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Physics 852 Exercise #11 - Friday, April. 9th

Consider the scalar field operator (in one dimension),

Φ(x, t) =
1
√
L

∑
k

1
√

2ωk

[
ake
−iωkt+ikx + a†ke

iωkt−ikx
]
,

ωk = Ek/~. One creates a state |η〉, which for positive times is defined as

|η(t)〉I = exp

{
i

∫
dt′dx j(x, t′)Φ(x, t′)

}
|0〉,

where j(x, t′) is a real function and is zero for t′ > t.

1. Find the commutation relation for [Φ(x, t), Φ̇(x′, t)].

2. Show that the 〈η|η〉 = 1. (hint: should be very short)

3. Rewrite |η(t)〉 using the operators ak and a†k instead of Φ(x, t), and assume that j(t′ > t) = 0.
Your expression should use the Fourier transforms of j(x, t),

j̃(k, ω) ≡
∫
dx dt e−iωt+ikxj(x, t).

4. Find an expression for 〈η|a†kak|η〉. Note that 〈η|a†kak|η〉 in the Schrödinger representation is the
same as 〈η(t)|a†k(t)ak(t)|η(t)〉 in the Heisenberg representation.

5. Find an expression for the net number of particles.

6. Find an expression for 〈η|a†ka†qaqak|η〉.



1.)

[Φ(x, t), Φ̇(x′, t)] =
∑
kq

1

2L
√
ωkωq

e−i(ωk−ωq)t+ikx−iqx′
{
iωq[ak, a

†
q]− iωq[a†k, aq]

}
= i

1

L

∑
k

eik(x−x′)

= i
1

2π

∫
dk eik(x−x′)

= iδ(x− x′).

2.)Φ and j are Hermitian, thusA =
∫
dt′dxj(x, t′)Φ(x, t′) is Hermitian and e−iAteiAt = 1.

3.)

|η(t)〉I − exp

{
i

∫ t

−∞
dt′dx j(x, t′)

∑
k

1
√

2ωkL
(ake

−iωt+ikx + a†ke
iωt−ikx)

}
|0〉

= exp

{
i
∑
k

1
√

2ωkL
j̃(k, ωk)ak + i

∑
k

1
√

2ωkL
j̃(−k,−ωk)a†k

}
|0〉.

j̃(−k,−ω) = j̃∗(k, ω).

4.

〈η(t)|a†k(t)ak(t)|η(t)〉 = 〈η(t)|a†kak|η(t)〉

=
1

2ωkL

∣∣∣j̃(k, ωk)
∣∣∣2

5.

〈N〉 =
∑
k

〈η(t)|a†kak|η(t)〉

=
∑
k

1

2ωkL

∣∣∣j̃(k, ωk)|2
∣∣∣2

=
1

2π

∫
dk

2ωk

∣∣∣j̃(k, ωk)|2
∣∣∣2 .

6.

〈η(t)|a†ka
†
qaqak|η(t)〉

=
1

4ωkωqL2

∣∣∣j̃(k, ωk)|2
∣∣∣2 ∣∣∣j̃(q, ωq)|2

∣∣∣2


