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Solvingthe equations

6.1 Elastic scattering

The one channel problem

For each partial wave L , we needto numerically solve the one-channel radial
SchrÄodinger equationsof Eq. (3.1.10):

·
¡

~2

2¹

µ
d2

dR2 ¡
L (L+1)

R2

¶
+ V(R) ¡ E

¸
ÂL (R) = 0 ; (6.1.1)

with boundary conditions of

ÂL (0) = 0 (6.1.2)

ÂL (a) = i
2 [H ¡

L (´ ; ka) ¡ SL H +
L (´ ; ka)] (6.1.3)

Â0
L (a) = i

2 [H ¡0
L (´ ; ka) ¡ SL H + 0

L (´ ; ka)] (6.1.4)

for matching radius a. The derivativesH 0 are with respect to R.
The di®erential equation may be rewritten as

Â00
L (R) = f (R)ÂL (R) (6.1.5)

for f (R) =
2¹
~2 [V (R) ¡ E ] +

L(L+1)
R2 :

Trial solutions

This one-channel problem may be solved as follows. We use a trial solu-
tion y(R) with initial conditions y(0) = 0 and y0(R) = p for somenon-zero
constant p. The di®erential equation (6.1.5) may then be integrated numer-
ically, to determine y(R) for all R. This trial solution is thus proportional
to the desiredsolution ÂL (R):

c y(R) = ÂL (R) (6.1.6)
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for someunknown scaling coe±cient c. Its value may be found by solving
at R = a the simultaneous equations

c y(a) = i=2 [H ¡
L (´ ; ka) ¡ SL H +

L (´ ; ka)]

c y0(a) = i=2 [H ¡0
L (´ ; ka) ¡ SL H + 0

L (´ ; ka)] (6.1.7)

for c and SL . If only SL is required then it is perhaps simpler to form the
R matrix R = y(a)=(ay0(a)) and then ¯nd SL by Eq. (3.1.30).

Numerical integration

The numerical integration of Eq. (6.1.5) generally proceedsby de¯ning a
radial step sizeh and a grid of points Rn = nh for n = 0; 1; 2::; m up to a, the
matching point. The initial conditions are y0 = 0 and y0

0 = p. As Eq. (6.1.5)
is a second-orderdi®erential equation, conversion to a pair of coupled ¯rst-
order equationsfor y(R) and x(R) ´ y0(R) allows for exampleRunge-Kutta
methods to be used, producing eventually giving ym and xm = y0

m for use
in Eq. (6.1.7).

BecauseEq. (6.1.5) has no ¯rst-order derivatives, and such derivatives
rarely occur in nuclear scattering calculations, a more e±cient alternativ e
method is that of Numerov. It usesasstarting conditions the wave function
at two distinct radii: y0 = 0 and y1 = ph, and propagatesthe solution, for
n = 1; 2::, by

yn+1 = [(2 + 10~f n )yn ¡ yn¡ 1(1 ¡ ~f n¡ 1)]=(1 ¡ ~f n+1 ) (6.1.8)

where ~f n = h2f n=12 and f n = f (xm ). The division here is somewhatawk-
ward. It requires a special treatment of n = 1 for L = 1 to avoid a division
by zero, and does not generaliseeasily to coupled-channels problems. A
more convenient method is therefore the `modi¯ed Numerov method', which
integrates an auxiliary wave function z(R)

zn+1 = 2zn ¡ zn¡ 1 + h2f nzn (6.1.9)

from which the true wave function is found by yn = (1 ¡ ~f n )zn . The S
matrix is now found by satisfying the boundary conditions of Eq. (6.1.7) at
two distinct radii, say R = a and R = a ¡ 5h, since the ¯rst derivative is
not available for direct matching.

The accuracyof Runge-Kutta or Numerov methods requiresthat the step
sizeh becomessmallerasthe local wavenumbersk(R) =

p
(E¡ V (R))2¹= ~2

increase,so that there are a su±cient number of radial points within each
oscillation of the wave solution. Attractiv e potential wells increasethe local
k(R) in the interior asV (R) À 0, but when imaginary optical potentials are
usedthe absorption meansthat the interior enhancement is lessimportant.
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A practical guideline is that the product kh . 0:2 for at least the asymptotic
k that appears in Eq. (6.1.7). Further `enhancedNumerov methods' have
beenproposed[1], which are more accurate for high energy scattering with
slowly varying potentials as they allow larger kh products.

Another in°uence on numerical accuracy is the large centrifugal barrier
L (L + 1)=R2 for small R. Again, a practical guideline is that in the Numerov
method, the starting R = Rmin point shouldbeof the order of Rmin & 2:0Lh ,
which is to move the starting point increasingly away from the origin as L
increasesand the centrifugal barrier becomesstronger.

6.2 Classi¯cations

6.2.1 Local and non-lo cal couplings

The coupling operators V̂ x
®®0 = Rxh®jVx j®0i R¡ 1

x0 as de¯ned in section 3.2.2
couples from channel ®0 to channel ®, and may be local or non-local ac-
cording to the physical processbeing described. Let us classify thesecases,
and seewhere they might typically occur, becausenon-local couplingsmake
solving the coupled equationsmore di±cult.

Typically, inelastic couplings of section 4.4 with x = x0 and pt 6= p0t0

are local, which meansthat the e®ectof operating with V̂ on a channel wave
function at radius Rx is to give a resulting function at the sameradius:

V̂ x
®®0Ã®0(Rx0) = V inel

®®0 (Rx0)Ã®0(Rx0) : (6.2.1)

The `inelastic form factor' V inel
®®0 (Rx0) is a function of one variable Rx0.

For transfer couplings of section4.5.1,however, the prior and post mass
partitions and radius vectors are di®erent, and the dynamics of recoil give
rise to non-local couplings. Such couplings are described by specifying a
two-variable kernel function V transf

®®0 (Rx ; Rx0), as for examplein Eq. (4.5.14),
so that

V̂ x
®®0Ã®0(Rx0) = Rxh®jVx j®0i R¡ 1

x0 Ã®0(Rx0)

=
Z

dRx0V x; transf
®®0 (Rx ; Rx0)Ã®0(Rx0) : (6.2.2)

The non-locality is another name for the fact that Rx 6= Rx0 in general.
The N®0® operators of Eq. (3.2.53) are also non-local for transfer couplings.
Becauselocal couplings are much easierto specify and include numerically,
sometimeswe may considerusing the `zerorange approximation' to a non-
local coupling of Eq. (4.5.16), so that

V x; transf
®®0 (Rx ; Rx0) ' ±(Rx ¡ Rx0) V ZR

®®0(Rx ) : (6.2.3)
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Elastic couplings with x = x0 and pt = p0t0 are usually diagonal (occa-
sionally with a small non-local term added). If local, then

V̂®®Ã®(Rx ) = U®(Rx )Ã®(Rx ) (6.2.4)

for somediagonal monopole potential U®(Rx ).

6.2.2 Partial solutions

We saw in section3.2.2,Eq. (3.2.55), that a set of N coupledequationshave
the general form

[H® ¡ E®] Ã®(R ®) +
NX

¯ 6= ®

V̂®¯ Ã¯ (R ¯ ) = 0 : (6.2.5)

Let us considervarious ways in which this set of equations® = 1; ::; N may
be applied in practice, and also sometimessimpli¯ed.

Kinds of channels

If transfer channels in di®erent partitions are coupled, then we call the set
coupled reaction channels, or CRC. If breakup channels in the continuum
are included with somediscretisation method, then we call the set coupled
discretised continuum channels, or CDCC. If no transfer or breakup cou-
plings are included, just bound inelastic states, the we often refer to plain
coupled channels, or CC, sets.

Simpli¯c ations

Elastic scattering: If N = 1 then there is only one uncoupled channel
with equation [H® ¡ E®]Ã®(R ®) = 0. Within a larger set, this is the channel
which is sure to be strong, becauseof the incoming beam.

One-step DWBA: If a N = 2 set consists of an elastic channel ® and
another channel ¯ with only coupling from ® to ¯ via V̂¯ ®:

[H® ¡ E®] Ã®(R ®) = 0

[H ¯ ¡ E¯ ] Ã¯ (R ¯ ) + V̂¯ ®Ã®(R ®) = 0 ; (6.2.6)

then section 3.3.5 shows how this is equivalent to the ¯rst-order Distorted
Wave Born Approximation, or DWBA.

N -step DWBA: For a general set of N + 1 channels, we may consider
the sequenceof N steps of couplings ® = 1 ! 2 ! :::N + 1. These will be
consideredin more detail on page191.
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Coupled channels Born appro ximation: If the coupledchannelscollec-
tion is divided into two sets, it is possibleto solve the full coupled channels
problem within each set, but only include to ¯rst order the couplingsbetween
the two sets. This may be useful, for example, when there are strong col-
lective excitations for both the initial and ¯nal nuclei, but weaker transfer
couplings that connect them. This mixture of coupled channels and ¯rst-
order Born approximation is called Coupled channelsBorn approximation,
or CCBA.

6.3 Multic hannel equations

6.3.1 A lternate metho ds

This chapter discussesthe methods usedto solve the coupledreaction chan-
nelsequations(3.2.54),whenin generalthere areboth local couplingsV ¡

®®0(Rx )
and non-local kernels V®®0(Rx ; Rx0). We will seein the next section that a
group of M equationscan be solved `exactly' (subject only to radial discreti-
sation errors) by ¯nding a set of M linearly independent groupsof solutions,
and taking a linear combination of thesewhich satis¯es the required bound-
ary conditions. This `close-coupling'method is only practicable, however,
if there are not too many equations (the numerical e®ort can rise as M 3),
and if there are only local couplings. With local couplings the independent
solutions can be found in a single outward `sweep' of someM 2 radial trial
functions. Non-local couplings mean, however, that the source terms at a
given radius depend on the wave functions at other radii both larger and
smaller, so that this `exact' method becomesimpractical.

In many casesof interest in nuclear physics, nevertheless, becausethe
non-local couplings are not too strong, they can be treated as successive
perturbations. They can then be applied iterativ ely until further applica-
tions have progressively smaller e®ects,and the solutions have converged(to
somepreset criterion of accuracy). Somefailures of convergencecan reme-
died by the useof Pad¶e approximants, as discussedon page196, otherwise
R matrix methods may be usedas described in section 6.5.

6.3.2 Close-c ouplings metho ds for local couplings

The coupled equations of Eq. (3.2.55) may be rewritten to appear like
Eq. (6.1.5) but now with a vector of channel wave functions Ã®®i , and a
matrix of coupling potentials V(R). Again we integrate a trial solution, now
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a matrix Y, as the solution of

Y00(R) = F(R)Y(R) (6.3.1)

for F(R) =
2¹ ®

~2 [V(R) ¡ E®] +
L ®(L ®+1)

R2 :

where the energiesE® and centrifugal barriers are diagonal matrices.
Thesecoupled di®erential equations can be solved, following the method

of [2], by forming the linearly independent solution sets f Y®¯ (R)g, where
the ¯ 'th solution consists of a set of all channels (® = 1¢¢¢M ) that is
made independent of the other setsby having a distinctiv e starting value at
R = Rmin :

Y®¯ (Rmin ¡ h) = 0; Y®¯ (Rmin ) = ±®¯
(k®Rmin )L ®+1

(2L ®+1)!!
(6.3.2)

for the initial conditions in the radial integration of equations(6.3.1). These
solutions together form a matrix where row index of Y refers to the chan-
nel within the coupled channels, and the column index refers to a linearly
independent solution. The boundary conditions of Eq. (3.2.13) are to be
satis¯ed by the Ã®®i solution, for incoming plane wave in channel ®i .

The solutions Ã®®i are linear combinations of the Y®¯ (R)

Ã®®i =
MX

¯ =1

c¯ ®i Y®¯ (R) (6.3.3)

again by satisfying the boundary conditions of Eq. (3.2.13) at R = a and
say R = a¡ 5h: The S matrix elements are another product of the matching
procedure.

If only the Smatrix is required, and not the wave functions Ã(R), then cal-
culation of the R matrix may beuseful. In placeof the de¯nition Eq. (3.1.28)
we usethe matrix expression

R = Y[aY0]¡ 1 ; (6.3.4)

which is independent of the starting conditions in Eq. (6.3.2). The S matrix
may then be found by a multichannel generalisationof Eq. (3.1.30):

S = [H+ ¡ aRH+ 0]¡ 1[H¡ ¡ aRH¡0 ] ; (6.3.5)

wherethe matrices H§ are composedwith the Coulomb functions H §
® along

the diagonals.
For crosssections,the S matrix and wave functions Ã®®i are neededonly

for thosecolumns®i corresponding to oneof the incoming channelsfor ¯xed
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total spin JT and parit y ¼. If the sum of the incoming projectile and target
spins is greater than one, then there will be several such ®i .

Tolsmaand Veltkamp [3] point out onedi±cult y with this method, which
is that if the couplings V(R) have strong o®-diagonalcomponents, then the
linear independenceof the Y®¯ (R) will be reducedas R increasesthrough a
classically forbidden region. This is becausethe components with negative
local kinetic energy will generally consist of an exponentially growing part
and an exponentially decreasingpart. The former is responsible for the ten-
dency to destroy the initially generatedlinear independenceof the solution
vectors. The longer the integration continuesthrough a classicallyforbidden
region, the stronger this tendency will be; for instance, it will occur in scat-
tering problemsof nuclear physicswith energiesnear or below the Coulomb
barrier. For large matching radii a, maintaining linear dependenceat low
energiesbecomesrather di±cult.

Tolsma et al. [3] proposea stabilization procedureto monitor and if nec-
essary re-orthogonalise the solution vectors. If this were not done, there
would be large cancellations in the sum of equation (6.3.3), resulting if se-
vere in complete lossof accuracyof the S matrix elements and the solution
wave functions. One remedial action is to increasethe starting radius Rmin

at which the radial integrations begin, as already discussedfor one-channel
solutions. In the multichannel caseit is more necessary, for reasonsof sta-
bilit y at small radii, to have a minimum radius proportional to someangular
momentum L typical of the coupled channelsset:

Rmin ¸ cLh (6.3.6)

for someconstant c » 2:0. If this remedial action is insu±cient, then the R
matrix methods of section 6.5 may be needed.

6.3.3 Iter ative Solutions

Iterativ e methods may be usedasoneway of solving the coupledequations,
and are often necessarywhen non-local (e.g. transfer) couplingsare present.
Moreover, there is also a physical relation betweensuccessive iterations and
the N -step DWBA.

Let us begin again with a model Hamiltonian H for the coupled system,
as we did in section 3.2.2. This Hamiltonian is projected as beforeonto the
individual basis states Á®. If E® is the asymptotic kinetic energy in the ®
channel, then a channel-projected Hamiltonian H ® satis¯es

H® ¡ E® = hÁ®jH ¡ E jÁ®i (6.3.7)
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and will be composedof a kinetic energy term and a diagonal optical po-
tential. The `interaction potential' V® is then de¯ned to be everything in H
not included in H®, so

H® ¡ E® + V® = H ¡ E : (6.3.8)

The kinetic energyin each channel is E® = E ¡ ²®, depending on the sum ²®

of the internal excitation energies,which is the sameas the energyExpt ap-
pearing in Eq. (3.2.48). This construction givesV® with vanishing diagonal
matrix elements hÁ®jV®jÁ®i = 0. These are the samede¯nitions as before
in section4.5.1,and di®er from those in section3.2.2by the movement here
of the diagonal optical potential from Vx into V®.

Coupled equation set for N basis states

If we take the models SchrÄodinger equation [H ¡ E ]Ã = 0; and project
separately onto the di®erent basisstates Á®; we derive the set of equations

[E® ¡ H®] Ã®(R ®) =
X

¯ 6= ®

hÁ®jH ¡ E jÁ¯ i Ã¯ (R ¯ ): (6.3.9)

which couple together the unknown wave functions Ã®(R ®): The matrix
element hÁ®jH ¡ E jÁ¯ i has two di®erent forms, as we saw in section 4.5.1,
depending on whether we expand

H ¡ E = H® ¡ E® + V® (the `post' form)

= H ¯ ¡ E¯ + V¯ (the `prior' form):

Thus

hÁ®jH ¡ E jÁ¯ i = Vpost
®¯ + [H® ¡ E®]N®¯ (post) (6.3.10)

or = Vprior
®¯ + N®¯ [H ¯ ¡ E¯ ] (prior)

where

Vpost
®¯ ´ hÁ®jV®jÁ¯ i ; Vprior

®¯ ´ hÁ®jV¯ jÁ¯ i ; N®¯ ´ hÁ®jÁ¯ i : (6.3.11)

The overlap function N®¯ = hÁ®jÁ¯ i in equation (6.3.10) is the same as
de¯ned in Eq. (3.2.53), and arisesfrom the non-orthogonality between the
basisstates Á® and Á¯ if theseare in di®erent masspartitions. We will see
below that this non-orthogonality term disappearsin ¯rst-order DWBA, and
can be made to disappear in second-orderDWBA, if the ¯rst and second
stepsusethe prior and post interactions respectively.
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N -step DWBA

If the coupling interactions V® in equation (6.3.10) are weak, or if the back
coupling e®ectsof theseinteractions are already included in the optical po-
tentials of the prior channel, then it becomesreasonableto usea multistep
distorted wave Born approximation (DWBA) as intro duced in section6.2.2.
Let us considersuch a multistep approximation which labels the channelsso
that it always feeds°ux `forwards' in the sequence® = 1 ! 2 ! ¢¢¢! N +1
neglecting the back couplings. In the elastic channel ®i = 1 the wave func-
tion is governedby the optical potential de¯ned there, and the wave function
in the ® channel is governed by the equation

[E® ¡ H®] Ã®(R ®) =
j = i ¡ 1X

j =1

hÁ®jH ¡ E jÁ¯ i Ã¯ (R ¯ ) (6.3.12)

Initial channel:

[E1 ¡ H1] Ã1(R 1) = 0 (6.3.13)

Second channel:

[E2 ¡ H2] Ã2(R 2) = hÁ2jH ¡ E jÁ1i Ã1(R 1) (6.3.14)

If the prior interaction is used, the right hand side becomes

= hÁ2jV1jÁ1i Ã1 + hÁ2jÁ1i [H1 ¡ E1]Ã1

= hÁ2jV1jÁ1i Ã1 as Ã1 satis¯es Eq. (6.3.13) (6.3.15)

= Vprior
21 Ã1 (6.3.16)

Final channel: (c = N + 1)

[Ec ¡ H c] Ãc(R c) =
j = c¡ 1X

j =1

hÁcjH ¡ E jÁ¯ i Ã¯ (R ¯ ) (6.3.17)

If the post interaction had beenusedfor all the couplingsto this last channel,
then

[Ec ¡ H c] Ãc(R c) =
j = c¡ 1X

j =1

hÁcjVcjÁ¯ i Ã¯ + [H c ¡ Ec]
j = c¡ 1X

j =1

hÁcjÁ¯ i Ã(̄6.3.18)

so

[Ec ¡ H c] Âc(R c) =
j = c¡ 1X

j =1

Vpost
cj Ã¯ (6.3.19)
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where

Âc(R c) = Ãc +
j = c¡ 1X

j =1

hÁcjÁ¯ i Ã¯

= hÁcjÃi

Note that, asall the Á¯ aresquare-integrableand hencedecay faster than r ¡ 1

at large radii, the Ãc and Âc are the sameasymptotically. They di®eronly at
¯nite radii, and henceyield the sameasymptotic scattering amplitudes. The
equation for Âc has no non-orthogonality terms oncethe post interaction is
usedin the ¯nal channel.

Theseresults imply that in N -step DWBA, somenon-orthogonality terms
can be made to disappear if `prior' interactions are used for the ¯rst step,
and/or if `post' interactions are usedfor the ¯nal step. This meansthat the
non-orthogonality term never appearsin the ¯rst-order DWBA, irrespective
of the choice of prior or post forms. In second-orderDWBA, the prior-post
combination must be chosen [4] to avoid the non-orthogonality terms. It
should be also clear that non-orthogonality terms will have to be evaluated
if the DWBA is continued beyond secondorder.

Full solution by iteration

There are a number of di®erent ways of solving the CRC equationswith the
non-orthogonality terms present: for discussionsof di®erent approachessee
[5], [6] and the survey of [7, ch. 3].

There are schemesavailable which can iterate all channels with an arbi-
trary choice of post or prior interactions for all the couplings. De¯ne

µ®¯ = 0 or 1 : presenceof post in a ¯ ! ® coupling,(6.3.20)

so 1 ¡ µ®¯ = 1 or 0 : presenceof prior :

The following iterativ e scheme [8] (n=1,2,..) on convergencethen solves
the CRC equations (6.3.9):

For n = 0, start with

Ã(0)
® = ±®;®i Ãelastic (6.3.21)

±S(0)
® = ±Ã(0)

® = 0 (6.3.22)

For n = 1 ! N (for N -step DWBA) solve

[H® ¡ E®]Â(n)
® + S(n¡ 1)

® = 0 (6.3.23)
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with

S(n¡ 1)
® =

X

¯

[µ®¯ Vpost
®¯ + (1 ¡ µij )Vprior

®¯ ] Ã(n¡ 1)
¯ ¡ ±S(n¡ 1)

® (6.3.24)

then calculate for subsequent iterations

±Ã(n)
® =

X

¯

µ®¯ hÁ®jÁ¯ i Ã(n¡ 1)
¯ (6.3.25)

±S(n)
® =

X

¯

(1 ¡ µ®¯ )hÁ®jÁ¯ i [S(n¡ 1)
¯ + [H ¯ ¡ E¯ ]±Ã(n)

¯ ] (6.3.26)

Ã(n)
® = Â(n)

® ¡ ±Ã(n)
® (6.3.27)

This schemeavoids numerical di®erentations except in an higher-order cor-
rection to ±S® that arisesin somecircumstances.

When the non-orthogonality terms are included properly, it becomesmerely
a matter of conveniencewhether post or prior couplings are used, for one,
two, and multistep calculations. The equivalenceof the two coupling forms
can be con¯rmed in practice [9], and used as one check on the accuracy of
the numerical methods employed.

6.3.4 Numeric al Iter ations

If the non-local interactions V®®0(R; R0) in the CRC equations (3.2.55) are
present, then, without R matrix methods, it will always be necessaryto
solve the coupled channelsby iteration. To solve 6.3.23, the coupled radial
equationsof Eq. (6.3.1) becomeinhomogeneous,having an additional source
term S

Y00(R) = F(R)Y(R) + S(R) (6.3.28)

with F(R) de¯ned as before in Eq. (6.3.1).
Now the trial solution matrix Y(R) needs to include also a particular

inhomogeneous solution. Let this particular solution be denoted by Y®¯ (R)
for ¯ = 0, and for this solution we may for conveniencechoose the zero
starting conditions

Y®0(Rmin ) = Y0
®0(Rmin ) = 0 ; (6.3.29)

in contrast to the homogeneous Y0
®¯ for ¯ ¸ 1 which have non-zerostarting

derivatives.
Then again the needed solutions Ã®®i are linear combinations of the
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Y®¯ (R)

Ã®®i =
MX

¯ =0

a¯ ®i Y®¯ (R) (6.3.30)

where a¯ ®i = 1 always if ¯ = 0. The whole iteration procedure needsto

be repeatedfor each required incoming boundary condition ®i as the S(n¡ 1)
®

will be di®erent, but the sameY®¯ (R) for ¯ ¸ 1 are used, and should be
stored after their ¯rst generation.

6.3.5 Conver gence of iter ative metho ds

The iterativ e method of solving the CRC equations (3.2.55, 6.3.9) will con-
verge if the couplings are su±ciently small. The procedure will however
divergeif the the couplingsare too large, or if the systemis too near a reso-
nance. On divergence,the successive wave functions Ã®®i will becomelarger
and larger asn increases,and not convergeto any ¯xed limit. Unitarit y will
of coursebe violated as the S matrix elements will becomemuch larger than
unit y.

Improving the Convergence Rate

There are several ways of improving the rate of convergence,especially when
there are non-local potentials:

(A) Solving some partial number of the local couplings exactly by the
methodsof section6.3.2,and iterating only on the non-local couplings
and the remaining local couplings.

(B) UsePad¶e approximants to acceleratethe convergenceof the sequence
of S-matrix elements.

(C) Find a separableexpansionfor the non-local kernels,sothat they can
be included exactly in the coupled-channelssolution.

(D) Expand the wave functions with a range of square-integrable basis
states, and take the coe±cients of the wave functions in this basisas
the unknowns in a system of linear equations.

(E) Use R matrix eigenvalue expansionsin an interior radial region.

We discusseach of these in turn:

(A) Partial iteration: If the non-local interactions V®®0(R; R0) in the CRC
equations (3.2.55) are present, then it will always be necessaryto solve the
coupled channelsby iteration. With the local couplings however, we have a
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choice whether to iterate, or to include them in the exact solutions of the
close-couplingmethod. A simple option is to allow a speci¯able number b of
channelsto be coupled exactly, with the remainder only being fed after one
or more iterations. This would be useful, for example, if the channels for
the low-lying states of a highly-deformed target were included in this block
of b channels,and if the remaining channels(e.g. for transfers) werenot fed
by more than 2 or 3 stepsbeyond this initial block. Restricting theseitera-
tions to one is equivalent to solving a coupled channelsBorn approximation
(CCBA) model.

(B) Pade acceleration: It is very useful to be able to iterate the coupled
equations in a conventional manner, as then 1, 2 and 3 step DWBA results
(etc.) can be recovered by stopping the iterations short of full convergence.
Using Pad¶e acceleration, as described in the next subsection and used in
[10, 11, 8] has the advantages that it need only be employed if ordinary
iterations areseento diverge,and that it transforms the previously-divergent
results with little new computational e®ort.

(C) Separable expansions: The separableexpansionmethod works when
a non-local potential has a separableapproximation V̂ = jvihvj for some
vector jvi not necessarilynormalised. This meansthat the kernel function
factorisesas

V(R; R0) = v(R)v(R0): (6.3.31)

A separableapproximation allows a radial equation such as (6.1.1) to be
solved as using a superposition of homogeneousand inhomogeneoussolu-
tions. If we want to solve

[H ¡ E ]jÂi + jvihvjÂi = 0 (6.3.32)

then, as well as trial solution y(R) of Eq. (6.1.6), we ¯nd also the inhomo-
geneoussolution [H ¡ E ]y(0) (R) + v(R) = 0. The desired solution is now
the linear combination Â(R) = ay(R) + a0y(0) (R) that satis¯es Eq. (6.3.32),
which leadsto the requirement (hvjy(0) i ¡ 1)a+ hvjyi b = 0. This equation, in
combination with the existing Eq. (6.1.7), enablesall the a, b and SL to be
found. The method can be generalisedto a linear combination of separable
terms

V(R; R0) =
¤X

¸ =1

v¸ (R)v¸ (R0) : (6.3.33)

This is useful in nucleonicfew-body reactions,but becomesunsatisfactory
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for heavier nuclei. This is becauseif the massesof the initial and ¯nal nuclei
becomelarge relative to the massof the transferred particle, the form factor
for the transfers becomesmore nearly local. As we approach the no-recoil
limit wherethe form factors would be exactly local, the separableexpansion
(6.3.33) of a nearly-local kernel requires more and more terms. In the limit
of a local form factor, the separableexpansionwill require the samenumber
of terms ¤ as there are radial grid points.

(D) Basis expansions: The method of expanding the wave functions in
Coulomb, Gaussian [12], Lagrange-mesh[13], Airy [14] functions has been
used. This method is practical provided the characteristic spatial widths of
the basisstates were chosenin accordancewith the wave numbers k® in the
respective channels. This requirement is lessseverewith light-ion reactions,
where the wave lengths are typically & 5 fm. For somereactions, however,
the oscillation rates are much larger, and a more sensiblemethod would be
to expand in terms of sinusoidal or Airy functions that depend explicitly on
the local wave number over someradial region.

(E) R matrix eigenvalue expansions: This method, described in more
detail below in section 6.5, is essentially a variant of method (D), where the
basis functions are now eigensolutionsof somepart of the physical Hamil-
tonian, namely the diagonal potentials. This method works even at higher
scattering energies,since for the basis we can select a subset of the single-
channel eigensolutionswith eigenenergiesin the neighbourhood of the actual
scattering energy. The o®-diagonalcouplings are then diagonalisedin this
selectedbasis.

Pad¶e Approximants for Sequence Extrapolation

A given sequenceS0; S1; ¢¢¢ of S matrix elements that result from iterating
the CRC equations can be regarded as the successive partial sums of the
polynomial

f (¸ ) = S0 + (S1 ¡ S0)¸ + (S2 ¡ S1)¸ 2 + ¢¢¢ (6.3.34)

evaluated at ¸ =1. This polynomial will clearly convergencefor ¸ su±ciently
small, but will necessarilydiverge if the analytic continuation of the f (¸ )
function hasany pole or singularities inside the circle j¸ j > 1 in the complex
¸ -plane. The problem that Pad¶e approximants solve is that of ¯nding a
computableapproximation to the analytic continuation of the f (¸ ) function.
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This is accomplishedby ¯nding a rational approximation

P[n;m ](¸ ) =
p0 + p1¸ + p2¸ 2 + ¢¢¢+ pn ¸ n

1 + q1¸ + q2¸ 2 + ¢¢¢+ qm ¸ m (6.3.35)

which agreeswith the f (¸ ) function in the region where the latter does
converge,astested by matching the coe±cients in the polynomial expansion
of P[n;m ]¸ ) up to and including the coe±cient of ¸ n+ m .

There are many di®erent ways [15] of evaluating the coe±cients f pm ; qng,
but for the present problem we can useWynn's ²-algorithm [16], which is a
method of evaluating the upper right half of the Pad¶e table at ¸ =1 directly
in terms of the original sequenceS0; S1; ¢¢¢.

Wynn's epsilon Algorithm

Initialising ² (j )
0 = Sj and ² (j )

¡ 1 = 0, we form an array using the relation

²( j )k+1 = ² (j +1)
k¡ 1 + (² (j +1)

k ¡ ² (j )
k )¡ 1: Thus we can construct the table given

the secondcolumn from the initial sequenceSj . The table then gives the
transposedupper right half of the Pad¶e table, including the diagonal:

²(j )
2k = P[k;k+ j ](1): (6.3.36)

Experience has shown that for typical sequencesthe most accurate Pad¶e
approximants are those near the diagonal of the Pad¶e table, and these are
just the right-most ² (0)

2k in the ² table.
When accelerating a vector of S matrix elements Sj , with a component

for each coupled channel, then it is important to acceleratethe vector as a
whole. Wynn [17] pointed out that this can be done using the Samuelson
inverse

x ¡ 1 = (x ¢x¤)¡ 1x¤ (6.3.37)

where x¤ is the complex conjugate of x. Otherwise there will be problems
when iterating (say) a two-channel system with alternating backwards and
forwards coupling, becauseof zero divisors in the ² algorithm.

6.4 Multic hannel bound states

As well as multichannel scattering solutions, sometimescoupled channels
bound states are also needed. The bound state of a particle in a deformed
potential, will have several channelswith di®erent angular momenta coupled
together, and such states may be neededfor calculation of transfers to or
from deformednuclei.

There are various techniques for calculating the wave functions of these
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bound states: for a review seeref. [18]. The Sturmian expansion[19] or R
matrix eigenvalue section6.5 methods can be used,or the coupledequations
canbesolved iterativ ely. The expansionmethodshavethe advantagethat all
solutions in the deformedpotential are found, wheresometimesthe iterativ e
method hasdi±cult y in converging to a particular solution if there are other
permitted solutions near in energy.

The iterativ e method has the advantage that the radial wave functions
(oncefound) aresubject only to the discretisation error for the SchrÄodinger's
equation, and are not dependent on a more time-consuming diagonalisation
of large matrices. Iterativ e solutions satisfy the correct boundary conditions
independently of the sizeof a basis-stateset, and are anyway neededto ¯nd
the Sturmian or channel eigensolutionsfor constructing the basis states of
those methods.

6.4.1 Couple d-channels eigenvalue pr oblem

If a particle is bound at negative energy E around a rotational core, then
its wave function may be found as the eigen-solutionof a given potential:

[T` (r ) + V (r ) + ² I ¡ E ]u`sj I (r ) +
X

`0j 0I 0

V`sj I :`0sj 0I 0(r )u`0sj 0I 0(r ) = 0 (6.4.1)

with boundary conditions u`sj I (0) = 0 and, as r ¸ a, of u`sj I (r ) / W` (kI r )
whereW` (½) is the Whittak er function and k2

I = 2¹ jE ¡ ² I j=~2 is the asymp-
totic wave number. The couplings V (r ) may be calculated using the theory
of section 4.4.1.

If the core cannot be excited, then thesecoupled equationsreduceto one
uncoupled equation, but solving this equation can still be regarded as a
special caseof the coupled bound state problem. Eigen-solutions can be
found by solving either for the bound state energy E, or by varying the
depth of the binding potential for a speci¯ed eigenenergyE. In general,
furthermore, wecould chooseto vary any multip oleof any part of the binding
potentials (except the Coulomb component).

All of theseeigenvalueproblemsmay beregardedasspecialcasesof ¯nding
eigen-solutionsof a set M coupled-channels equations, represented as the
question of ¯nding ¸ to satisfy the equations

·
d2

dr2 ¡
` i (` i +1)

r 2

¸
Ái (r ) +

MX

j =1

[Uij (r ) + ¸V ij (r )] Áj (r ) = 0 (6.4.2)
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with boundary conditions

Ái (a) = ai W` i ´ i (ki R) (6.4.3)

Ái (a + ±R) = ai W` i ´ i (ki (a + ±R)) (6.4.4)

Ái (0) = 0 ; (6.4.5)

and k2
i ´ · 2

i + µ¸ and ´ i ´ º i =(2ki ), for given partial waves ` i ; ¯xed po-
tentials Uij (r ); variable potentials Vij (r ); matching radius a, and Coulomb
proportionalit y constants º i = 2¹Z 1Z2e2=~2.

The asymptotic energyconstants · 2
i do not explicitly appear in Eq. (6.4.2)

becauseweabsorbthem for convenienceinto the diagonalcomponents Uii (r ).
Let µ is the asymptotic component of all the diagonal Vii (r ).

The solution begins by constructing the trial integration functions for a
trial value of ¸ , on either side of an intermediate matching point r = ½:
f in

i ;j (r ) for r from h to ½, starting with f in
i ;j (h) = ±i;j h` i +1 =(2` i +1)!!, and

f out
i ;j (r ) for r from R in to ½, starting with f out

i ;j (a) = ±i;j W` i ´ i (ki (a+ ±R)) :
The intermediate point r = ½should be chosenwhere the wave functions

are still oscillatory, to avoid having to integrate outwards into the classically
forbidden region. This is because,as discussedin section 6.3.2, we should
in such regionsalways integrate in the direction where the desiredsolution
is increasing.

The solution is therefore

Ái (r ) =

( P
j bj f in

i ;j (r ) for r < ½
P

j cj f out
i ;j (r ) for r ¸ ½;

(6.4.6)

and the matching conditions are the equality of the two expressionsand
their derivativesat r = ½. The normalisation is still arbitrary , sowe may ¯x
c1 = 1. In general the equations (6.4.2) have no solution as ¸ is not exactly
an eigenvalue. The method therefore usesthe discrepancyin the matching
conditions to estimate how ¸ should be changed to ¸ + ±̧ to reduce that
discrepancy, and iterates this processto reduce±̧ .

Thus at each iteration we ¯rst solve as simultaneous equations the 2M -1
of the matching conditions

X

j

bj f in
i ;j (½) =

X

j

cj f out
i ;j (½) for all i (6.4.7)

X

j

bj f in
i ;j (½)0 =

X

j

cj f out
i ;j (½)0 for all i 6= 1 (6.4.8)

along with c1 = 1 for the 2M unknowns bi ; ci . If the function Ái (r ) is then



200 Solving the equations

constructed using equation (6.4.6), there will be a discrepancyas

Á0
in ´ Á1(r )jr <½ 6= Á0

out ´ Á1(r )jr >½; (6.4.9)

and this di®erencewill generate±̧ via

±̧
MX

ij

Z R

0
Ái (r )Vij (r )Áj (r )dr = Á1(½)[Á0

out ¡ Á0
in ]: (6.4.10)

It is necessarywhile iterating in this manner to monitor the number of
nodesin oneor more selectedcomponents of the wave function, asin general
a given potential will have di®erent eigensolutionswith di®erent numbersof
radial nodes. When the iterations have convergedto someaccuracycriterion
on the size of ±̧ , the set of wave functions can be normalised in the usual
manner:

MX

i

Z 1

0
jÁi (r )j2dr = 1 (6.4.11)

and perhapssomeof the components i omitted if their contribution to this
norm is below somethreshold.

6.5 R matrix metho ds

The R matrix method, proposed by Wigner and Eisenbud [20] and pro-
mulgated in detail by Lane and Thomas [21], usesan orthonormal basis
expansionin the interior of someR matrix radius a, using eigenfunctionsof
the diagonal parts of the Hamiltonian asbasisstates. With the diagonalised
interior wave functions it constructs the R matrix of Eq. (6.3.4) to match to
asymptotic Coulomb functions as before. The novel feature of this method
is that it usesa ¯xed logarithmic derivative at the R-matrix radius for all
the basis states, to render the kinetic energy Hermitian on a ¯nite region,
and hencemake the basisstates orthonormal.

The radial stepping methods of solving the coupled equations only allow
local couplings to be treated properly, and non-local couplings from trans-
fers have to be included iterativ ely. The present R matrix method is an
equivalent way of solving the coupled equations, and has the advantagesof
being more stable numerically, and also allowing non-local components of
the Hamiltonian in an interior region to be included to all orders. It has
recently been revived in nuclear physics applications [22, 13] for these rea-
sons. Both transfer and non-orthogonality non-localities may be included
non-perturbativ ely, and resonancesand bound statesmay both be described
without di±cult y.
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6.5.1 One channel R-matrix expansions

We begin by describing how to solve the one-channel SchrÄodinger equation
of Eq. (6.1.1) with the new expansionmethod. Even though it is more easily
solved using the stepping methods of section 6.1, the one-channel casehere
is instructiv e. It also turns out that correcting the errors in the one-channel
expansion,by the method of Buttle [23], is su±cient to correct most of the
multichannel errors.

Consider again the one-channel equation 6.1.1. This has a solution for
all continuum energiesE , and becauseits scattering wavefunctions over a
¯nite range [0; a] are not orthogonal to each other they cannot be used as
orthonormal basis states for an eigenvalue expansion. Another statement
of that fact is that the kinetic energy operator is not Hermitian over a ¯-
nite radial range,unlessall the wave functions satisfy somespecial boundary
conditions to ensurethe Hermiticit y. The R matrix basisstatesare therefore
chosento ensureHermiticit y of the kinetic energy and hencethe orthogo-
nalit y of the eigensolutionsover a ¯nite interval. This is done by requiring
them all to have ¯xed logarithmic derivatives

¯ =
d

dR
ln w(R) ´

w0(R)
w(R)

(6.5.1)

at R = a. They also satisfy w(0) = 0, and are solutions of
·
¡

~2

2¹

³ d2

dR2 ¡
L (L+1

R2

´
+ V (R) ¡ "n

¸
wn (R) = 0 (6.5.2)

for some eigenvalues "n , n = 1; 2; ::: labelling the distinct eigensolutions
according to the number of radial nodes in the wave function. We assume
that the V (R) is real.

At present ¯ and a are both free input parameters,and the sameresults
should be obtained on convergencefor any value of ¯ , and for any matching
radius outside the potentials.

Orthonormal basis

Supposewn (R) and wm (R) are two solutions of Eq. (6.5.2) with eigenener-
gies"n 6= "m . If we multiply the wn equation by wm , and subtract from the
exchangedequation, we obtain

¡ ~2

2¹ [wm w00
n ¡ wnw00

m ] + ("m ¡ "n )wnwm = 0 : (6.5.3)

Integrating this equation by parts with limits R = 0 to a gives

¡
~2

2¹
[wm (a)w0

n (a)¡ wn (a)w0
m (a)] + ("m ¡ "n )

Z a

0
wnwm dR = 0; (6.5.4)
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in which the ¯rst term is zero sinceboth w0
n=wn = w0

m =wm = ¯ at a. This
implies that, since "n 6= "m , distinct eigenstatesare orthogonal. We now
assumethat the wn basisstates are all normalised to unit y, so they may all
be taken as an orthonormal set satisfying

Z a

0
wn (R)wm (R)dR = ±mn : (6.5.5)

Expansion of the scattering wavefunction

We now wish to construct the scattering solution Â(R) of Eq. (6.5.2) at
generalenergyE as a linear combination of N states wn according to

Â(R) =
NX

n=1

Anwn (R) (6.5.6)

for coe±cients An =
Ra

0 wn (R)Â(R)dR to be found in agreement with the
usual scattering boundary conditions of Eq. (6.1.2). We expect to approach
convergenceas N increases.

Note that we can not simply match the wave functions and derivatives
of each side of Eq. (6.5.6), as might be expected from elementary quantum
theory. If we do this, then, since all the wn (R) have the same logarith-
mic derivative ¯ , so will their sum on the right side of the equation. A
scattering wave function Â(R) certainly does not have a ¯xed logarithmic
derivative! This discrepancycomesabout from the manner of convergence
the sum (6.5.6) as a function of N . The convergenceis only with respect
to the valuesof the wave functions, and not their derivatives. Exactly how
this convergenceproceedswill be illustrated in Fig. 6.1 below. The lack
of convergenceof derivatives means that we must instead use an integral
expressionto ¯nd the expansioncoe±cients.

If we repeat the procedure of the previous paragraph with the pair of
solutions wn (R) and Â(R), then in place of Eq. (6.5.4) we have

¡
~2

2¹

£
Â(a)w0

n (a)¡ wn (a)Â0(a)
¤

+ (E¡ "n )An = 0; (6.5.7)

which gives

An =
~2

2¹
1

E¡ "n
[Â(a)w0

n (a)¡ wn (a)Â0(a)]

=
~2

2¹
wn (a)
"n ¡ E

[Â0(a) ¡ ¯ Â(a)] (6.5.8)

If we use these expressionsin Eq. (6.5.6) evaluated at R = a, we obtain
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useful information about the logarithmic derivative of the unknown solution
Â(R). We get

Â(a) =
NX

n=1

~2

2¹
wn (a)
"n ¡ E

[Â0(a) ¡ ¯ Â(a)]wn (a) ; (6.5.9)

so

Â(a)
Â0(a) ¡ ¯ Â(a)

=
NX

n=1

~2

2¹
wn (a)2

"n ¡ E
: (6.5.10)

If ¯ were zero here, the left side would be just Â(a)=Â0(a), which is exactly
the R matrix de¯ned in Eqs. (3.1.28, 6.3.4). Becausewe now want freedom
to choose¯ for other reasons,we now de¯ne a `generalised'R matrix for a
wave function as

R =
1
a

Â(R)
Â0(R) ¡ ¯ Â(R)

(6.5.11)

in terms of which the S matrix, instead of Eqs. (3.1.30, 6.3.5), is

S =
H ¡ ¡ aR(H 0¡ ¡ ¯ H ¡ )
H + ¡ aR(H 0+ ¡ ¯ H + )

: (6.5.12)

It is therefore into this equation that we substitute the R matrix expression

R =
NX

n=1

~2

2¹a
wn (a)2

"n ¡ E
: (6.5.13)

We now de¯ne for each pole n the reduced width amplitudes

°n =

s
~2

2¹a
wn (a) (6.5.14)

in terms of which the R matrix has the familiar simple form

R =
NX

n=1

° 2
n

"n ¡ E
: (6.5.15)

The ° 2
n are called the reduced widths.

The scattering wave function in the sameapproximation is

Â(R) =
NX

n=1

~2

2¹a
wn (a)
"n ¡ E

[Â0(a) ¡ ¯ Â(a)]wn (R) : (6.5.16)

The convergencewith N of this wave function is illustrated in Fig. 6.1.
We see that even though the function of (6.5.16) has zero derivative at
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Fig. 6.1. Convergenceof the one-channel scattering wave function with varying
numbers of basis states, for a = 8 fm and ¯ = 0. Plotting the real part of p1=2

neutron scattering wave function on 4He at 5 MeV.

the matching radius, it still convergescloserand closer to the correct wave
function with non-zeroderivative.

6.5.2 The multichannel R matrix

This method for multichannel problems usesas basis states the eigenfunc-
tions of the real part of the diagonal potential in each channel. If the bound-
ary condition of Eq. (6.5.1) is used,this is an orthonormal basisset. In that
way, diagonal real potentials within the coupled channels set are treated
more accurately, while o®-diagonaland all imaginary potentials are treated
via their matrix elements in this basis.

This meansthat the basisfunctions should now be written as wn
®(R®) for

the n'th basis state in channel ®, with radial coordinate R® to follow the
notation for the coupled equations (6.3.9). It is most convenient to take
them as all the eigensolutionsof the diagonal potential U® in each separate
channel:

h
T®L (R®) + U®(R®) ¡ "n

i
wn

®(R®) = 0 (6.5.17)

for eigenenergies"n , with the basisfunctions again all having ¯xed logarith-
mic derivatives¯ = d ln wn

®(R®)=dR® at a.
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The wave functions of the coupled problem (6.3.9) can now be solved
completely over the interior range [0; a], by using the orthonormal basisset
of the f wn

®(R®)g with coe±cients to be determined. The coe±cients are
found in two stages: ¯rst by ¯nding all the eigensolutionsgp

®(R®) of the
equations (3.2.55) using the above orthonormal basis, and then expanding
the scattering wave functions in terms of thesegp

®(R®).
In the traditional R matrix method, the diagonalisation of the M -channel

Hamiltonian in equation (6.3.9) proceedsby ¯nding the radial wavefunctions
g®(R®) satisfying an eigenvalue problem representing the original coupled-
channelsproblem. This is

[T®L + U® + ²®] g®(R®) +
X

®06= ®

V̂®®0 g®0(R®0) = e g®(R®) ; (6.5.18)

where V̂®®0 refers to all the o®-diagonal couplings, local or non-local, since
the diagonal potentials U® already appear, and the energies²® are the core
excitation internal energiesin each channel. This yields P = N M eigenen-
ergiesep with corresponding multichannel eigenstates

gp
®(R®) =

NX

n=1

cpn
® wn

®(R®) : (6.5.19)

Eigenstateshere with ep < 0 are closeto the bound states, while solutions
with ep > 0 contribute to the scattering solutions. Certain of the ep > 0
solutions may correspond to low-lying resonancesif those are present, but
the majorit y of the positive eigenenergieshave no simple physical interpreta-
tion. Thesegp

®(R®) form of courseanother orthonormal basisin the interior
region.

For scattering statesat arbitrary energyE, the coupledsolutions are then
expanded in terms of the multichannel eigenstatesas Ã®®i =

P
p Ap

®®i g
p
®.

As summarisedin Table 6.1, we now de¯ne a third form of the R matrix at
energyE by

t1=2
® Ã®(R®) = a

X

®0

R®®0(E )
h
Ã0

®0(R®) ¡ ¯ Ã®0(R®)
i
t1=2
®0 (6.5.20)

in the limit of R® ! a from above, wherethe factors t® ´ ~2=2¹ ® are placed
to render the R matrix symmetric even for transfer channels. This R matrix
can be calculated from the eigenstatesby the standard methods[21,24], as
was given in detail for the one-channel caseleading to Eq. (6.5.10),

R®®0(E ) =

r
t®

a

PX

p=1

gp
®(a)gp

®0(a)
ep ¡ E

r
t®0

a
: (6.5.21)
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We next de¯ne reduced width amplitudes for each channel ® and pole p,

°p® =

r
t®

a
gp

®(a) =

s
~2

2¹ ®a
gp

®(a) ; (6.5.22)

in terms of which the R matrix has the familiar form

R®®0(E ) =
PX

p=1

°p®°p®0

ep ¡ E
: (6.5.23)

The coe±cients cpn
® and energiesep in Eq. (6.5.19)satisfy matrix equations

"ncpn
® +

X

n0®0

hwn
® j V̂®®0 j wn0

®0i cpn0

®0 = epcpn
® (6.5.24)

for each eigenstatep. Theseare eigenvalue equationsare of the matrix form

Hc = ec : (6.5.25)

Linear equations for the R matrix

There is an alternativ e method [25, 13] for ¯nding the R®®0, which doesnot
diagonalise the matrix on the left side of Eq. (6.5.25), but solves a set of
linear equations. We need the solution of (H ¡ E)x = w(a) for the right
hand side consisting of the values of the basis functions at the R matrix
boundary. Then we can solve directly

R = a¡ 1 t
1
2 w T (a) (H ¡ E)¡ 1 w(a) t

1
2 : (6.5.32)

using the notation of Eq. (6.5.31). This method has the advantage of nat-
urally continuing the R matrix method to complex potentials, avoiding the
diagonalisation of non-Hermitian matrices.

Scattering S matrix and wavefunctions

Using Eqs. (3.2.13) and (6.5.20), and writing the Coulomb functions H§ as
diagonal matrices as we did beforeat Eq. (6.3.5), the scattering S matrix is
given in terms of R by

S = [t
1
2 H+ ¡ aR t

1
2 (H+ 0¡ ¯ H+ )]¡ 1[t

1
2 H¡ ¡ aR t

1
2 (H ¡0 ¡ ¯ H ¡ )] : (6.5.33)

The scattering statesat the arbitrary energyE and incoming wavein channel
®i are linear combinations of the multichannel eigenstatesof Eq. (6.5.19):

Ã®®i (R®) =
X

p

Ap
®i

gp
®(R®) ; (6.5.34)
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For partial waveL , Eq. (3.1.28) at radius a de¯nes the matrix element

RL =
1
a

ÂL (a)
Â0

L (a)
: (6.5.26)

For a matrix of coupled channelssolutions, Eq. (6.3.4) de¯nes the matrix

R =
1
a

Y(a)[Y0(a)]¡ 1 : (6.5.27)

For one-channel, with logarithmic boundary condition ¯ , Eq. (6.5.11)
de¯nes the matrix element

R =
1
a

Â(a)
Â0(a) ¡ ¯ Â(a)

: (6.5.28)

For coupled transfer channels, with ¯ 6= 0 and variable reduced masses
¹ ®, Eq. (6.5.20) de¯nes a matrix R®®0 by

t1=2
® Ã®(a) = a

X

®0

R®®0

h
Ã0

®0(a) ¡ ¯ Ã®0(a)
i
t1=2
®0 ; (6.5.29)

using t® ´ ~2=2¹ ®. In matrix form with t a matrix of diagonal elements
t®,

t
1
2 Y(a) = a R [Y0(a) ¡ ¯ Y(a)] t

1
2 ; (6.5.30)

so

R =
1
a

t
1
2 Y(a) t ¡ 1

2 [Y0(a) ¡ ¯ Y(a)]¡ 1 : (6.5.31)

Box 6.1: Progressively more °exible de¯nitions of the R matrix

with expansioncoe±cients for each eigenstatep and incoming channel ®0 of

Ap
®i

=
~2

2¹ ®i

1
ep ¡ E

X

®0

gp
®0(a)

h
±®0®i (H

¡0
L (k®0a) ¡ ¯ H ¡

L (k®0a))

¡ S®0®i (H
+ 0
L (k®0a) ¡ ¯ H +

L (k®0a))
i

: (6.5.35)

Buttle corrections

Even the one-channel R matrix values are only correct in the limit of an
in¯nite number of basis states N . In the one-channel case, however, we
can easily calculate the exact solution by the methods of section 6.1, even
if the diagonal potentials are complex, so it is straightforward to calculate
the errors from having a ¯nite basis in this case. The proposal of Buttle
[23] is to calculate the one-channel corrections to the R matrix, and apply
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them additiv ely to the diagonal terms of the many-channel R matrix. This
is clearly exact in the limit of zerocouplings, and is surprising e±cient even
when the couplingsare stronger. The Buttle correction can be usednot only
for real diagonal potentials, but also for complex optical potentials, in order
to correct for ¯nite-basis e®ectsin the weak coupling limit.

The method, therefore, to improve the accuracyof calculations with ¯nite
N (and hence ¯nite P), is to add a `Buttle correction' to the right hand
side of Eqs. (6.5.21,6.5.32). This modi¯es the diagonal terms R®®(E ) to
reproduce for each uncoupled problem the exact scattering solution Â®(R®)
after this has beenintegrated separately. From the de¯nition of the energy
eigenstateswn

®(R®), the R matrix sum from (6.5.21) for each uncoupled
channel is

Ru
®(E ) =

~2

2¹ ®a

NX

n=1

wn
®(a)2

"n ¡ E
(6.5.36)

and the exact one-channel R matrix is R0
®(E ) = a¡ 1Â®(a)=(Â0

®(a) ¡ ¯ Â®(a)).
The Buttle-corrected full R matrix to be usedin Eq. (6.5.33) is then

Rc
®®0(E ) = R®®0(E ) + ±®®0

h
R0

®( ~E) ¡ Ru
®( ~E)

i
: (6.5.37)

The energy ~E can be equal to E , or chosen just near to it if necessaryto
avoid the poles in Eq. (6.5.36), since the Buttle correction varies smoothly
with energy.

CRC matrix elements

The solution of the CRC equations (3.2.55) with all the non-orthogonality
terms in Eq. (6.3.10) requires in Eq. (6.5.24) the matrix element integrals
of the form

hwn
®jV®®0jwn0

®0i = hwn
® j h©®jHm ¡ E j©®0i j wn0

®0i (6.5.38)

for m = ® (post) or m = ®0 (prior). In the post form, Hm contains T® + U®,
and since wn

® is just the eigenfunction of this operator with eigenvalue " n ,
we can operate to the left to obtain

hwn
®jV®®0jwn0

®0i post = hwn
®©®jV®j©®0wn0

®0i + ("n ¡ E®)hwn
®©®j©®0wn0

®0i (6.5.39)

with the similar prior form

hwn
®jV®®0jwn0

®0i prior = hwn
®©®jV®0j©®0wn0

®0i + hwn
®©®j©®0wn0

®0i ("n0¡ E®0)
(6.5.40)
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The wave function overlapsin the secondterm h©®j©®0i go to zeroasymp-
totically , and may be assumedsmall when R®, R®0 > a. The standard R
matrix theory therefore still applies in the surfaceregion R® » a.

6.6 Coupled asymptotic wave functions

In the above descriptions, radial or expansion methods have been used to
solve the SchrÄodinger equation in the interior up to somematching radius
R = a. The R matrix is then found at this point, and matching there with
asymptotic Coulomb wave functions H § allows the S matrix to be found to
predict the crosssections. Sometimes,however, there are couplings outside
the radius a that have large radial extents, and are not easily treated by
the interior methods. Such couplings could be, for example, the Coulomb
multip olesof section 4.4.1, or they could be from photonuclear couplings to
weakly bound states as in 8B or 14N¤.

We have two ways of including such long-rangecouplings. Either (A) we
can propagate the R matrix from a to some large `asymptotic radius' Ra

where the uncoupled Coulomb wave functions H § can be used,or else(B)
we propagate the Coulomb wave functions H § in to the smaller a radius.
The R matrix propagation method is extensively usedin electronand atomic
scattering [26], using the algorithms of Light and Walker [27] or of Burke et
al [28], whereasinward wave-function propagation can be performed either
using the asymptotic expansionsof Burke and Shey[29, 30], Gailitis [31], or
Christley et al [14].

In Fresco , the method of Christley et al [14] has been implemented,
which usesexpansionson Airy functions, which are the exact single-channel
solutions for piecewiselinear potentials. Theseexpansionsare usedto bring
the asymptotic uncoupled H § at large radius Ra in to the matching radius
a, where they becomenow coupled Coulomb wave functions, and are repre-
sented by ful l matrices H§ . These H§ and their radial derivatives can be
useddirectly for matching in Eqs. (3.2.13) and (6.5.33).
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