
2

Reactions of nuclei

In order to understand nuclear reactions, we have first in section 2.1 to
characterise the quantum-mechanical states of a nucleus, and then describe
the different ways in which nucleons in nuclei may be rearranged during
nuclear reactions. Reactions which proceed quickly, and thus called direct
reactions, are distinguished in section 2.2 from the comparatively slow reac-
tions that also occur, and are called compound nucleus reactions. Almost all
reactions involve the collision of two nuclei, and section 2.3 shows how the
conservations of mass, energy and momentum may be described in either
non-relativistic or relativistic kinematics. The section 2.4 describes how the
rates of nuclear reactions are measured in terms of cross sections, which
have units of area. We show how these cross sections are related in the lab-
oratory and centre of mass coordinate frames of reference, then finally how
the cross sections may be determined from wave functions that are solutions
of a Schrödinger equation for the pair of reacting nuclei.

2.1 Kinds of states and reactions
2.1.1 States of nuclei

Nuclei are aggregations of Z protons and N neutrons in a particular config-
uration described by a wave function determined from quantum mechanics,
given the strong and electromagnetic forces between the A = N + Z con-
stituent nucleons. A state is called bound if energy is needed to remove
one or more nucleons to large distances. A bound state has a total bind-
ing energy B(A, Z) which is positive, and therefore a negative eigen-energy
E = −B(A, Z) for the Hamiltonian in the many-body Schrödinger equa-
tion. All the bound states are discrete: they can be counted with integers
b. Each bound state b has a specific spin measured in units of ~, parity
πb = ±1, and eigen-energy Eb < 0. The individual nucleons (neutrons and
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Fig. 2.1. Energy levels of the 13C nucleus up to 10 MeV, drawn at their excitation
energy εb and labeled by their spin and parity. They are bound up to 4.94 MeV,
after which neutrons may have positive energy and escape.

protons) all have spin 1
2 , which means that even-A nuclei have integer spins,

and odd-A nuclei have half-integer spin values. The parity of a state is the
factor by which its wave function changes on the spatial reflection r → −r.
Nuclear and Coulomb forces do not change parities, so nuclear states may
be labeled according to their parity.

The state of lowest energy is called the ground state E0, and we measure
excitation energies as εb = Eb − E0, which will be positive as in Fig. 2.1.
Nuclei, if left to themselves, will generally decay to their ground states by
γ emission or electron capture: the exceptions are called isomers, which are
nuclei in excited states with long lifetimes because for some individual reason
the decays are hindered. All non-isomeric nuclei in laboratory conditions will
be in their ground states, as they will also be in stars when the temperatures
T satisfy kB T ≪ εb. (At the very highest stellar temperatures there may be
a thermal population of excited states.)

Unbound states of nuclei include resonances, as well as the smooth back-
ground between resonances called the non-resonant continuum. Strictly
speaking, the Schrödinger equation has eigen-solutions at every continuous
unbound energy, but traditionally only the resonances are listed as ‘states’
of the nucleus in level diagrams. Each resonance has a width Γ, measured in
MeV as the full width at half maximum of the resonance peak in most cases.
Resonances can interfere with each other, and overlap each other at higher



2.1 Kinds of states and reactions 23

A
θ

θ
p

p

p

p

Reaction region

D

B

A
B

D

CC

Fig. 2.2. Scattering angle in the A(B,C)D reaction showing the incoming and out-
going momenta. In the centre of mass frame, the two θ angles are equal, and are
called the centre of mass scattering angle θcm.

energies where the widths increase, and give more complicated patterns in
experiments. A resonance can be regarded as a composite system that, be-
cause of its energy spread, lasts according to the uncertainty principle for a
time duration of τ ∼ ~/Γ.

2.1.2 Kinds of reactions

In reactions of type A(B,C)D, the nuclei A and B usually start in their
ground states, and if they remain in those states, we have elastic scattering
written as A(B,B)A. The directions of motions of the two nuclei will have
changed by the scattering angle θ shown in Fig. 2.2, while the relative kinetic
energy of their motion E (defined on page 28) will remain unchanged.

If one or both of the incident nuclei A, B gets changed to one of its excited
states during the reaction, there is inelastic scattering. Excited states are
often denoted by a ∗ superscript, so A(B,B∗)A is the reaction where B
finishes in some excited state b say. The relative kinetic energy after the
reaction will be decreased by the amount εb of energy that has gone into
exciting nucleus B, and the Q-value will be Q = −εb for this endothermic
reaction.

Perhaps during the reaction a proton or a neutron is moved from one
nucleus to another. This is called a transfer reaction. If the nucleus A can
be regarded as a core C plus a neutron n, then a reaction can be

(A = C+n) + B → C + (D = B+n) , (2.1.1)

forming the new residual nucleus D that is composed of the original B to-
gether with the neutron bound to it, noting that C and D may possibly be



24 Reactions of nuclei

in excited states. If the (positive) separation energy of the neutron in A
is SA , and in D is SD , then the Q-value satisfies SD = SA + Q, and the
final kinetic energy will be increased by this Q, which may be positive or
negative. The big bang reaction d(d,n)3He in Fig. 1.1 is a transfer reaction
where a proton is transfered from one deuteron to the other, the first being
reduced to a neutron, and the second becoming d+p = 3He with a energy
release of Q = 3.27 MeV.

Sometimes the two incident nuclei will capture each other, if the incident
kinetic energy E is not too large. To form a composite state that lasts long
enough to stop immediate escape back to the incident A+B configuration,
either some energy has to be released by direct particle emission, or some
resonance has to be excited with a long enough lifetime, or both. The
most frequent kind of direct emission is that of γ-rays, as in the big bang
reactions d(p,γ)3He or 3He(α,γ)7Be, both occurring without the assistance
of resonances. Heavier nuclei than these have many more resonances, so
captures of neutrons or protons on a larger nucleus is most likely to proceed
first by exciting a narrow resonance, which may, after some time τ , decay by
emission of photons, neutrons, or other particles if there is enough energy.
When direct γ processes dominate, the process is often called a radiative
capture reaction A + B → C + γ, and the reverse process, C + γ → A + B, is
called photodisintegration. When resonance capture dominates, the process
is often called a fusion reaction A + B → C∗, as one kind of the compound
nucleus reactions to be discussed in the next section.

Finally, there may be breakup reactions where say one participant B is
broken into two or more fragments C and D that may be detected separately.
We would write this reaction as A(B,C+D)A. The two parts C and D are
sometimes together regarded as an excited state of B∗, especially if that
excited state can be counted as a particular resonance.

2.2 Time and energy scales
In the above description of kinds of reactions, we saw a variety of direct,
resonant, and compound-nucleus reactions. These may be characterised also
by the ranges of time and energy that are involved.

2.2.1 Direct, resonant and compound reactions
A direct reaction is one that proceeds the most quickly, and have rates
(measured as cross sections) that vary most smoothly with incident kinetic
energy. Transfer and breakup reactions are generally direct reactions of
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this kind. Sometimes reactions with resonances have peaks in the way the
cross sections vary with energy. These are measured by the full widths at
half maximum of these peaks Γ, and narrower resonances last for longer
times in inverse proportion to their width. Finally, if there are so many
overlapping resonances that individual peaks cannot be resolved, then we say
compound nucleus states are formed that, by the time they decay, will have
lost practically all information about the direction of the incident nuclei,
and will therefore decay isotropically.

2.2.2 Compound nucleus reactions

Another way of viewing compound nucleus reactions is to consider all the
possible interactions between the nucleons of two nuclei when they are close
together for a long time. There will be so many nucleon-nucleon scatterings
in quick succession that the initial kinetic energy will be dispersed among
all the nucleons. Eventually, all of that kinetic energy will be shared evenly
between all nucleons of the fused, compound system. The energy will have
been dissipated in a largely statistical manner, so that there is only a very
small probability that any one nucleon will gain enough individual energy
to escape from the compound nuclear system. This gives a long lifetime
τ to the compound nucleus. Strictly speaking, it is still unbound and a
resonance, because it is still possible for a nucleon to escape, but the rate
of this, 1/τ , will be very small, and hence its resonance width Γ = ~/τ will
also be very small.

The concept of a compound nucleus was first given by Niels Bohr, who for-
mulated the independence hypothesis that the later decays are independent
of the details of the initial channel. This means that the same compound
nucleus may be formed in one of several ways, for example

α + 60Ni → 64Ni∗

and p + 63Cu → 64Ni∗ , (2.2.1)

and the products from the two reactions should be similar. This is illustrated
in Fig. 2.3 for several reactions producing 62Cu, 62Zn and 63Zn, where the
production rates are the same whether generated by incident protons on
63Cu, or by α-particles on 60Ni provided the energy scales are shifted so the
compound nucleus excitation energies are the same.
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Fig. 2.3. Reaction products from two compound nucleus reactions showing that the
production rates for the exit channel are independent of the entrance channel (cross
section data from Ghoshal [1]).

2.2.3 Direct reactions
Some reactions, by contrast, only involve very few nucleons on the surface of
the nucleus, or only the nucleus as a collective whole, and do not redistribute
their energy among all the nucleons. These are called direct reactions, and
are more likely to occur at high incident energies because then the reaction
is typically finished more quickly and few internal collisions are possible.
In these fast reactions, the directions of the final nuclei are much more
influenced by the initial direction, and will typically have large cross sections
at small θcm: large reaction rates in the similar directions to those the initial
nuclei (see Fig. 14.3 for example).

Quantum mechanically, direct reactions are much more often modeled as
a one-step transition between the initial and final scattering states. Most of
the Big Bang reactions can be well described as one-step reactions, for which,
we will see in Chapter 14, the Distorted Wave Born Approximation (DWBA)
will prove very useful. Transfer processes such as A(d,p)B stripping reactions
are usually modeled by the DWBA, assuming a direct reaction mechanism.
Of course, production of the A+d compound nucleus system is still possible
at lower energies, but the decay of the compound nucleus gives isotropic
angular distributions, which can be distinguished from the forward-peaked
(d,p) cross sections, and subtracted if necessary.
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One-step theories may be improved by including two and higher-order
step, as in a perturbation series. If some of the interaction potentials are
strong, however, this series may not converge, and coupled-channels methods
must be used, as discussed in Chapters 6 and 14.

2.2.4 Resonance reactions

Resonances are seen experimentally as peaks in cross sections when plot-
ted as functions of energy. From the theoretical point of view, resonances
are long-lived configurations of nucleons, and may be produced by many
different mechanisms, hence having wide ranging lifetimes. The simplest
resonances are those that occur in elastic scattering, because of the nuclear
attractive force combining with a Coulomb and/or centrifugal barrier to keep
the colliding nuclei A and B together for some time before escaping again.
For example, both neutrons and protons form resonances when interacting
with an α-particle, as will be examined in more detail in Chapters 3 and
10. These elastic resonances are called shape resonances because they arise
from the shape of the effective elastic barrier. They do not last for very
long, especially in light nuclei, so have relatively large widths Γ.

Slightly more complicated resonances may arise from multistep processes,
for which we see in Chapter 6 that coupled channels models must be used.
When only a few of the nucleons are involved, these are called doorway
resonances, since they are near the entrance channel, but may lead to more
complicated decay patterns. They will typically be longer lived than shape
resonances, and will have smaller widths Γ.

The most complicated resonances are the compound nucleus resonances
already mentioned. These involve all the A+B nucleons, live the longest,
and have the narrowest Γ values. No practical theory can predict all these
resonances, but their widths may be determined experimentally from fitting
to the results of experiments with high energy resolution.

At higher incident energies, some strongly collective resonances are found
to occur. These are called giant resonances. In giant dipole resonances, for
example, all the neutrons oscillate collective against all the protons, and in
giant monopole resononces there are ‘breathing mode’ oscillations where the
whole nucleus get alternately larger and smaller in a spherically symmetric
manner.
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2.3 Collisions
To model the collisions of two nuclei, even before we consider what happens
when they are close, we need to accurately specify their initial and final
energies and momenta, and how these are related by conservation laws. We
consider first non-relativistic collisions, and later come back to the relativis-
tic account.

2.3.1 Nonrelativistic kinematics
Consider now the collision of two nuclei A, B of masses mA and mB respec-
tively. We first use the coordinate system fixed in the laboratory (or the
star) where they have individual velocities vA and vB , from which we have
their energies as Ei = 1

2mi v2
i (i=A, B), and momenta pi = mi vi .

Two-body kinematics
We consider a reaction where the nuclei have instantaneous positions ri in
some fixed frame of reference for i=A, B. We can describe the dynamics in
terms of the two coordinates, the centre of mass position S and the relative
vector R, defined as

S = (mA rA + mB rB )/mAB

R = rA − rB , (2.3.1)

where mAB = mA + mB . The total kinetic energy is

Etot =
1
2

mA v2
A +

1
2

mB v2
B (2.3.2)

and, using Eq. (2.3.1) solved for the ri in terms of S and R, this may be
rewritten as

Etot = 1
2mAB Ṡ2 + 1

2µṘ2 (2.3.3)

where the speeds Ṡ = |Ṡ| and Ṙ = |Ṙ| are the magnitudes the Ṡ and Ṙ
velocities respectively, and we have defined µ = mA mB /mAB .

The total energy can therefore be seen as a sum of the energy of motion of
the centre of mass (1

2mAB Ṡ2), and the energy of relative motion E = 1
2µṘ2.

The mass parameter µ associated with the relative motion is called the
reduced mass. The ‘relative energy’ E will be used extensively in scattering
theory.

In important case is that of laboratory experiments, when particle A is
incident with energy EA on a stationary B that is a target. Then

E = mB /mAB EA = 1
2µv2

A , (2.3.4)
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and the remaining energy Etot−E = mA /mAB EA is that from the speed Ṡ
of the centre of mass of the A+B system.

The centre of mass coordinate system

If all the forces acting in the reaction are only between the nuclei and are
not externally imposed, then it is most useful to change the reference frame
to that where the centre of mass of A and B is at rest. This is called the
centre-of-mass (cm) frame. When the forces between A and B depend only
on R and not at all on S, then the velocity Ṡ is constant.

We therefore set origin of the centre of mass reference frame at the position
S, so and that frame remains an inertial frame. We denote velocities in the
centre of mass frame by primes, so the c.m. frame is defined by Ṡ′ = 0
as shown in Fig. (2.4b). The unprimed laboratory velocities and primed
centre-of-mass velocities are related in general by

v = v′ + Ṡ
or v′ = v − Ṡ , (2.3.5)

the vector addition illustrated in Fig. (2.4c).

Conservation laws for collisions

In a reaction A(B,C)D that leads to final nuclei C and D, conservation
laws limit the range of the energies and outgoing angles of nuclei C and D.
Non-relativistically, we have separate mass, energy and momentum conser-
vations†:

mA + mB = mC + mD , (2.3.6)
Q + EA + EB = EC + ED , (2.3.7)

pA + pB = pC + pD , (2.3.8)

respectively, where Q (as before) is the internal energy released in the reac-
tion. These laws apply in both the laboratory and (for primed quantities)
in the centre of mass coordinate frames.

Laboratory and centre of mass scattering angles

Laboratory experiments may measure scattering angles, commonly when B
is a stationary target. Most theories, however, predict cross sections as func-
tions of centre of mass angles θcm, which are different from the laboratory

† There are also conservation laws for charge, angular momentum, baryon number, etc., but
these are not needed here.
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Fig. 2.4. Laboratory (a) and centre-of-mass (b) velocities before the collision, when
B is a stationary target. Part (c) shows the way the laboratory velocity v may be
decomposed into a velocity in the c.m. frame v′ and the velocity of that frame Ṡ
as v = v′ + Ṡ. The azimuthal angles φ are out of the page, and are not changed
by the changes of reference frame.

angles θlab because the centre of mass frame is now moving in the laboratory
with constant velocity

Ṡ =
mA

mAB
vA (2.3.9)

when rB = 0 as in Fig. (2.4a).
Consider some outgoing particle C. If it has laboratory velocity vC , then

its velocity in the c.m. frame is

v′
C = vC − Ṡ . (2.3.10)

Let us measure the angles θ of C from the incident beam direction: the
direction of Ṡ. Then the lateral and parallel components of Eq. (2.3.10),
according to the triangle of Fig. (2.4c), give

v′
C sin θcm = vC sin θlab

Ṡ + v′
C cos θcm = vC cos θlab

φcm = φlab , (2.3.11)
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from which we conclude that

tan θlab =
v′

C sin θcm

Ṡ + v′
C cos θcm

=
sin θcm

ρ + cos θcm
(2.3.12)

where we define ρ = Ṡ/v′
C . To determine ρ we need to use the conservation

laws. If E is the relative energy in the incident channel, then in the exit
channel we have in the c.m. frame

Q + E = EC + ED =
1
2

mC v′2
C +

1
2

mD v′2
D

0 = mC v′
C + mD v′

D . (2.3.13)

Eliminating v′
D from these equations, we find Q + E = 1

2
mC
mD

(mC + mD )v′2
C .

Combining this with Eqs. (2.3.4) and (2.3.9) we get

ρ = +
[

mA mC

mB mD

E
Q + E

] 1
2

. (2.3.14)

In elastic scattering A=C, B=D and Q=0, so we have simply ρ = mA /mB .
To find the c.m. angles in terms of the laboratory angles, Eq. (2.3.12) can
be rearranged as a quadratic in sin θcm.

In remainder of this book we will drop the subscript cm, and use θ to
directly refer to the scattering angles in the centre of mass frame†.

2.3.2 Relative and centre of mass wave functions

The above transformations from space-fixed to centre of mass coordinates,
we now prove, have their counterpart in quantum mechanics. The Schrödinger
equation for the motion of two particles A and B with total energy Etot and
some potential V (rA −rB ) that acts between them‡ is

[
−

~2

2mA
∇2

rA
−

~2

2mB
∇2

rB
+ V (rA −rB ) − Etot

]
Ψ(rA , rB ) = 0 . (2.3.15)

Using the same coordinate transformations that led to Eq. (2.3.3) without
assuming that B is at rest, the kinetic energy terms in this equation may be

† Note also that they may sometimes be named ‘c.m. scattering angles’, just as the velocities v′

are sometimes called ‘c.m. velocities’. However, the angles, velocities and momenta in (not of)
the centre of mass frame are intended. Furthermore p′

A and p′
B are sometimes called ‘relative

momenta’, but this is misleading since they are not relative to the other particle, only to the
centre of mass frame. Since p′

A = −p′
B , they are equal and opposite momenta in the c.m.

frame.
‡ We assume that V (R) → 0 when R → ∞, so the total energy E tot is also the total kinetic

energy of the initial particles given by Eqs. (2.3.2) and (2.3.3).
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rewritten as a sum of operators using centre of mass and relative coordinates.
We may also use these coordinates for the wave function, yielding

[
−

~2

2mAB
∇2

S −
~2

2µ
∇2

R + V (R) − Etot

]
Ψ(S, R) = 0 . (2.3.16)

We now look for separable solutions, of the form Ψ(S, R) = Φ(S)ψ(R).
Substituting this in Eq. (2.3.16) shows that it can be solved if we have
solutions for the two separate equations

−
~2

2mAB
∇2

SΦ(S) = (Etot−E) Φ(S) (2.3.17)

and
[
−

~2

2µ
∇2

R + V (R)
]

ψ(R) = E ψ(R) , (2.3.18)

for some separation constant E. We identity this constant by noting that
Eq. (2.3.17) has plane wave solutions Φ(S) = A exp(iK · S) for the free
motion of the centre of mass of the whole system, for any wavenumbers
K satisfying Etot−E = ~2K2/2mAB . The E must therefore be the same
relative energy defined in Eq. (2.3.4) earlier, so Eq. (2.3.18) must be the
(non-trivial) Schrödinger equation that defines the real physics of the relative
motion.

It is interesting and very useful to note that E is equal to the kinetic en-
ergy of a fictitious particle travelling with the relative velocity v = vA −vB ,
and whose mass is the reduced mass µ. We can thus think of Eq. (2.3.18)
as representing the collision of a particle of mass µ, initial velocity v, mo-
mentum p = µv, and kinetic energy E = 1

2µv2 with a fixed scattering point
at the centre of the potential energy V (R). Then R is the vector from the
origin of the scattering potential to the position of the fictitious particle of
mass µ. This usefully reduces a two-body scattering problem to the problem
of scattering a single particle on a potential fixed around the origin.

When the potential is zero, Eq. (2.3.18) has plane wave solutions ψ(R) =
A exp(ik · R) for wave vector k = p/~ whose magnitude is related to the
energy by E = ~2k2/2µ. In terms of k, the relative velocity is v = ~k/µ.
When the potential does not depend on the nuclear states, we have elas-
tic scattering, where |k| is the same in the final state, but its direction is
changed. In general, we will see how the potential may be more complicated
and change A to D and B to C, to produce the A(B,C)D reaction.
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2.3.3 Relativistic kinematics

At medium and higher energies – above a one or two hundred MeV per
nucleon – we should take into account that, according to special relativity,
the kinetic energy is not exactly T = 1

2mv2 because there are corrections
that become significant as v approaches the speed of light c. In this subsec-
tion we just focus on establishing the correct relations between velocities,
momenta and energy, but still keep a non-relativistic Schrödinger equation
for determining the dynamics of the reactions. That is, we use relativistic
kinematics only.

We use a 4-vector notation where the momentum 4-vector is

P = m0γ(u)(c, u) = (mc, p) = (T/c, p) (2.3.19)

with invariant P 2 = m2c2 −p2 = m2
0c2, for a particle of rest mass m0 moving

in a given frame with velocity u, momentum p and kinetic energy T .
When there are several particles, we cannot define a centre of mass frame

using Eq. (2.3.1) because the mass coefficients are frame dependent. What
we can do is define a centre of momentum (COM) frame in which the
summed 4-momentum of all the particles is purely time-like, with the spa-
tial part being zero,

∑
pi = 0 (Rindler [2, §30], Goldstein [3, §7.7]). In this

frame the summed 4-momentum for two particles is

Ptot = ((mA + mB )c, pA + pB ) ,
= ((mA + mB )c, 0) (2.3.20)

in the COM frame, with invariant

P 2
tot = (mA + mB )2c2 ≡ M2c2 (2.3.21)

to define a invariant M , interpreted as the mass of the whole system in the
COM frame. We evaluate M by considering the entrance A+B channel in
the laboratory frame, where we specify that A has kinetic energy TA , B is
at rest, and that they have rest masses m0A and m0B . Initially, therefore,
EA = m0A c2 + TA and EB = m0B c2. The invariant is thus

M2c2 = (mA + m0B )2c2 − p2
A = (m0A + m0B )2c2 + 2m0B TA . (2.3.22)

In the COM frame, Ptot has a first component of Mc, whereas in any other
frame that component will be increased to Mγc, for γ = 1/

√
1 − (v/c)2

corresponding to the relative motion of that frame with respect to the COM
frame. Consider therefore the laboratory frame, so γ corresponds to the
motion vcom of the COM frame. In the laboratory frame the first component
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is (mA + m0B )c = (m0A + m0B )c + TA /c, so

γ(vcom) =
(m0A + m0B )c + TA /c

Mc
=

(m0A + m0B )c2 + TA

Mc2 . (2.3.23)

We may eliminate TA using Eq. (2.3.22), giving

γ(vcom) =
M2 + m2

0B − m2
0A

2m0B M
. (2.3.24)

We use this γ value to find the individual energies of A and B in the COM
frame. Particle B at rest in the laboratory had a total energy of EB = m0B c2,
which now transforms to

Ecom
B = γ(vcom)EB =

M2 + m2
0B − m2

0A

2M
c2 . (2.3.25)

In the COM frame the energies sum to Mc2, so

Ecom
A = Mc2 − Ecom

B =
M2 + m2

0A − m2
0B

2M
c2 . (2.3.26)

The 3-momenta of A and B in the COM frame must be equal and opposite.
Their equal magnitude p may be found from E2

i = p2c2 + m2
0i c

4 for either
i=A or B. The wave number for relative motion, which we will need for later
wave equations, can be evaluated as

k =
p
~

=

√
(Ecom

A )2 − m2
0A c4

~c
. (2.3.27)

We will also need the Sommerfeld parameter η, which uses the relative
velocity vrel between A and B. This is most easily found via γ ≡ γ(vrel) as

γ(vrel) =
TA

m0A c2 + 1 (2.3.28)

so

β ≡
vrel

c
=

√
γ2 − 1

γ
and η =

ZA ZB e2

~vrel
=

ZA ZB α
β

(2.3.29)

for fine structure constant α = e2/~c.
In an exit channel, the variation of the reduced masses of particles C and

D will automatically take into account the Q-value by Eq. (1.2.2). Their
4-momenta when summed will yield the same invariant Mc of Eq. (2.3.21).
In the COM frame their 3-momenta will again sum to zero, so their energies
may be found by equations (2.3.25, 2.3.26) on replacing AB by CD. The
wave number for the outgoing relative motion is given by an equation of the
same form as Eq. (2.3.27). These all reduce to their non-relativistic limits
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for TA ≪ m0A c2, or vrel ≪ c. Photons, with zero rest mass, must always be
treated relativistically.

The above equations are sufficient to define the energies which enter into
a quantum mechanical wave equation, and also the wave numbers which
are needed to define its boundary conditions. This yields total cross sec-
tions, whereas we have not discussed the relativistic treatment of angles and
differential cross sections: for these the reader is referred to Goldstein [3,
§7.7]. Total cross sections, as ratios of fluxes, are not changed by Lorentz
transformations.

This treatment of relativity is of course far short of field-theoretic treat-
ments, for we rather simply use the above energies and wave numbers in the
non-relativistic Schrödinger equation. In this way the theoretical treatment
may be at least consistent with the most accurate descriptions of experi-
mental beams and scattered particles.

2.4 Cross sections

The reaction rates of nuclear reactions are described as cross sections, which
are defined as a ratio of outgoing flux to the incoming flux of the beam.
There are differential cross sections for outgoing particles to specific angles,
as well as integrated cross sections after combining all outgoing angles.

2.4.1 Differential cross-sections

The angular distribution of particles scattered by some potential V (R) is
usually described by the differential cross section σ(θ, φ) for polar angles θ
measured from the beam direction, and azimuthal angle φ. The number of
particles entering a given detector after a scattering reaction will depend on
the solid-angular size of the detector ∆Ω, the number n of scattering centres
in the target, and on the flux of the incident beam ji .

The size of a detector is the solid angle measured in steradians, abbre-
viated sr. If the area of the detector is a and it is a distance R from the
target, then it subtends a solid angle of ∆Ω = a/R2. If we detect particles
coming out in all directions, then a = 4πR2 and ∆Ω = 4π.

The flux of incident particles ji is measured as the number of particles
per second per unit area. This is equivalent to the probability density of
particles (per unit volume) multiplied by the velocity, so, for a wave function
ψ and particle velocity v, the flux is the vector

j = v|ψ|2 . (2.4.1)
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The velocity, we saw, has magnitude v = ~k/µ for the relative motion.
We define the differential cross section σ(θ, φ) as the number of particles

N scattered per unit time, per unit scattering centre and per unit incident
flux, into a unit solid detection angle. That is, the cross section is the
coefficient σ in the equation

dN
dt

= ji n ∆Ω σ . (2.4.2)

It has units of area per solid angle. The area for nuclear physics cross
sections are sometimes given in units of fm2 = 10−30m2, but more often
with units of barns (b), where 1 b = 10−28m2 = 100 fm2, or millibarns (mb)
where 10 mb = 1 fm2. Most commonly, the differential cross sections σ(θ, φ)
will be given in units of mb/sr.

More simply, let us consider just one scattering centre n = 1, and measure
the scattered angular flux in the final state as ĵf (θ, φ) particles/sec/steradian.
Then

σ(θ, φ) =
ĵf (θ, φ)

ji
. (2.4.3)

The total number of elastically scattered particles is found by integrating
σ(θ, φ) over all the solid angles of detection

σel =
∫

4¼
σ(θ, φ) dΩ =

∫ ¼

0

∫ 2¼

0
σ(θ, φ) dφ sin θdθ . (2.4.4)

The unit of these angle-integrated cross sections is therefore an area. If
σ(θ, φ) were a constant σ0 for all angles, then we would have σel = 4πσ0.

The differential cross section is often written as d¾
dΩ to explicitly indicate

the cross section per unit solid angle. This notation gives a more natural
expression to Eq. (2.4.4) as, generically,

σ =
∫

4¼

dσ
dΩ

dΩ . (2.4.5)

In this book we will write most simply σ(θ, φ), a function of angle, to denote
the differential cross section dσ/dΩ, and σ, without angular arguments, to
denote angle-integrated cross sections.

2.4.2 Laboratory and centre of mass measures
The total angle-integrated cross sections are the same in the laboratory and
centre of mass frames of reference, since they just measure the total number
of incident particles that are deflected by that target. The differential cross
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sections, however, are different. If σ(θ, φ) is the c.m. cross section, and
σlab(θlab, φlab) the laboratory cross section as function of laboratory angles,
then integrals over a small solid angle must therefore be equal:

σ(θ, φ) dφ sin θdθ = σlab(θlab, φlab) dφlab sin θlabdθlab . (2.4.6)

Using Eqs. (2.3.11) and (2.3.12), we may derive the relation

σlab(θlab, φlab) =
(1 + ρ2 + 2ρ cos θ)

3
2

|1 + ρ cos θ|
σ(θ, φ) (2.4.7)

where we use ρ from Eq. (2.3.14).

2.4.3 Experimental and theoretical cross sections
The cross section is an effective meeting point between experiments and
theory. Most often experimentalists transform their measurements into the
cross sections σ(θ, φ) defined in the centre of mass frame, as a function of
c.m. angles†.

The task of the theorist is then to predict this c.m. cross section from some
model. We have a prejudice for models based on good physical principles
that have as few parameters as possible, so that they can be reliably fitted to
know data, and so that extrapolations to new energies, as is often required
in astrophysics, become more accurate. Microscopic theoretical models are
those that start from a Hamiltonian with interaction potentials between the
bodies. It would be best if these potentials were known in advance, second
best if they were known from other experiments, but sometimes they may
have to be fitted to the current results.

This book focuses on calculating cross sections from defined Hamiltonians,
but also considers phenomenological R-matrix models that fit data with a
small number of parameters. It also shows how to take cross sections, which
depend on energy, and average them over thermal energy distributions to
find the reaction rates that are the ingredients to network calculations of
nuclear reactions in stars.

2.4.4 Cross sections and scattering amplitudes
The scattering of one particle on another may be reduced, as we saw ear-
lier, to a dynamical problem involving only their relative coordinate R. If
the energy of relative motion is E and the reduced mass is µ, then the

† This transformation is unnecessary for angle-integrated cross sections, and must be reconsidered
when there are more than two bodies in the final state.
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corresponding wave number is related by E = ~2k2/2µ, or k =
√

2µE/~2.
Remember that the relative velocity is v = p/µ = ~k/µ.

A strict analysis of the scattering of a beam particle by a target nucleus
should use wave packets which are localised in space. The projectile and
target nuclei will be separately localised apart from each other, and then
Schrödinger’s time-dependent equation can be used to follow the subsequent
evolution of these wave packets under the influence of the potential between
the two nuclei. If the projectile beam, however, has only a narrow range of
energies and is well collimated so that it points in nearly a single direction,
then the same results can be obtained by using stationary state scattering
theory. Stationary state theory considers just one energy E, and sets up
the projectile beam in a single initial direction ki . The wave function for
such a beam at position R will look like ψbeam = A exp(iki · R). Strictly
speaking, stationary state scattering theory determines the evolution of just
one Fourier component of a wave packet. In principle, if there are many
energies in the wave packet then a superposition of may stationary-state
scattering waves for different E should be used. But, if as mentioned the
beam has only a narrow energy range, then the reaction rate calculated at
a single energy is sufficiently accurate.

We can always choose our centre of mass coordinate system R = (x, y, z)
so that the beam is a plane wave with momentum ~ki in the +ẑ direction,
so more simply

ψbeam = Aeikiz . (2.4.8)

In order to calculate the scattering cross sections which are ratios of fluxes,
we need to first determine the incident flux, the number of particles per unit
area per unit time. Using Eq. (2.4.1), this is ji = vi |A|2 with vi = ~ki /µ for
the incident relative motion.

The scattered wave starts where the projectile and target are close to-
gether, at R ≈ 0, and radiates outwards with increasing separation R. An
outgoing radial wave will asymptotically be proportional to eikf R where kf

is the wave number for the outgoing relative motion. The coefficient of this
scattered wave will vary with distance R and angles (θ, φ), but in such a way
that, when integrated over all solid angles, the total flux will be a constant
at every large R value. If the scattered wave can be written as

ψscat = Af(θ, φ)
eikf R

R
(2.4.9)

for the same A in Eq. (2.4.8), then the radial flux from, Eq. (2.4.1), will be

jf = vf |A|2|f(θ, φ)|2/R2 particles/area/sec . (2.4.10)
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The function f(θ, φ) is called the scattering amplitude, and in general is
complex-valued. The reason for having the 1/R factor is so the flux follows
an explicit inverse square law: on integrating jf over the surface of a sphere
of radius R (with dA = R2dΩ),

∫
jf dA =

∫
vf |A|2|f(θ, φ)|2R−2R2dΩ = vf |A|2

∫
|f(θ, φ)|2dΩ ,(2.4.11)

we have a constant total flux that is independent of R.
The asymptotic form for the combined incident and scattering waves is

thus

ψasym = ψbeam + ψscat = A
[
eikiz + f(θ, φ)

eikf R

R

]
. (2.4.12)

The label ‘asymptotic’ here means that this is the form in the free space
outside the range of the interaction potential between the particles.

The scattered angular flux (per steradian) is ĵf = R2jf , namely

ĵf = vf |A|2|f(θ, φ)|2 particles/steradian/sec. (2.4.13)

The cross section has been defined as the ratio of scattered angular flux to
the incident flux, so it is

σ(θ, φ) =
vf

vi
|f(θ, φ)|2 , (2.4.14)

which is independent of A and R, and has units of area/sr such as mb/sr. For
elastic scattering vf = vi and the velocity ratio (also called the ‘flux factor’)
disappears. Often the flux factor will be absorbed into the definition of a
new scattering amplitude

f̃(θ, φ) =
√

vf

vi
f(θ, φ) (2.4.15)

so we have always

σ(θ, φ) = |f̃(θ, φ)|2 . (2.4.16)

We see that the cross section σ(θ, φ) is independent of A, since A is an overall
normalisation that scales the incident and scattered waves equally, and the
cross section is a ratio of outgoing to incident fluxes. We may therefore fix
A = 1 without loss of generality.

The next chapter begins with solving the Schrödinger equation to find
the scattering amplitudes f(θ, φ) for spherical potentials with A = 1, so we
have immediately the cross section for elastic scattering from Eq. (2.4.14)
to compare to experiments. Later, these formulae will be generalised to
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particles with spin, to handle long-range Coulomb potentials, and then to
more general A(B,C)D reactions which require a multichannel formulation
because the nuclei have a variety of internal states that can coupled together
by the interaction potential.
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