Chapter 13 — Homework Solutions

1. To show why derivatives are defined as shown in Eq. (?77), show that

6,@2 = 2z,, and oHa? = 2aH,

2 2 2 2

2
where z° = zj — 7 — x5 — x3.

Solution:

Thus 0/0x" behaves as a covariant (subscript) vector and should be represented as 0,,.
Now, one can repeat with the change that one takes the derivative w.r.t. z,,

o 0

al'i__@,

0 [ 20 p=

8_%_{2:& =1
= 2zH

This shows that 0/0z, behaves as a contravariant vector and should be represented as 0*.



2. Consider a charged relativistic particle interacting with the electromagnetic field, and de-
scribed by the Klein-Gordon equation.

[(ihd, — eAo)? + P02 — m*c*] (z,t) =0

The electrostatic potential Ag is illustrated in the diagram below.

Consider a solution for a particle incident from the left,
r(z,t) = e(ZiBt+ika) [h B (—iBt—ike)/h
Wi (m,t) = Cve(—iEt—s-ik/m)/h’

where E = vVm?2c* + k2.
Calculate the charge and current densities (include direction) in regions I and II for each of
the following three cases.

(a) edg < E —mc?

(b) E—mc* < eAy < E+mc*

(c) eAg > E + mc>.

Solution:
a) The momenta on the right is

k' = +/(E —eAy)? —m2, K is real
E —eAy > mc®.

First BC
k(1—-B)=kKC.
Second BC

C+K/k) =2,
C = 2k/(k + k')
B=(k=—k)/(k+k)



Calculate currents and densities in region I
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Now, do the same in region II

4k?
o =B = e oy
4k?
Ty T —
JIr (& + k)2

Indeed, the currents are the same on both sides of the barrier.

—K) sin(Qk:x)}



¢ =/m2— (E —eAy)? is positive and real

U =Ce 7%,
First BC
1+B=C
Second BC
k(1 — B) =iq'C.

Solving the BC

_ %

k+iq"’
B = :;—EZ:, note B*B = 1.

The currents and densities are
pr = E‘eik:c _|_Be—ika;‘2 _ E{2+B6—2z‘kx+B*62ikx}
= E {2+ 2Bgcos(2kz) + 2B, sin(2kx) },

j[ _ 5 (e—zkx + B*ezkx) (_Zax) (ezk’x + Be—zkx) + h.c.
= (k: — k + kB2 — /{;Bedikx) + h.c.
— ()’
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PII Joan q/2 (E = €A0)e 2q ’
1 4k? /
= S e {@ke‘qu +h C}

c)

Everything is same as in (a)

(k—FK)?  (k=F)
~E1 2 2
p1 { + bt ) + it k) cos(2kx) ¢,
. 4k2k/2
= k)
4k
o = (5 = edo) e

4k?
iy=kK-——:.
= )
Note that prris negative, but j; = j;7 is positive. This represents anti-particles approaching from

right. The annihilate with particles coming in from left to produce particles reflected back to
left.



3. Consider the same case as above, except with no electrostatic potential. Instead, consider a
different mass in region I and region I, with m;; > m;. For each of the following two cases,
calculate the charge and current densities in regions I and II.

(a) E > myc?

(b) FE < m1162

Solution:
Region I
F2k2 +m?, m=my,
¢I — eikz + Be—ikx.
Region II

E? :k’2+(m+<I>)2, D =my—my,
K= \/E—(m+9),

¢H = Ceik,x'
a) k' is real.
1+B=C,
k(1 - B)=kC,
2
¢= 1+ Kk /k
2%
(B #)
k— K
B = .
k+ k'

Calculating densities and currents

pI:E{H(k_k/)QH(k_k/)

(k+ k)2 (k+ k") COS(Qkx)} ’

i1 = k(e™*® + B*e™®) (e — Be™**) + h.c.

= k{1 - |B"}

4k2K'
pir = E|C?

4k?
jir = K'|C|?

Ak'k?
G+ ke



b) k' is imaginary

(= VT I E
Ui = Ce™7°,
2

" k+ig”
_k—iq
 k+ig”’

p1 = E {(efikx 4 B*eikx)(eikm + Befikx)}
_ E{2+B€—2ikm i B*e2ikm}

’B‘QZ 1,

j[ — 5 {(efzkac + B*ezkx)(ezkr . Befzkm)} + h.c.

_ g {1 -1 _B€—2ikm+B*e2ikz} —|—hC

=0,
pH — |C|2E672q/x’
2
_ AR e
k2 _|_q/2
Jrr = 0.



4. Consider the Dirac representation,

I 0 S
(0 h)
and the chiral representation,
0 -—I - g 0
=(50) (0 5)
The spinors, uy and wu, represent positive-energy eigenvalues of the Dirac equation assuming
the momentum is along the z axis.

o QL
S~

QL ©

(mB + p.a) u(p.) = Eu(p.) ,

The spin labels, 1 and | refer to the positive and negative values of the spin operator, which
in both representations is
o, 0
2z = ( 0 o, )

Write the four-component spinors u4 and u; in terms of p, £ and m :

) in the Dirac representation.

b)

(c) in the limit p, — 0 for both representations.
)

(a
(b) in the chiral representation.

(d) in the limit p, — oo for both representations.
Solution:

To be have a +1 eigenvalue of X, the states must be of the form

up = _ e—zEt—sz )

o ot O 2

To have a -1 eigenvalue of 3,

Uy = esz‘tJrzpz.

SO 2 O

We need to find states such that

(mfB + pa,)u = Fu

I 0 0 o,
= (0 %) o (%)

a) Dirac rep.



Setting Huy = Euy,

ma + pb = Fa,
—mb + pa = Eb,
p
=b
TR
1
U = R g normalized
" VRET—2mE | p/(E+m) |’
0
Now for uy,
ma — pb = Fa,
—mb — pa = Eb,
—P
=b
=V E
0
up = £ L
v 2E? —2mE 0
—p/(E +m)
b) In the chiral representation. For us,
—mb + pa = Fa,
—ma — pb = Eb,
m
=——>10
¢=Z— pd
1
m 0
Up = ——
" 2E? —2Ep | —(E—-p)/m
0
For uy,
—mb — pa = Fa,
—ma + pb = Eb,
E—
__(E-p)y
m
0
u i (E —p)/m
L=
2E% — 2Ep 0
1



c) Asp — 0,
Dirac representation,

Similarly,

In the chiral representation

Similarly

D
=
&5
|
g
coor

pvVE+m

~ \/2m(E —m)(E + m)

O O O =

U¢:

o = O O

o O O



d) As m — 0, In Dirac representation

Similarly,

In Chiral representation,

=

Uy =

DO

Sl

O = O =
N~ O+~ O~

U, =

Sl

)

o = e

o O O

Similarly,

U¢:
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5. Consider a solution to the Dirac equation for massless particles, u, (p), where the + denotes
the fact that the solution is an eigenstate of the spin operator in the p directions,

—
—

(X pug (P, x) = uy (P, @).

Show that the operator § operating on u, (p) gives a negative energy solution but is still an
eigenstate of X - p with eigenvalue +1.

Solution:

{B,:} =0,
H=ada-p,
{8,H} =0,
2 = _%eijkajaka
(8,5 9} =p{B. i} =0
HpBly) = —BH|¢)
= —EB|Y).

So [ switches energy. In contrast,
(£-P)Bly) = BE - D).
So [ leaves 3 - p unchanged, i.e.

(2 P)|yL) = £[pL),
(- P)Bly+) = Blop+).
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6. Show that the operator

1 — —

P
(a) is a projector, i.e. P? = P.

(b) and that P|v) gives a positive-energy solution to the Dirac equation when operating on
any state [1),

(B, — a7~ fm)P|y) = 0.

Solution:
a) Using the fact that 2 and « anti-commute and that {a;, aj.} = 0 and that of = 8> =1,

P = g 1B+ 4 b 4 2B,(a- 7+ )]
= 4—]135 [2E2 + 2E,(@ - §+ Bm)]
= 5 B+ -+ fm) = P
b)
(Ey— G-~ m)Pl) = Q—ijpwp — & Bm)(Ey + - F+ fm)[Y)
1
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7. Consider a massless spin half particle of charge e in a magnetic field in the 2 direction described

by the vector potential
A = Buxy.
The Hamiltonian is then

H = a,(—ih0,) + a,(—ihd, — eBx).

(a) Show that the Hamiltonian commutes with —ihd, and —ih0,.

(b) The wave function can then be written as

77Z}ky,kz (Ia Y, Z) = eikyy-‘rikzquky,kz (I’),

After setting k, = k., = 0, show that the lowest energy can be found by solving the
equation
E?¢.(x) = (—h*07 + *B*x* — ehBY.,) ¢+ ().

(c) Show that the eigenvalues of the operator H? are
Ei=@2n+1F1)ehB, n=0,1,2,

where the 4+ refers to eigenvalues of ¥,. You can do this mapping to the harmonic
oscillator and then using the solutions to the harmonic oscillator from Chapter 3. Note
that when the the eigenvalue of X, is 41, there exists a solution with £ = 0.

Solution:

a) By inspection —ihd, commutes with H because there is no y in H. Same for —ih0,.
b)

= —h?0% + (—ih0, — eBx)?* — h*0? — iha,aeB.

Set —ihd, = hk, and —ihd, = hk,. You can see that answer doesn’t depend on k,, as it just
changes position of center of H.O., and one can minimize energy by setting k., = 0, so just set
both to zero to find lowest energy, and

H?> = —h?0? + &B%1®* —ehBY,, %, = — 10,0y

c¢) Because Y, commutes with H and because X2 = I, one can see that eigenvalues of X, are
+1. Thus, by noticing how this looks like a Harmonic Oscillator Hamiltonian (except for H2/2M
rather than for H where M is some fictional quantity which will drop out),

H? h? 232 ehB

o Ly _
o1~ o=t aM e T

Looks like H.O. with w = eB/M, plus a constant addition to the energy of $€hB Fhw/2. The
energy eigenvalues are thus

oM 2

E2
—= = (n+1/2)hwF hw,
E% = ((2n+1) F1)ehB.v
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8. Using the definition of field operators in Eq. (??), show that the Hamiltonian
"= /d% U (7, ) (—ihdi - ¥ + Bm) (7, 1)

=> B, poy+d dy—1).

[.e. the vacuum energy for each mode is negative.

Solution:

Using

U, (7t \/_Z [ m Z i (B)e” zEpt/h—i-zﬁF/hb +U“<mempt/h zﬁf/hd]‘ )

m 1
== [ &r Y Y ——— [ul(P)us ()
V/ 7 o V EnEy |

+ul(P)vs ()
+ vl (Pus (7)
+ vl (B)vy ()] -

Using the fact that u, and v, are eigenstates of the Dirac Hamiltonian with eigenvalues £E,
respectively,

H= — / dBr Z Z [ul (]5)eZEpt/h_ZpT/hEp,e_lEp’t/h'Hp r/husl (ﬁ)
Vv oe /E E /
+ ul(ﬁ)eiEpt/ﬁ—iﬁ%/h( E )ezEp/t/h ip r/h ,<]5/)

. ., T2k}
N UI (me_zEpt/h+zpr/hEple—zEp/t/h—l-zp r/huS/ (7

)
X UI(me—iEpt/thiﬁ"%/h(_Ep/)eiEp,t/h—z‘ﬁf'?f/hvsl(—x) '
Using the fact that [ d®re!@P)7 = V5,

H=m Z [ ﬁ)us ﬁ)btb-'— 2iEpt/h—2ip-7/h T(ﬁ)vs( ﬁ)b;d;)

7,8,8"
_|_6—2zEpt/ﬁ+2sz/ﬁ T(ﬁ)us ( ﬁ)d}bﬁ) _ v;f (P)vy (ﬁ)dﬁd;] )
Using the orthogonality relations for u and v,

H = 3 By 0t — dp)

D,S
= E,(biby+ dids — 1).
DS
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9. Using the definitions for ay and S in Eq. (77),

(a) Show that
b;”bl? - dT_,;d—E =a'oy — BBy
This demonstrates that the eigenstates of the new Hamiltonian are still eigenstates of
the charge operator written in the old basis.
(b) Show that the state )
|0) = cos b |0) + sin deigbjzm}

is destroyed by both «y and f, where |0) is the vacuum in the old basis. Effectively,
this shows that |0) is the vacuum in the new basis.

Solution:
a) Suppressing the k indices

of = cosOb' + sin 6d,
A1 = cosd" — sin Ob,
(ofa — BB = (cos @' + sin Od)(cos @ + sin d") — (cos Bd" — sin Ob)(cos Od — sin 6b")
= bbcos® § — bb' sin? 0 + d'd(— cos® §) + dd' sin® §
+ b'd' cosOsin @ + d'b' cos Osin @ + dbsin 6 cos § + bf sin 6 cos 6.

Using the anti-communtation rules,

= b —sin?0 — dfd + sin? 60
= bl — did.

cos 0|0) + sin §|d'b'|0),

a|0) = (cos Bb 4 sin Od"){cos A|0) + sin Hd'b'|0)}
= sin @ cos Od" + sin 6 cos Obd'b'|0)
= sinf cos fd" — sin 0 cos Hd'bb!|0)

=1=)
S~
I
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