Chapter 14 — Homework Solutions

1. Consider bosonic creation and destruction operators, a' and a. Consider a linear combination,
b= aa+ fal
What is the constraint on the complex numbers o and 3 if one is to demand that [b, b] = 17

Solution:

[b,0T] = [(a + Bal), (a*al + B*a)]
= |af*[a, a'] + |%|[a", a] + Ba*[a’, a] + af*[a, d]
= (la* - |8/*)[a, a']
= |a]* — 67|

This can be equivalently states as o = € cosh ), 8 = €% sinh 7, where 7, § and 7 can be any real
numbers.



2. Consider two oscillator levels described by the creation operators, a‘i and a;, where the Hamil-

tonian is

H = ejalay + exabay + B(alad + ajay).

Consider the operators
bi = coshn ai + sinh 7 ag,
b; = coshn a; + sinh 7 a;.

(a) Show that b; and b! behave like creation/destruction operators.
(b) Find the values of 1, Ey, E; and Es that allow H to be written as

H = Ey+ Eblby + Eyblb,.
This is known as a Bogoliubov transformation.

Solution:
a)
[b1, 1] = [coshnay + sinhnal, coshnal + sinh nas)]
= cosh?n —sinh®n =1 v

[b1,b}] = [coshnay + sinhnal, cosh nal + sinh nay]
= coshnsinhn(l—-1)=0 v

Take h.c. of previous to show [by, bl] = 0.

[by, b}] = [cosh nay + sinh nal, cosh nas + sinh na, |
= cosh?np —sinh®*n =1 v

(o], b1] = [coshnal + sinh nas, cosh nal + sinh na, |
= —coshnsinhn 4 coshnsinhn =0 v
Take h.c. of previous to show [b, bo] = 0.
b) First write H in terms of ay, as, a], ag,
H = Ey + E\blb, + Eblb,

— By + Ey(coshnal 4 sinhnas)(cosh na; 4 sinh nal)

+ Ey(sinh nay + coshnal)(sinh na! + cosh nas)

= Ey + (E; cosh?n + E,sinh®n)ala; 4+ (E; sinh?n + E; cosh?n)alal

= (F, coshnsinh ) + E, cosh nsinh ) (alal + ayas) + (B, + Es) sinh?7)



Equate it to the form

H = eialay + esalas + Blalal + a1a,).
This requires

1
(1) §(E1 + E5)sinh2n = 3,
(2) By cosh®n + E,sinh®n = €,
(3) Eysinh®n 4 Eycosh®n = €3, (4) — (Ey + E,)sinh®n
Solving for n, F, Ey, Ey,

(2) =)= E1—Ey =6 — 6,
(1) + (2) = (E1+ E3)cosh2n =€ + €.
Combine with (1)

1 s
—tanh 2n =
2 ot " 61—|—€2’

1 2
n = —tanh™* (—ﬁ) ,
2 €1 + €2
E; + E5 = (€1 + €9)sech2n,

1

E, = 5 {€1(sech2n + 1) + ex(sech2n — 1)},
1

E, = 5 {e1(sech2n — 1) 4 ey(sech2n — 1)},

sinh? 7
Ey = —(Ey + Ey)sinh’np = —
0 (Er + E3)sinh™n (e + 62)cosh 2n

1
sinh®n = é(cosh 2n — 1),

cosh2n —1
Ey—= 2 -
0 2cos2n (1 +€)

= —(€e1 + €2)(1 — sech2n).



3. Consider the coherent state |n) defined by,
1) = =72 exp (na')|0).
(a) Show that |n) can also be written as
) = e~ o).

Hint: You may wish to use the Baker-Campbell-Hausdorff lemma.
(b) Show that the overlap of two states is given by,

(nf|n) = eI P/2= /20"

Solution:

a) From BCH lemma, (using the fact that [a,a!] = number)

e—n*a+naT|O> _ enaTen*ae—n*n[a,aTW|0>7

ok T *
— o M"N/2gna’ gna

0)
= ¢7"/2¢4"|0)

(/) = e~ 72(0]e" )
_ 6_77/*77//2677/*77<()|77>
— e~ 20 N = N/2




4. Consider a coherent state
) = 77 2em o).

(a) Show that N = (n|Nyp|n) = n*n, where N,, = a'a is the number operator.

(b) Show that the variance equals the mean, i.e.,
(nl(Nop — N)?|n) = N,
This is characteristic of a Poissonian distribution.

Solution:
a) Because |n) is an eigenstate of a,

(nlataln) = n*ninn) = n™n.

a'ataaln) + (n|ataln) — N?
(n")*n* = N*+ N
=N.



