position of the
particle by Ay to see the effect on the final energy. In doing this, theinitial conditions of
the particle have actually changed, by r and 8 both. Aswe will see, the acceptance phase
space does depend on r but it does not depend on 6, therefore in changing y, you have

missed the azimuthal symmetry.
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Accelerator Centered
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Figure55. Initial particle coordinates at theion source are expressed in a Cartesian coordinate
system centered on the central ray, but the acceptance phase space at the entrance plane of the
magnetron must be expressed in an acceler ator-centered cylindrical coor dinate system.

Before proceeding, four cautionary statements are given here:

1) Oncetheinitial acceptance phase space of the magnetron has been mapped out, that
does not necessarily mean that a beam can be produced to fill that space. Infact alarge
source of optimization for the ICRA isin tailoring a beam to fill the desired phase space
as much as possible.

2) The method used here to relate the injected beam to the acceptance at the entrance
plane of the magnetron, was to choose an emittance back at the ion source, then shoot
each particle from the ion source, forward through the fringe fields, and stop the beam at

the entrance plane of the magnetron. When doing this, the initial coordinates of each
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particle at the ion source should be expressed in a Cartesian coordinate system with the
origin at the central ray of the beam as shown in Figure 55. The coordinates of each

particle can then be expressed in the cylindrical accelerator-centered system so that the

beam can be shot forward, then stopped at the entrance plane of the magnetron, and
compared with the acceptance plots to determine the fraction of particles that landed

inside the acceptance phase space.
3) And finally, notice that it is not necessary to map out the acceptance phase space.

Itisonly atool for comparing what beam the injection region produces with what beam
the magnetron could accelerate if that beam could be produced. The accelerated fraction
of the beam can also be determined by completely bypassing this pit stop and simply

running particle tragjectories through the entire system.

Results of the analysis of the acceptance phase space.

In order to map out a 7 dimensional coupled phase space (r, 6, z, pr, Ps, Pz, t,) We
first scan over one variable at atime to seeits effect. Those parameters whose effects are
negligible are then dropped. Three variables can be eliminated. The effect of 8 is

negligible, and z was chosen to be constant at the entrance plane of the magnetron.

One momentum can be eliminated because all ionsin the computer model begin with the
same energy, therefore p,, ps and p; are not independent. Thus mapping all three would
be redundant. The arbitrary choice was made to drop p,, therefore the relevant phase

Space parameters become: r, pr, pg, and time (or @,). We already know that the

accel erated beam depends on rf phase (review section 2.6.2) and we must sum over the
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full 0° — 360° phase range because the injected dc beam will contain all phases. Scanning
each of the remaining three parameters independently shows that the acceptance phase
Space is very sengitive to pg, and only moderately sensitiveto r and p;. Recall the

discussion of the spread in (p-/py) in section 2.6.2

Figure 56 shows the results of scans over two planes through the remaining three
dimensional phase space volume. These are Apg, vs. Ar, and Apg, VS. Apr. Here A
indicates a change relative to the central ray. Each data point on the graph includes a
summation over al rf phases. In other words each point represents the width of the E-¢@
curve of Figure 39 for a cutoff energy of E > 0.9 Egesgn. Thusif abeam of zero emittance
was placed at one of the red data points, then the fraction accel erated would be between

5% - 10 % (see the legend of Figure 56).

Figure 57 shows the final positions of particles tracked from the ion source,
forward through the injection region, and stopped at the entrance plane of the acceleration
region. For comparison, the boundary of the acceptance phase space is outlined with a
dotted linein Figure 57. The beam outside this boundary is not accelerated above the
cutoff energy. Notice that the injected beam has awider pg Spread, and a narrower radial
spread, than what the magnetron will accept. This tendency occurs because the injection
trajectory causes adecrease in the radial spread of the beam, and an increase in the

momentum spreads (Apg, and Ap,). Thisisexplained at the end of section 2.5.2.

This particular result wasfor an 8 Tedla, 1 MeV proton design. The injected
beam had an emittance of 2rtmm mrad (unnormalized) and the fraction accelerated

above 0.9 MeV was 1.9 %.
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Figure56. Two planesthrough the acceptance phase space at the entrance plane of the magnetron

dPr/Ptotal %

for alMeV proton ICRA. Each data point represents a summation over all rf phases.
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Figure57. Final positions of protons shot forward from theion source through theinjection
fringefields and stopped at the entrance plane of the magnetron.

The acceptance phase space from Figure 56 is outlined with dotted linesfor comparison.
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2.6.7 Injected Beam Emittance

This section deals with characteristics of the injected beam only. Although the
beam will pass through the injection, acceleration, and extraction regions, the rf power in
the accelerating cavity is off for all cases. All trgjectoriesin this section are tracked from
the ion source, through the electrostatic bend, and through the realistic magnetic field.

A beam of some finite emittance can be modeled by using ICRAcyclone to run
many single particle trajectories, one after another. Recall that ICRAcyclone does not
account for space charge effects (section 2.6.1). Initial conditions for each particle back
at the ion source are expressed in a Cartesian coordinate system with the origin at the
central ray of the beam (see Figure 55 section 2.6.6). The 4 transverse phase space
dimensionsare X, X, Y., Ys, Wherex, = p,./Pa 1S Simply the slope of aparticular ray
relative to the central ray. In the plots which follow, the injected beam emittance was

modeled by afully coupled set of 3x3x3x3 = 81 particles. The(X,, X;) and (y,, Y)

planes are shown in Figure 58.

Figure58. The emittance used at theion sourceisa coupled phase space of 3x3x3x3=81 particles
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In section 4.5.3 we will see that the axial momentum spread of the beam (Ap,)
can be measured experimentally in two ways; the arc length at the extraction end, and the
mirror curve (both discussed below). These measurements can be reproduced using the
computer code and used to determine whether the beam emittance has been chosen

correctly.

Arc Length at the Extraction Faraday Cup

The extraction Faraday Cup (EXFC) is a phosphor screen that is used for
viewing the beam at the far downstream extraction end of the 50 keV experiment. The
EXFC isoriented perpendicular to the z axis so the image seen isin an x-y plane. The
reader may want to look ahead to Figure 72 in Section 3.2. If the beam wereasingle
particle trgjectory, one would expect to see the beam hit at a single point on the extraction
Faraday cup. However, for area beam, any spread in the axial momentum causes the
image on the extraction Faraday cup to spread in the © direction. This spread (A6) is

referred to here asthe “arc length”.

In order to check the arc length in the computer model, the full emittance of 81
particles was tracked from the ion source, through the entire system, to the z plane of the
extraction Faraday cup. The x-y positions are then plotted. An exampleisshownin

Figure 59.

It is simpleto see how a spread in axial velocity causes the image of the beam to
smear out in 6 if the magnetic field were constant. However, the solenoidal fringe fields
in the extraction region of the ICRA are certainly not constant. Therefore, it is necessary
to check whether the arc length is a good measure of the spread in axial momentum at

z=0. Thiswas done by using th